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PR.MC0GUOSCENDA. 

I • A Definition k the Explication of Ikch Words er Terms as want to be 
£\, explained, 

2. A Partition^ or DifiinSlum is the apt Diftribution of Generals mto their 
Particulars. 

3. A Propofition is the pronouncing fomethmg tnie or falie. 

4. A Demand is a Propofidon requiring fomething to be efieded orgranted. 

5. A Demonftratm is the Connexion of Arguments which are brought (o 
provq the Truth or Falfliood of 4i Propofition. 

6. ' An EffeSiton is the Method of anfwenng or fatis^ing a Demand ; and 
this, as wdl as Demonfiraim^ is performed by Andyfis or Refdutwn^ when 
Things are, as it were, unravell'd into; their firft Principles ; by Syntbefts or 
CompofUion when the Proceeding is quite contrary. 

7. An Axiom is a Propofition fo eafy in it fclfi that it needs no Demonftratioil.' 

8. A Poftulate is a Demand fo eafy in it ielf, , diat it needs ao £flfe£tion, 

9. A ^eorem is a Propofition, which requires a Demonflration. 

10. A Problem is a Demand, which requires an Eflfedtioo. 

1 1 . A Corollary is a Confequent to fbme preceding Truth. 

12. A Lemma is a fubfidiary Theorem, the Knowledge of which is neceflary 
either for the Demonftration of fome other Theorem, or the Effedtion of fome 
Problem. 

1 3 . A Scholium is an accefifary Remark, or an Oblervadon Yor illuftrating 
what is gone before, or about to follow. 

14. An Hypotbefis is the arbiofary ioppofition of fuch Signs and Terras, as- 
arc convenient and proper for treating what is in Hand. 

1 5. One Propofition is laid ix) be die Converfe of another, when eith^ fijp^ 
poies or implies the other. 

16. ^E. D. are the initial Letters of ^od erat Demonfirandum ; i. e. whidi 
was to be dcmonflxated. ^ E. E. of ^od erat ejiciendum •, i. e. which was 
to be efiefted. Ex. gr. denotes Exempli gratia -, i. e. for Example. ViceverJSj 
on die Contrary. J!)j. Inftioition. -Pr^. PrecepL C^;». Conclofion, :• Thare* 
fore. Ad Ittfinitum^ To Infinity, 
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ARITHMETICAL INSTITUTIONS. 

\>^ P A R T I. 
Of the firjt Ibmsnts of Arithmeti c k.. 

C H A p. I. 
General Definitions. 

Definition I. 

1. ATHEMATICKS is the Doftrine of ^atttity. 

Definition II. 
5j/«h/iV_v is whatever is the SubjeiSt of EJiimaiion, ot 



Definition III. 
'5. Computation is that Aft'ion of the Mind whereby Things are referred to 
Umty. 

Definition IV. 
4. Vmly is that whereby every thing is confidered as One. 

B Definition V. 



I 

Definitxon v. 

5. ^e fame Units dft fuch.asare appreheadod: un^lbn tli^ (amc: Nbtion ; as 
the Gallons in a Bufh^l; of Qqcfk^^ or the Yard$:iiii a* ^^ of ClottL DifferetA 
Units are fuch a^. are apprehended t(Qsi% 4ifl|K»it:. Ijlb^ail^ aa- the; di^rent 
Utenfilsin a Workman's Shop, or Lcttfl^ in aiQcK^ 

Db Fl N J liLOM. "Vd. 

6. Ev^ry Colleftion of Things. taken as Ufufy>^ iihr^pe^of theJMlS^ colleft- 
ed, is called a ^f^/^, and the thii^,coUe£te4'are. ftiled its PnrtS;;v, audi if any 
•one Part be aflumed, the reft are ftiled the Complement of that Part to the 
Whole. Ex. gr. If a Bufhel of Wheat be confidered as a Whole whofe Parts 
are Eight Gallons, and if Five of thofe Gallons be jiffunicd, then the remain* 
ing Three are the Comflement of that Part to the Whole. 

Partition L 

7. The Doftrine of Matheniaticks is diftinguifhed into AbjtraB^ when it has 
no regard to Matter 5 and Concrete ^ when it has. 

Partition IL 

8. yfbJiraH Matbematicks is two-fold, according as Quantity is the Subjeft r 
^irfU. Qf Ae, Faculty, of pure Intelledion only, without any regard to the 
Images of Things which are impref&d upon the Mind : Secondly, As it is the 
Subjeft of the imaginative Faculty ; or as it refpedts the fenfible Ideas under 
which material Beings are apprehended. The former is ftiled Arithnietick^ the 
latter Geometry. Hence 

Definition VII. 

9. Ariihmetick may be defined to be the Dodrinc of Quantity, as it is the 
proper Subject of the pure Intelleft. -Geometry^ the Doftrine of Quantity as it 
is reprefented to the Imagination ; in the former reipeft, Quantity is the fame 
with MuUitudey in the latter with Magnitude. 

Corollary I. 

10. Hence Arithmetick is employed about Beings, bodi material, and im- 
material : Geometry^ only about Beings that are material. 

Definition VIII. 

11. A Multitude is a Whole whofe Parts are adually divided, and is there*- 
fore called Difcontinued Quantity. 

DEFINITION DC 



en 

Definitioit IX. 

12. A ManUude is a Whole, whofe Parts are only divifible ia Power ; and 
is thoefoie cadled Continued Ramify. 

Definition TC. 

13. The Agreement of Things in Quantity, is called Equality^ and their Dif- 

Definition XI. 

14. Two Things are faid to be equal in Multitude^ when they are the feme 
way referred to Unity in general. 

Definition XIL 

15. Two Things are faid to be equal in Magmtude^ when they are the fame 
way referred to the lame Unit. 

Definition XIII. 

16. Of two unequal Multitudes, that b faid to be More^ a Part of which is 
equal in Multitude with the Whole of the other ; that Fewer^ the Whole of 
which is equal in Multitude with a Part of the other. 

Definition XIV. 

1 7. Of two unequal Magnitudes that is faid to be Greater^ a Part of which is 
equal in Magnitude with the Whok of the other ; that Le£er^ the Whole of 
which is equal in Magnitude with a Part of the other. 

Definition XV. 

18. A Multitude is faid to be Homgenems^ when it is of dungs of the fame 
kind*. Heterogeneous y when it is of things of diSerent kinds. 

Axiom L 

19. Every thing^ may be affiuned as Unity. 

Axiom H 

20. Every Quantity is equal to itfdf. 

Axiom ID. 

21. Quantities which are equal to one and the fame third, are equal to one ano-? 
thcf; 

Axiom IV, • 

22. The Whole is more or greater than its Part. 

Axiom V 
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Axiom V. 

23. The Whole is equal to all its Parts taken tc^ethcr. 

Postulate L 

24. That one Quantity may be increafed or diminiihed by another. 



Chap. IL 

Of the Exprejfion of Qu A N T I T Y. 

Partition in. 

25. ^l^HE Terms by which Quantity is exprefled are Species^ and Num-' 
JL ber. 

Definition XVI. 

26. Species is that which expreffcs Quantity indefinitely and umverfdlly. 

Definition XVII. 

27. Number is diat which expreflcs Quantity definitely and particularly. 

Partition IV. 

28. Species are diftinguilhed mto Given znd Known j ^nd Sought or Unknown. 

Partition V. 

29. Both Species and Number^ like the Quantities which they exprefi, are 
divided into Homogeneous^ and Heterogeneous. 

Hypothesis L 

30. The Species of Quantities are fignified by the fmall Letters of the Alpha- 
bet, and fometimes by the Capital ones •, Unknown Quantities by the Vowels, j , e^ 
U Uyy ; and Known ones by the Confonants, by c, J, /, g^ &c. according to 
Mr. Harriot. But according to others fince him, Unknown Quantities are dSin- 
guifhed by the firft Letters of the Alphabet, ^ , by r, ^, &c. and Known ones 
by the laft, «, Xy j, &c. 

Hypothesis IL 

31. The Sign of Equality is s=. The Sign oi Majority is P^, of Minority ^. 
Ex. gr. a^b denotes the Quantity rcprefented under the Species a^ to be equal 
to that known by the Species b \ ib a7^ x, fignifies the Term a^ to be greater 
than the Term x -, and x ^ay that x is lefler than a. 

Scholium I. 



Scholium I. 

32. The firft bimteri^ Species Arithmetkk is ^d to have heai FrMcis 
Vieta^ a Smtzer^ who floiinfhed *- ^'^ • • '^ ^ * 



Country Men Harris and Oughred who were Cdtempoiaiies, 
Cbrifit 1600. 



c H A F. in. 

0/ Number m gmeral. 

Partition VI. 
33. 1^ UMBER is divided into Integers and FraQimsi 

^^ DipiNiTioM xvm. 

34. An Integer or U^le Nuwl^ is dwt which is referral to Unity, as a 
Whok toa Part, as i, 2, 3, 4, 6?r. ^ 

Definition XIX, 

35. A FraSIum or ir^^n Number is* that which is referred to UnitVi as a 
Part to the Whole y as i Half, 2 TWrds, i Third, 3 Fourths. 

Postulate II. 

36. That no Iht^er can be aflumed fo great, but another may be afiiuned 
greater : Nor any Fraction {o little, but another may be aflumed lefi. . 

Definition XX. 

37. An yffiquot Part is that which being fome Number of Times repeated 
becomes equal to the Whole. An Aimant Part is that which being reputed 
does ddier always exceed, or fall fhort of die Whole. E$(. gr. the Numterli is 
an Aliquot Part of the Number 12, as being juft 3 times contained in it • 
ButthcNumbcr5isan-4?i^tf/i/P^/of 12, becaufc if repeated twiccitislefi 
than 12 ; and if repeated thrice it becomes more. 

Axiom VI. 

38. Every leflcr homogeneous Number ia contained in a greater, jeither as an 
Aliquot, or an Aliquant Part. 

Axiom VII. 

39. Every Number is aMatoed in it lelf once. 

Axiom Vm. 
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AxtOM Vffi; 

Lef&r Namber is contained in a Greai»r moft 'dun eooe; 

Axrou IX. 

in compariibn to another, t!^ more tqfxsX 






Tarts will it contain of that other. 

Axiom a. 

42. The nearer any lefler Number approaches to being cqoal to a greater 
l^umber, the Ids often will it be contained in that greater Numben 

t>kFfNiiPip* XXIr V 

43. The Compariibn between any two Homogeneous Numbers (the one be- 
ing taken as a Part or Parts of the x)dier) is ftiied the Ratio of thofc Numbo-s, 

DEFItJITION XXn. 

44. The Ratio of a greater Number to a lefler (as of 8 to 2) is cafled a 
HaHo of ^ater' Iftt^gHtyj and the. Ratio of a leffir Number ^ a greater 
(as of 2 to 8) a Ratio of lej/er Inequality. And the former Term in tyerf 
IRatiois called the Antecedent^ the latter the Confegnent; 

AXIQM XI. 

45. If tw9 KftoibefB be encreaied or decreaied by like Parts of themielves, 
itheir Ratby both of greater ,and leffir Inequdity^ continues ftill the fame. 
Ex. gr. If 21 and 12 be eacbcncrcated ordecreaied by their refpeiftive Thirds 
{miL 7 and 4) ^ Sums 2^ and 16 in the former Cafe, and the Remainders 14 
and 9 in £dz latter^ have the £ime Ratio to each other. 

DEFtNITION XXIIL 

46. A \eSst Nimiber is faid to nioaf$ire a greater, when it is an aliquot 
Part of that greater Nimiber. 

DEFINITION XXIV, 

47. A Comf/ion Meajure of two or more Numbers is thai which mcafores 
each. Ex. gr. 3 is a Common Meajure of the Numbers 6, 9, 12, 15, i8, 
21, Csf^ 

Definition XXV, 

w 

48. Commenfurate Numbers are fuch as have Ibme one or more Common 
Mcafure befides Unity, as the Numbers above. 

Axiom XII. 

49. If a Number meafune all the Parts of another ^umber,^ it ^ifl alfo 
TOckiire tbe %hole of that other Ntmbcr. 

Axiom XIIL 



Axiom XHI. 

50. If a Number meafure another Number, it will alfo meaiiire all ihe 
Numbers, which that other Number meafurcs. 

Axiom XIV, 

gt. If a Number meafuring any other Number, do alio meafiire a Part of 
that odier Number, it will alto meaiure the remaining Part. 

Axiom XV. 

$2. If two Numbers are commcnfurate to a Third, or arc commenfurate 
to commenfurate Nuqfiber^ they are commenfurate to one another. And the 
lame of incommenfurate Numbers. 

Definition XXVI. 
55. An Even Number is that which is meafiired by 2. 

Dbfinition XXVn. 

54. An Odd Number is one more than an e^^en Number. 

DEFiNiTtoN XXVm. 

55. A Prime or ImompoftPe NunAer is that which no Number mealiiies but 
Unity, as 3, 5, 7, 11, I3> 17, 19. 

DBFINrTION XXIX. 

^6. A Comptffiie Nmnber k iksLt wiiich is meafiired by tbait one or more 
Numbers bcfides Unity, as 4, 6, 8, 9, 10, 12, 14, 15, fc?r. 

Definition XXX. 

57. A Perfeff Number is that which is equal to all its aliquot Parts taken 
together •, fuch, ex. gr. is die Number 6, whofe aliquot Parte are, i, 2, 2, 
zxSi fuch again is 28, whofe aliquot PartB are i, 2, 4, 7, 24. . 
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C H A p. IV. 

Of the Four Ftrfi ^les of Arithmetical Jnyention, 

Partition VII. 

5$. *T^HC four firft Rules of Arithmedcal IntentMn ai^ AUbk^lSub^ 
X traffiony Muhiplicatm^ and Dmjm, 

DSFltYU 
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DSFINJTION XXXI. 

59, AMHm is the Invention of a Number or Quantity called the Sum 
or Aggregate^ by coUeding cogger two or more givqi Homogeneous Quanti^ 



Axiom XVI. 

60. If equal Qimntides be added to equal Quantities their Siims will be 
equal. 

Hypothesis III. 

61. The Sign of Addiiion is + i. e. Plus or More. Ex. gr. 6+^ denotes 
the Sum of 6 and 2, or 6 more 2 •» and indefinitely ^-f J denotes the Sum of the 
two given Quantities fignified by die Species b and d. 

Definition XXXII. 

62. Subirafiwn is die Invention of a Number or Qinndty called the Dif- 
ference^ Remainder ^ or Excefij by taking a kflcr pven Quandty, called the 
Subtrabendy from a greater given Homogeneous Quantity dilled the Minuend. 

Axiom XVII. 

63. If equal Quanddes be fubtraSled fitnn equal QuantitieSt die Re* 
mainders or Di&rences will be equal. 

Axiom XVHL 

64. If one equal Qiiandty be fubtraSed ftom another, the Ecmainder wiU 
be Nothing. 

Hypothesis IV, 

65. The Sign of SubtraSHon is — i. e. AGnus or Lefs. Ex. gr. 6-— 2 de- 
notes the difierence between 6 and 2, or 6 lefi 2 ; and indefinitely ^— i f^nifies 
die diflference, between the Species by and the Species dj or b leis d. 

Hypothesis V. 

66. The Sign c/j denotes the difference of two Terms, without knowing 
which is greater, which leflier, Ex. gr. a (/> e ierves indifferendy for a^e or 
i^^a^ according as ^ or ^ is greater. 

Corollary II. 

67. Ad£tion and ^uUroElion are only of Homogeneous Terms* Ex. gr. 
6s. -f. 2/. s= 8 s. i. €. 6 Sbillings more 2 SUUings equal 8 Shillings : So 6d. — 
2 i. 8s ^d; i. e. 6 Denarii or Pence lels 2 Pence make 4 Pence. But 6s.']r2d. 
will neither make 8 J. nor 8dL Nor will 6j. — 2 ^. make 4/. (Mr 4^ but both 
wift remain as they are, lb tong^ they cootnuie in dififerent Denominadons. 

■ 

COROL* 



. €8. Ad£im U the Converfe of SubiraOion^ and SuUraSion of Mditum. 
Ex.gr. U tf— ^=s/?, dicn becauie hxb (In. 20.) :• assd-^-b (In. 60.J And 
if aai^*^, then becauie b=sb (In. zo.) ;* d^=4 (tn. 63.J 

Definition XXXIH. 

^9. MulAplication is the Invention of a Number or Quantity called the 
Prodult^ by taking or adding a given Number called the Multmkand^ as of- 
ten as there are Unites, or Pares of an Unite in another eiven Number called 
the Multiplier. E$c. gr. in the Multiplication of 6 by 2, o is the Multiplicand^ 
.2 the Multiplier^ and 1 2 the ProduS. 

Definition XXXIV. 

70. In Multiplication the Multiplicand and MuUiptiir are alio called by the 

•common name of FaStors^ or J^fficients. 

' ' ' 

Axiom XIX. 

71. If equal Quanddes be multiplied by equal Quantides, the Produ£b 
will be equal. 

Hypothesis VI. 

72. The Sign of Multiplication is X i* ^. Int(f. Ex. gr. 6%2 denotes the 
ProduH of 6 mddplied by or into 2. . And b X4 or rauier bdj like Letters in 
a Word, denotes the ProauH of b into d^ 

Hypothesis VII. 

23. If one or both of the Papers do confift of more Terms than one con- 
neoed by the Signs + and — , a Xine is to be drawn over all the Members in 
each. Thus t he ProduS of ^i— r multiplied into x+z is figiiified l^y 

Definition XXXV. 

74. Numbers mulripliel mto, or prefixed to Species, are ftiled Coefficients^ 
and dc^te how often fuch Species are taken •, thus, 5 ^ is 5 times a: i\b 
is 14 rimes b^ &c. And every Species without 4 Co^J^ht ' luis Unity under- 
ilood to be prefix'd to it ; thus, ^i is x ^, ^ i^ i 2^ &c. 

Definition XXXVI. - . 

75. A Produft is laid to be of as mznylHmeHfions as it cohfifbs of literal 
Fadors. Ex.gr, ^ is a Produd of two ; jobc of.ihitc.; xxzsc of fixir, (^o 
Dimenfions. ., . 

Definition XXXYH. 
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Dbfinitiom XXXVn. 

76. Dmjim is the Invcnrion of a Number or Quantity called^ the ^jfotiem^ 
which contains as many Units, as a given Quantity called the Dividend con- 
uins another given Quantity called the Divifor. Ex. gr. in the Divijion of 
12 by 2. Here 12 is the prvidendy 2 the Divifor^ and 6 the ^(ftieni. 

Axiom XX. 

77. If equal Quantiues be divided by equal Quanddes, the Quotients will 
be equal. 

Hypothesis VHI. 

78. The Sign of Divijion is -^ i. e. By. Ex. ^.6-7-3 denotes that 6 is to 
be divided by 3. Alfo here, as in Muliiplication^ when the Drnfor^ or the 
Dividend^ or both are compound Quanddes, a Line is to be drawn over all 
the Me m bers i n each ; thus, the Divifion of a+i«*-r by x+2 is denoted by 

Hypothesis IX. 

79. Otherwife DiviJiot$ is (ignified by drawing a line under the Dividend^ 
and placing the Dvoifor beneath it ; thus, ^ZaT 

Corollary IV. 

80. The patient cxprefies the Ratio of the Dividend to the Divifor 
(in. 43) 

Axiom XXI. 

8i. Unity neither nuddplies nor divides. E^.gn la sz ^ xs a. : * 2: is/ 

the leaft Integer that multiplies or divides. 

Axiom XXII. 

82. To multiply by an Integer encreafes the Value of the Multiplicand,. 
and to divide by an Integer decreafes the Value of the Dividend. 

Corollary V. 

^3. MuUiplicatim is the Converfc of Dvinfion^ and Divijion of Multiplication \ 
i. e. If in MuItiplScadon the Produft be divided by either Fadlor, the Quo- 
tient will be the ether Fador. And in Divifion, if the Quotient be mul* 

tifdied into die DiTilbr^ the Prodoft wiU be the Dividend. Ex. gr. Ifj^d 

theft 
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then becauie ^s^ (In. 20.) :• aczbd (In. 71.) Andifassbdy then bccau^ 
bssb (In. 20.) : • -j = ^ (Tn. 77.) 

Theorem I. 

84. The Produ6k of two Numbers or Quantities, (Ex. gr. a^h%e f % is 
equal to the ProduA of all th e Part s of c»ie mul tiplied (or drawn) into all. 
the Parts of the other i. e. 4-|-^x7T^ =^X^+*+ ^X^HF^ 

Demonftratitm. 

If equal Quandties are multiplied into eaual Quantities, the Products are 
equal (Id. 7 1 .) But every Whole is equal to all its Parts taken together 
(In 23.) Therefore the Produft made by multiplying two Wholes one inta 
another Jp^x#+« is equal to die Piroduft made b y mu ltipl ying all t he Pa rts 
of one into all th e PSirts of the other ; t. e. Ji^X^^s^XT^fxrf^X^ f*. or 
f/ji \ *+zX2T*=^^+«+*'+fe. <^E. D. 

Corollary VL 

95. Therefore in Muldidication ^tis all one which of the Factors be the 
Muldplicand^ and which the Muldplier. 

Theorem IL 

86. If a Dividend and Divifor {Ex. ^. j ) be both multiplied into (and 
coniequendy both divided by} the lame Quandty {Ex. gr. x) the Quotient 
will continue ftill: the feme ; r. e. t- = t- • 

Demonftration.. 

If a Diviibr and Dividend be encreafcd or diminifiicd by like Parts of 
riiemfelves, the Divifor will be ftill the lame Way contained in the Dividend ;• 
f. e. their Ra'do will ftill be die fame (In. 45.) Bat the Quotient is that: 
which expreftes the Rati© of the Dividend to the Divifor (In. 8q.) Thctc- 

fore die Quotient is ftill die fame •, i. ^. j = ^ • Q^^E. D. 

Corollary VII. 

ty. Therefore wherever the fame Term is found in both the Dividend^ 
and the Divifor^ it is to be ftruck out. Or in Numbers, whenever the 
Dividend and the Diviibr can both be divided by the fame Number, it is ta^ 
be done : Which is called a bringing the Exprejftmu to Us loweji Terms. Ex. gr.^ 

Si~r'7 '^"1=^'* ^^^* ^''^ T^T"^ I- (In 39.) And ior Numbers. 



• • 
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of FHACTlOMsT 

DErtNiTix>N XXXVin. 

1S8.T F a pivifor be an Aliquant Part of die Dividend, then die Divifion Of 

J[ the Remainder by the lanie Divifor makea a FraSUon (Ip. 35.) As 

when 14 is tx> be dividea by 3^ the Qupdent is 4, with the third Part of 2, 

or two third Parts of i, i.t. il sa 4 + — • So — orio ^ 5 w,^ + -1 

&s 3 4- -^ f. A .3 and the 5th Part of 4, or 4 iFifdis xA u 

Dbfinition XXXIX. 

• 

89. The NumeriUor of a Fraction is the Number above, expreiling how 
many Parts are taken in the Fraftion. The Dcmmnaior is the Number be- 
neath, which (hews the IDenominadon of die Partt, or the Number <^ Parts 
intx) which the Unit is divided. 

Partition VIII. 

90. FraElions are divided into Proper and Improper. 

Definition XL. 

9 1 . A Proper FraSlion is that whole Numerator is lefi than die Denominator \ 
as ^ j-, ^, ^c. An Improper FraSum is xhat whole Numerator is greater, as 

Partition IX. 

92. Fra£liom are again divided into P^r^ and Mixed. 

Definition XLI. 

93. A Pure FraUion is that which is joined. to no Inte^, as ^, ^ &c 
A Mixed Nuniber or Species is chat which is made up .of an Integer, a|;i4 ^ 

Pure Fradhon^ as 3 + ^ i 1. ^. 3 and a half, i + — ^ 



Scholium IL 

94. In Mixed Numbers the Sign + which connects the Integer and Fra^on 
is ufually omitted. Thus 3 + f ^s writ 31, 15 + ^ is 15!., but not foin 
Species. 

Partition X. 
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Partition X, 
^5. Pure FraSions are divided into Sim^le^ and Compound. 

Definition XLII. 

96. A Simple Fralfion is that which is not divided into more, as the Exam- 
ples above. A Compound Fra£Iion is the Multiplication of Fra&ions, or the 
breaking a Fradtion into more -, as the Expreffions ^ of | of 4, 4- of j. of ^, 

^ of 4^, eff. 

Partition XI. 

97. Simple Fr anions are either Homogeneous^ or Heterogeneous. 

Definition XLIII. 

98. Homogeneous Fractions are fuch as have the fame Denominator, or are 
referred to the fame Unit. Heterogeneous FraStions are fuch as have diflerent 
Denominators, or are referred to different Units. . 

Corollary VIII. 

99. In Proper Fra£iions .the Numerator is to the Denominator in a Ratio of 
lefler Inequality : In Improper Fractions in a Ratio of greater Inequality. 

Corollary IX. 

100. Every Integer may be looked upon as a Fraction whofe Denominator 

Mm 

is Unity ; thus S-sri- 6=*., b ss, — , £sfr. 

Corollary X. 

10 1. When the Numerator and Denominator of a Fradtion are the fame, 
the Fraftion is the fame with Unity (In. 39.) 

Corollary XL 

102. The greater the Denominator of a Fradtion is in refpeflof its Nume- 
rator, the lefler is the Fraftion ; and vice verfd^ the lefler the Denominator of 
a Fraftion is in refped of its Numerator, the greater is the Fra6tion (In. 41, 
and 42.) 

Corollary XII. 

103. If both the Numerator and Denominator of a Fraction be multiplied 
for divided; by the fame Number or Quantity, the Fradlion will ftill retain the 
value (In. 86, and 87.) 

E Corollary XIII. 
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Corollary Xm. 

104. If the >Jumerator of a Fraftion be multiplied by an^ Numh^ or 
Quantity, it is made fo many times greater, as diere are Units in that Num- 
ber or Quantity j and if divided by it, fo many times lefs (In. 102.) 

Corollary XIV. 

105. If the Denominator of a Fraftion be multiplied by any Number or 
Quantity, it is made fo many times leflcr, as there are Units in that Quan^ 
tity ; and if divided by it, lb many tifties greater (In. io2.j 

Corollary XV. 

1 06. Whence, to divide the Numerator of a Fraftion by any Quantity, 
is all one as to multiply the Denominator of the £ime Fra6tion by that Quan- 
tity : And vice verfdj to multiply the Numerator of a Fraction by any Num- 
ber or Quantity is all one as to divide die Denominator by dial Number or 

or Quantity. JEy. gr. -^ =: — — ss — • 

Problem L 

107. To reduce Heterogeneous Fraftions into Homogeneous CH^es reuitung 
the lame Value. 

EffeSlion. 

Pre. I. Multiply all the given Denominators together for a new and common 
Denominator. 

2. Multiply each Numerator into all the Denominators, except its own, for 
new Numerators. 

3. Subicribe the new and common DenominatcH* under each of thele new Nu* 
mcrators. Then I fay that each Homogeneous Fraftion, thus found, is 
equal to the refpeftive given Heterc^eneous one from whence its Numerator 
was formed. Q^^E. E. 

Example. 

• i c it 

Let it be required to reduce die given Heterogeneous Fradions --,— ,—. 

into Homogeneous ones of the fame Value. 

By Pre. i . ^ X j X r = pqr the common Denominator. 
By Pre. 2. the new Numeraton are bqr^ cpr^ and ^j. 

Therefore by Pre. 3. the Homc^eneous Fractions required are ^, ~ ,~ 
,-. ,. V « l/i! t= X , f£? « 1 (In. 86, and 87.) 



\ 



If >5a2, f:±3, Ja4,/a5, ? « 7, /■ ss 9 ; then inflead of - , ^ , - , 

we Ihall have "I" » — , — , which reduced by the forgoing Precq)ts become 

aXyX5> J- "< ■ 3yX» _ 1^5 ■ 4X5X7 _ 140 
5X7XP 315 * 5X7X9 "" 3«5 * 5X7X9 3»5 . 

Problem II. 
108. To reduce a given Integer b into a Fra6ti<Mi of the feme Value> whofc 
Denominator (hall be a given C^andty J. 

EffeEtion. 
Multiply the ^ven Intq^ b into the given Denominator J, and under the 

Produ£i: bd fublcribe the Denominator d \ (hen I fay -j ss ^ (In» 86^ and 

%j.) (^E. E. 

Problem III. 

109; To reduce a mixed Quantity (J ^ or * — — ^ into an Improper 

Ftadlion of the fame Value. 

EffeSim. 
Multiply the Integer b into the Denommator of the Fra6tion 2, mid under 
the Sum te + ^ in the former Cafe, or Diflference fa; — 5f in the latter Cafe, 

fubfcribe the Denominator z ; then I fay ^ ~ - sa ^ + — , and "^ . « i> — 

^- Q;.E.E. 



Denm^ratum. 



The entity * =s — (In. 86.) Therefore _4.i = i4.i (Ih. 60.) 
But - + iL-:?H:f or ^Pi-^z (In.880 Therefore ?5±^ =3 J + -1 



or — 



X 



(In. 21.) And after the fame manner will k be proved that 

Problem IV. 

110. To reduce an Improper Fradtion ■ ■ to its equivalent Integer 01? 

mixed Quantity. 

EffeEtxon. 
Divide the Numerator b%\x by the Denominator z, and under the Re^ 

maindcr fubfcribe the Denominator. I lay > 4. ^ cs —iff. Qt^E. E: 

P&OBLJBM: V,. 



Problem V. 

111, To add one given Fraction to another Fradion given, 

EffeSlion. 

Pre. I. If any of the given Fraftions to be added together be a mixed 
Quantity, reduce it to an Improper Fraftion (In. 109.) * And if they arc 
Heterogeneous reduce them to Homogeneous ones (In. 107.) 

2. Add all the Numerators together, and under that Sum fubfcribe the com- 
mon Denominator, and it is done. 

^' /''• ^ + T + T = ^^ • ^ i+T=4=i (In. 39.) Again af 
+fa|.+f (In. 109.) = -4.+ * (In. 107.) = '^ = 34 (In. no.) 

Problem VI. 

112. To fubtraft a given Fra6tion from another Fraction given. 

EffeSlion. 

Pre. I. »If either of the given Fraftions be mixed, reduce it to an Improper 
Fraftion (In. lo^,) And if they are Heterogeneous make them Homoge- 
neous (In. 107.J , 

Pre. 2. Subtraft the lefler Numerator from the greater, and under that Dif- 
ference fubfcribe the common Denominator, and it is done. 

^^- i^'^-J = *■?• 4-T=T=4- (In. 87.) So 2i.-|.=i-.^(In. 109.) 
=s\4.— :♦ (In. 107.) ss'^-^ir (In. no.) 

Problem VII. 

h d 

jr.13. To multiply a Fraftion y by a Fradtion — (In. 96.) 

• EffeSlion. 
Multiply all the Numerators together for a new 'Numerator, and all the 

Denominators together for a new Denominator, and it is done ^ i fay, ■— 

hd 

= — the Produft required. 

l^emonftratian. 
Put -- =2 X', — = z, then will xz = the required Produft (In. 7 1 .) But 

if — = AT, then h 7Si ex \ if — =s z, then dz^zpz (In. 83.J And if i^ssr*^ 
and d = pZj then bd =s cpxz fin. 71.) And laftly, if bd :=i cpxz, becaufc 

hd hd ^ ^ * 

^t 5= cp^ :thcrefore -- =: xz -, u ^- -^ is the Produft required. Q^^ E. D. 

If 
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870 In Numbers 4.XiX4Xt-«744=«f (In 87-) So 2X|»yX4- (In. looj 
a^aij. (In. 87.) =11. (In no.) 

Problem VIIL 

114. To divide a Fradion --r by a Fraction — • 

EffeSim. 

Pre. I. When the Numerator of the Dividend can be ^vided by the Numera- 
tor of the Diviibr^ and the DenombaBor of the Dividend by the De- 
nominator of the Divifbr ; then the relpe6tive Quotients will be 
the Numerator and Denominator of the Quotient required \ thus, 

^-r j-Y* Tl-r-fs-h 'J4-r4»T=i- But when this can- 
not be done> then 
Pre 2. Multiply the Numerator of the Dividend into the Denominator of the 
Diviibr for a new Numerator, and the other Numerator and Denomi- 

hd d 

nator together for a new Denominator, and it is done. I fay — «t- — 

' cp f 

a-^-i (In- 87.) Sof^4 = T|, S-rr or 4--rf = '^ = 7T^ 

Demonfiration. 

Siiice Divifion b the Converie of Muldplication (In. 83.) then becauie the 
Muldplication of Fra£tions is performed by Multiplying all the Numera- 
tors together, and all the Denominators tc^ether (In 113.) therefore the Divi- 
fion of one Fraftion by another muft be performed by dividing the Numera- 
tor of the Dividend by the Numerator of the Divifor, and the Denominator 
vt the Dividend by the Denominator of the Divifor, according to Pre. i. 
above : But becaule tliis is all one as to multiply the contrary Numbers to- 
gether, as b Pre. 2. (In. 1 06. j therefore, 6f^. Q^^E. D. 

Corollary XVL 

1 1 5, Therefore to divide the Denominator of ^ Fradtion by any Integer 
is lhc &mt as to multiply the Fra6ti(»i by that Integer ; and to divide the Nu- 
merator of a Fra&ion by an Integer is the fame as to divide the Fradtion by 

h ' h hh h 

that Integer ; thus, — X 2 = — , and — -r * = — • 

F CoitoLLARir XVII. 
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.. *' et^ftoLLAiftf ■ XVII, .. i ' • 

116. Alfd it appeals that to divide; by a Fraftioa always- encreafes the Va- 
lue ef the Dlvidena, -ancf ta muMpfy by a Fraffion decreafes thJi Vdfcie of tbe 
Muldplktandy whrcb is the Ca&verfe. of Axiom ^2 » (In. 82.). 

Corollary XVIIL 

117. The Produd made by two Infcgef s will it felf be an Integer ; and the 
[ Produft made of two prop^ Fra&ions will bfe a Fraction. 

Corollary IXIX. 

118. That Number which being divided by an Int^r makes an Integer in 
the Quotient is it felf an Integer (In. 83.} And vice nrerJS that Number, i^bfch- 
being divided by a proper Fraftion, makes a propix Fraiftibn in Ae Quotient, 
is it felf a proper Fraftion. 
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Of the Greateft Common Meafure between two or more pven 

Numbers or Quantities. 

Definition LXI V, 

ii9.*lpHE Greateji Common Meafure between two given Numbers or 
Jl Qoantities, is that, which dividing both ihall bring them to their 

leafi or lowejt Terms (In, ^7.) 

Problem IX. 

120. To find the Greateft Common Meaiiire between two given Numbers, 
Ex. '^r. b the greater, and c the kffir. 

EffeStion. 

Pre I. Divide the greater Number b by the lefler ^, and call the Re- 
mainder d. 

Pre 2. Divide the firft Divifor c by the firft Remainder d, and call the fecond 
Remainder/. 

Pre. 3. Divide the fecond Divifor r/, by the fecond Remainder /, and call.die 
third Remainder ^. 

Pre. 4. Continue fo doing as long as any thing remains, and the laft Divifor ' 
will be the greateft Common Meafure fought. Q- E. E. 

The 
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.The Demonftrat'ion of thi3 Bffepiom is twofold^ 

Ftrfi^tQ pfovjc^ that ♦the laft Divifor, how many focver there be thus found, 

'does realTy meafure the' firft given Nunabers i and r. 

Suppofe Ex.gr. that the fecond' Rcniaindcr/ docs dmdc the fecortd DiVifcir 

d without a Remainder, fo that the third Rjeow.indcr^=^. 

Con. I. The Number d meafures the Complement of / to c (Pre.. 2.) and 
'the Number /m^fures d by Suppofkion : Birt if a Nwn^ber meafures ano- 
ther Number, itaMb nf^af?!re» every Nlimber which that other Nttmbor 
meafures (In. 50.) therefore the Number / meafases tho Complemoit of 
/-tor/ - 

2. The Number / mealiires its Complement to c (Con. j.) and it alio mea^ 
fures it felf (In. 39.) But if a Number me^Jiire all the Parts of another 
Number, it alfo meafures the whole of that Number (In. 49.) therefore / 

* meafijFes /, the lel6r gxrea Ntwahei * 

3. The Number c meafures the Complement of d tob (Pre. t,), aod / b=^2^- 
fures c (Con. 2.) But if, (^c. (la, $0.} therefore/ meafures the Comple^ 
ment of d to k 

4. The Number / meafures the Complement of d to b (Con. 5.) ajod alfe) mea- 
fares d by Suppofition. But if, ^c. (Ip. 49.^ therefore /'alfo meafures, b 
the greater given Number^ 

It is plain th^efore th6 laft Divifor thus founds how many foever there bc> 

Will he a Common Meafure to the given Numbers. It follows next to demon- 

(Irate that it b the Greateft Common Meafure. 

Stropofc 2 for the. GreaUfi Common Meafure between the given Numbers 

b ana c. 

Con. I . If 2 meafures b and c Cas by the Suppofidon j it mufl alfo meafure what 
remains after the Divifion of b by f , or the Complement of all the f*s, that 
b will contaio, to ^ (In. 51.) Bat that Compknient i* d (Ptf. j.) There- 
fore z meafures d. 

2. If 2 meafures c and d (Con, i.) by like reafon it muft meafure/ aad fo gm 
But if z mcafare/ it cannot poffibly be greater than/. Thcitfore / is die 
greateft Common Meafure between b Md c. (^£, D. 

CoitOLLAity XX. 

121. If the lefler given Number be an Aliquot Part of the gieater^ theo i^ 
the leflfcr Number the greaieft Common Meafure. 

CoROtUAftY XXI. 

112. If the lafl Divifor be Unity, then arc the given Nund^ers in their tow- 
eft Terms already. 

CoROLtARY XXII- 
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GOROLLARV XXn. 

123. If a Number z meafure any two Numbers h^ and ^ ic wOl Mfo inea* 

die greatefi Common Meafure between thofc two Niunbcrs. 

Corollary XXIII. 

124. If a Number z which is the greateji Common Meafure 4x> any two other 
Numbers b and^ do meafure si third i, it wUl be the greaieft CtnmuM Mea- 
fure to all the three, bj r, d. For fuice z is the greateft Common Meafure diat 
can be to ^ and r, therefore no greater Number meafuring d can iQeafure 
both*^ and r. 

Troblibm X. 
135. To ^d the greatefi Common Meafure to any Numbo* of Terms ; 

£X. gr.by Cy'dy f 

Effegfion. 

Pte. i« Find the greatefi Common Meafure httwecn the firft Term by and die 

-iecond c, (In. i ^o^ ^hich call p. 
2» Find the greatefi common Meafure between py and the third Term rf, whidi 

call.^. 
3 . Find the rr^tf/^ Common Meafure between q and the fourth Term /, which 

call r, and fo on if Occalion require to a fifth, fixth, ^c. Term at pleafure ; 

and the laft Common Meafure th\i5 found is the greatefi to all the Terms for 

which it is found \ confequendy r is the greatefi Common Meafure to the four 

Terms by Cy dyf 

Dentonfiration. 

Con* r. The Number p meafures b and c (Pre. i.) and q meafiires / (Pre 2.) 

But, fcfc. (In. 5p.) Therefore q meafures b and c. 
2. The Number r meafures q (Pre. 3.) j meafures b and c (Con. i.) and q 

meafures d (Pre. 2.) But, ^c. (In. 50.) Therefore r meafures b^ r, d. 

And fince r meafures / (Pre. 3 .) Therefore r meafures i', i:, ^, and fy which 
was the firil Thing to be proved. 

Secondly y Suppofe z for the greatefi Common Meafure required. 
Con, !• The Number z meafures b and c (by Suppofition) and p is the greatffi 

Common Meafure between b 2Lnd c (Pre. i.) But if, £5?^. (In. 123.) There- 
fore z meafures p. 
2. The Number 2 meafures^ (Con. i.) and d (by Suppofition) and q is the 

greatefi Common Meafure between j>. and V (Pre. 2.) But, ferV. (In. 12^.) 

Therefore z meafures q. 

And after the fame manner will it be proved that z meafures r the 
Common Meafure found, but if z meafures r it cannot poflibly be leficr than r, 

there- 
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Aeidbre r is the grioti/i CmmM Mea/urs between the given Numbers 
h c, i, f. <^E. D. 

Co4L0LLARY XXIV. 

126, If a Number z meafere o^rcr fo iMAy Numbers, it will alfo mcafurc 
the ffreaUfi Common Meafure ot thole Numbers. 
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0/ tU ToiP&rs of CLUANTITIES. 

DEFiNiTroN XLV. 

izy.'^HE comSnocxl MaldpKcadon of a Quantity into if felf is ternied 
1 Iftvoluiion \ and according tx> the Number of fuch MuItiplicatioHS' 
of the fame Quandty, it is feid tp be raifcd . to the Ftrji^ Secon4y ^ird^ 
Faurtb^ &c. Power or Degree 5 Ex. gr. IF the Number or Quantity a be con- 
fidered as multiplied into Unity (i. e. 3S 1 a^) it k termed die l6k?t or Ftrft 
Pazt/er of a -, then that firft Power multiplied into it felf compofes the Square 
or fecond Power ( aa ) : Thzt fecpnd Power muldjpjied into the Roof j, compo- 
&s the Cube or third Power (aaa) :. That sbird Power multiplied into the Root 
a compofcs the Biquadrate or fourth Power (aaaa) .♦ * That purth Power multi- 
pRed into the Root a compofes the frft Sur/olid or ffib Power (aaaaa)j &c, 
ad infinitum. 

Definition- LXVI. 

128. The Converfe of Involution^ i. e. the Refblutidn of the Roct from the 
given Power J is called Evolution, or ExtraSlion. 

Definition LXVII. 

1 29. A Scale of Powers are all thofe in their Order, which are railed from 
die fame Root^ as, a, aa, aaa, aaaa, aaaaa, aaaaaa^ aaaaaaa, &c. 

Partition XII. 

130. Powers are divided into Homogeneous and Heterogeneous. 

D£finition XLVIII. 

131. Homogeneous Powers are fuch as belong to the fame Scale ; as, /7, aa^ 
aaa, &c. Heterogeneous Power^ belong to dificrent Scales ; as, a, hb, cc^ 
ddd, &c. 

G PARTIT19W XIIL 
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Partition XIIL ' , 

132, Heterogeneous Powers^ as well as their Roots t are cither Homologous^ or 
Heterologous. 

' Defikitiov XLJJt. • • .,v, 

13 3 • Homologous Powers are fuch Heterogeneous Powers "as are oF the fime 
Dimenfion *» as, 04- and bb^. ccc ,,2Lod dddy xxxx and ;z;2;2:2;j &c, all other s arc^ 
Heterologous. 

DEFINITION LJ 

134. Homologous Roots are thofe of th^ fame N^oje (*;?iz..^thc Sfuare^ Cube^ 
Biquadrate^ &c. jRw/5) -wiuth are esxrrfaed from '-^ 

Depinitlon LI. - 

» 

1^35. Homologous Roots extraded from ConwmJ^ra^eQmpti^ oit £dd,,ta^ 
be Commenfurate in Power. 

pAiiTn:roN- XlV.' -^ - !•* 

136. Pozversy as well as their i^^?^/^,. are agiun di&inguifhed* into Rational 
and Irrational. u » ■ 

Definition LIL 

• • • - . " 

. 1-37. Rational .P^ers are fuch as have their Roots capable of being exprelV 
fed in Numbers, as 4 » z X 2, 8 = .2:X2 X 2, 64 =: 4 X 4 >t 4» ^^- And 
fuch Roots are called Rational Roots' 

Definition LIIL 

138. Irrational Powfrj are all Numbers, which either in reahty haye no-, 
Roots at all to be cxprefled in Numbers (as 2, 3, 5, 6, 7, 10, (Sc.) or at 
leaft no fuch as are required to be extrafted from them : Of which kind, 
Ex. gr. are 4 taken as a CiS^ ; 8 taken as a Square, or a Biquadrate ; 9 taken 
a$ a Sur/olidj or as a f^^tb Power , &c. And their Roots, are ftilcd Irrational. 
Roots, jor 5«riy, 

I 

* 

He Fi nit I ON LIV. 

139. Every Number,^ or Species, whofe Root is required to be extrafted, is 
called a Refolvend. 

Hypothesis X'. 

T 40. The Powers of Quantities are denoted (according to the Example of 
Kt^pler, and after him C^rtefm) by Numbers called -£y/cf;^n/J, which are pla- 
0^4 at the. Head of the Quantity to be involved to the right Hand :• Thus^ 
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i s 4% a a is tf*, aaa^ a^yoaaa'es a\ &c, fo if^pp fignifics the fifth Pcwcr 
of 7x7, Whence 

Hypothesis XI. 

141. The Roots of Quantities are denoted by FraSliond Exponents fet at the 
Head of the Refolvend^ whofe Numerators- are Unity, and whofe Denomina- 
tors are the Exponent of the Power, which fuch Refotvend is taken for. Thus 

Ex. gr. the Square Root of a^ or a is a '^^ its Cube Root a^^ its Biquadrate 

d^j &c. and the i?^o/ of 4 +* taken as a feventb Power is 4 -f *^. 

Hypothesis XIL 

142-. The Species m is put univerfally to fignify the Exponents of all Po^vers. 
Thus, tf", ^*, r*, denote indefinitely the firji^ fecond^ thirds fourth^ &c. 

Powers of the Quantities, a^ b^ c. And <»"•, i«, f" -denote the Square^ 
Cube J Biquadrate J &c. Roots ; according as m is* put for 2, 3, 4, &f^.. 

Hypothesis XIII. 

143. The Sign §^p fet after any Quantity denotes that fiich Quantity is ta 
be. involved to the m Power (/. e. to the Square^ Cuhcy Biquadrate^ &c. accord- 
ing to what m is put for.) And on the contrary im* figqifies that the m Root is 
to be extracted from it ; E».gr. aQ-^' fignifies that a is tO'be involved into a. 
Cubey and am^ that its Cube Root is to be extradled. 

Definition LV. 

144. Qgantkies exprefied by Exponents are called Exponentral ^antities. 

Definition LVI. 

X45. All Pofoers above the third, whofe Exponents are prime Numbers^ 
are ftilcd Surfolids : Thus a^ is the firft Surfolid Power of a^ a^ tlie fecond- 
SUffolidy a ^' the third Surjotid^ &c. 

Axiom XXIII. 

146. Hbmolc^ous Pbwers raifed from^equal Quanthies are equal ; and, viu 
^enfiy Homologous Roots extracted from equal Quantities are eqi«aK 

Corollary XXV, 

147. Homogeneous Powers arc Heterogeneous Terms, and confequently, as. 
fuch can neither be added nor fubtra(5led. 

Corollary XXVL 

148. Irrational Roots are always exprefled by dieir Exponents. 

Corollary XXVU. 
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Corollary XXVII* 

149. Every Integer may be confidered as a Power whole Ejcponent is 
Unity ; Ex.gr. a is ^ S 5 is 5% 8 is 8", ISc. 

COROLLART XXYHI* 

150. Powers whofe Exponents are Compofit Numbers may have their Roots 
extrafted, according to the Numbers of which their Exponenci are compofed. 
Thus the Biquadrate Root is extra£ted by extraAing firft the Square Root, 
and then the Square Root of that Square Root. Alfo die Root of the fixth 
Power is cxtrafted by extraftmg firft the Square Root, and then the Cube Root 
fA that Square Root \ or otherwife, by extraftiog firft the , Cube Root» and then 
the Square Root of that Cube Root. But in Practice it is always moft con- 
venient to extraft the lower Root firft -, u e. the Square Root before the OAc^ 
the Cube before the Root of {he fifth Power, ^c. 

Corollary XXIX, 

151. An .Exponential Quantity is mvolved to the fccond Power by doub- 
ling the Exponent •, to the third Power by tripling ir, to the fourth by qua- 
drupling it, 6?r. Ex. gr, a^Q-^ =/zS a^Q-* ss^Mi-stf*, /i»©^ » b^o^s^^ 

a^^ » S3tfWa:4» S ^^•- ' =^^ ^*=si*^or hy iC^%^^ =ix'* :=zx'^zsix^^ssl^. 

CoKOLLART XXX. 

152. An Exponential Quantity is evolved to the Square Rootby halfing 
the Exponent, to the Cube by thirding it, to the Biquadrate Root by tourthing 

it, ^c. Ex.gr. a^m^zsa • =tfS tf^w* sa a** • ^asj, n* •»* ssa"*""^ sss 

Corollary XXXL 

153. Homogeneous Powers are muldplied together by adding their Expo- 
nents, and divided by fubtrafling them; Ex.gr. a%a^a^ = ^'» 

Corollary XXXII. 

154. Whence the Quotients reful ring from the Divifion of a kfler Homo- 
geneous Power by a greater may be thus ^xpreflcd ; • = as ^ • ^ ^ 
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-ted— rte4-f,_f_a J^aa«-^aa-*, -^aJ^ as 04'^^ m r**. 

=:-as4«-> =4-% i =sl = 4«-»=4-S -BB-S4— 'SSd^Sl. 

44 44 4 4 1 



Corollary XXXIII. 

155. The Produdt or Qaoticnt of two Homologous Powers is equal to the 

Homologous Power ratfedfrcHn the I^xxludt or Q^dent of their Roots i i. e. 

—■I 

4« X ^ = 4i^^« SB 4ib^. ^^ n; ^ y ^ == t * 

Corollary XXXIV. 
J 56. The Produft or Quotient made by two Homologous Powers has the 
fame Exponent with thofe Powers ; i. e. aF%l^ ^\ab . 

Corollary XXXV, 
157. FradHons are mvolved to any Power by involvii^ the Numerator and 

Denominator ieparately. Thus -T©'* = -rX'T">^"ir = 7;-o'' "j- (!>*• 

113.) fi) -J- ©-• '^S ^^ T • Confequcntly 

Corollary XXXVI. 

158^ The Root of a Fractional Power ^ is had by extradting the Root 
of the Numerator, and Denominator feparately ; i. e. |j m,* as — . 

Corrollary XXXVII. 

159. All Irrational or Surd Roots are incommcnlurate, but fuch asf are ex- 
tra6^ from commenfurate Quantities are iaid to be Commenfurate in Power. 

r'-CooLLART xxxvm. 

160. Irrational Roots, tho* they cannot be had exadUy in Numbers (In. 138.) 
yet they may be infinitely approached to, as lyii^ betwixt the Roots of the 
next greater and next lefler Homologous Powers,' Ex. gr. If it be required to 
extraft the Square Root fix)m the Number 12. Here becauie the next greater 
Square above 12 is 16, and the next lefs is 9, therefore the Square Root of 

i4» i. e. 12'*' is tome fuppoled Number between 9"*" and 16"**, 1. e. between 

H 3 and 



j flttKt 4 : lITMch^ be appmadied yet nearer by mukipl^Dg it X lOo ^ ftr 
the next ^reaoer Square ^bove 1200 is 122^ who& Root is 35, and the nezc 

lefler is 1156 whofeRott is 34 : Therefore 12^ is fome fuppofed Number 
between 3^ and 3^;.. And thb again will be approached nearer by 
multiplying 1200 by 100 ; fer die next gfcaoep* Square above 120000 is 
1^0409 whole. Root >. 3479 and the next lefler i) 1 19716 whpft Root is 

346 : Thcrefbre 12^ » feme fiippefed Number between 3,^ and j^rtt- 
And thus by continiung to multiply the given Refolvend by 100, the ^uare 
Root will be approached nearer and nearer ad infimtum. The £ime way 
the Roots may be extrafted from the other Irradonal Powers, obferving to 
multiply the Cube Refolvend by 1000, the Biquadrate by loooo, the iirft 
Surfolid by ^ocooo^ i^c. For the eaibns of which, iee (In. 185, 286, 288^ 
Part 2.) 

Corollary XXXIX. 

161. The Difference between every irrational Root, and the next greater 
or next left rational ooe is Ids than Unity, 

Theo&im ni. 

162. If an Integer can have no rational Root in Int^ers, it can have none 
in Fra&ions. 

Demonftration. 

Every rational Root b an Aliquot Part of its Power (In. 1^27.) But that 
Part of any Integer which meafures not the Whole is no Aliquot Part of the 
Wfaok (In, 37.) Thexefim na rational Root to it. Q^^. D. 

Theorem IV. 

163. If the Quotient made by dividing any Power b^ by anodier Homo- 
lo»>us to it c**, be an Integer z^ then the Root h divided by the Root c will 
aw IP^ke an kteg^ in the Quotient. 

tkmonflrafum. 

— sz by Suppofition : « -^mz* (In. 146 and 158.) u e. the Quotient 
foad^ by dividif^ fr by ^ is the a Root of the Integer z. But if» &r. (In. 
162.) : • ^ miift be aft Integer. Q. £. D» 
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Chap. Vra. 
> ' Gf Jrithmtic4 and Gemetricd proportion. 

Partition XV. 

164. T\ ATIG'Sy as well as the Kinds of Proparrion depending thereon, arc 
jl\, two-foldy viz. Ariihmeticd and Geomeirical. 

De^ikitiok LVII. 

165. An Arithtnetkal Ratw is in refpefb of the Difl^rence between the Antt- 
cedent and its Conieqiient, which is denoted with the Sign 4* before it in a 
Ratio of greater Inequality j and with the Sign — before it in a Ratio cf kjfer Ine^ 
quality. Ex. gr. the Aitbmetictd Ratio of 8 to 2 is 4- 6, of 2 to 8 is -— 6, 

Hypothesis XIV. 

166. The Sign of die Arithmetical Ratio between two Terms is ( - ). Ex. gr. 
the Rado of 8 to 2, is fignified by 8 •• 2, c^ 2 to 8 by 2 •• 8. 

Definition L VIIL 

167. Arithmetical Proportion is when two Arithmetical Ratio* s have the fan^ 
common Difference^ as in thefe 9 •• 6 =s 7 ••4, i. e. 9 — - 6 ss 7 — 4. So 6 •• 9 
= 4-7, i.e. 6 — 9 = 4 — 7- 

Hypothesis XV. 

168. Every Arithmetical Proportion j putting p indefinitely for the Antece- 
dent of the rormer Ratio, q for the Antecedent of the latter, and d for the 
Cdmmon Differenc e, wil l, whe n both the Ratio's are of greater Inequality be 
rcpr efented by p > * p -^ d = j •• q — </ j when both are of lefler Inequality, by 
p-f^^^q..q\d. 

Definition XV. 

169. In every Pr^/w/w» the Arttecedent df the former Ratio and Confe* 
quent of the latter are called Extreams^ and the other two Terms Means. 

Partition XVI. 

170. Arithmetical Proportion is either Difcontinued or Continued. 

Defin^ition JLX. 

171. Difiontinued Arithmetical Proportion is when the Mean Terms taktn a» 
Antecedent and Confequent have a different Ratio to one ani)ther from that of 
the other An s cccd c a t s to iheir Confequents -, as in the Examples (In. 1 6y,) 

Definition LXI 
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Definition LXL 

172. Aritbtmtkd Proportion Continued is when the Mean Terms taken as An- 
tecedent and Coniequent have the fame Ratio to one another with that of the 
other Antecedents to their Confequents ; or when the Ratio of the fecond 
Term to the third is the fame with that of the firft to the fecond, or of the 
third to the fourth : As in thcfc 12 - 9 as 6 •• 3, or 3 •• 6 ss 9 •• 12. where 
12 -•9 S3 9 •• 6 s= 6 •' 3, or 3 •• 6 5B 6 •• 9 S3 9 .• 12. 

Definition LXIL 

173. Exiream and Mean Proportion Arithmetical is when a Number is divi« 
ded into two fuch Parts that the lefler Part has the feme Jritbmeticd Ratio to 
the greater that the greater has to the Whole ; as the Number 9 divided into 6 
and 3, becauie 9 •• 6 =s 6 •• 3, or 3 •• 6 sr 6 •• 9. 

Theorem V, 

1 74. In every Arithmetical Proportion the Sum of the two Extreams is equal 
to the Sum of the two Means. 

Demonftration. 

Any Arithmetical Pro portio n, if Ex. g r. the Ratio's be of greater Inequa- 
lity, will be cxprefled by /^ ../» — ^ zs q^^q^^ (In. 168) But p ^q^^n ss 
p *- J + J by Inlpedion j Therefore, 6f r • Q^ E. D. 

Corollary XL. 

175. If the Sum of any two Terms equals the Sum of any other two, then 
are thefe four Terms in Arithmetical Proportion ; z. e. Jf JEx.gr. b^fr:i 
c ^d then b"C^ d ••/. 

Corollary XLI. 

176. If the Sum of any two Terms be double a third Term, then are 
thofe three Terms in Arithmetical Proportion ; i. e. if i + <i sb 2r, then 
h ''C ^zc •' d. 

Problem XI. 

177. From any three Terms b^ r, d given, to find a Fourth Term in Arith- 
metical Proportion. 

EffeSion. 

Add the ieoond and third Terms tc^ther, and from their Sum r 4* ^ &b- 
trad the firft T^rm i, the Re mainder c J^d-^b will be the fourth Proportio- 
nal fought ; i. e. b'^c sz d- cJ^ITZT. Q^E. E. 

Problem XH.' 
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Problem XII. 

178. Between an}; two Terms b and d given to find a Mean Arithmetical' 

'Proportional, 

EffeSlion. 

Add the two given Terms together, and take the half of their Sum and the- 
Quotient will be Ae Mean Proportional required ; u e. b*- -ii-* = 

— ^- — • • J • Q; . E . E. 
2 ^^ 

Problem XIII. 

179. To divide any given Number b into Extream and Mean Proportion 
Arithmetical. 

Ejffeiiion, 

Divide the given Number-^ into three equal Parts -, then ^i •• |& ss 4^ •• *•- 

Q;^E..E. 

Definition LXIIIi 

1 80. A Geometrical RatiOy . or Ratio properly fo called, is in relpeft of the 
Quotient arifing from the Divifion of the Antecedent by its Confequent. 

V Definition LXIV. 

181. And that Quotient is ftiled the Nominator of the Ratio j Becaufc tRc: 
Ratio ia denominao^ by it. 

Definition LX V. 

182; If the leffir Term be an Aliquot Part of the greater, the Ratio of 
greater Inequality is ftiled Multiple^ and' the Rktio of lejfer Inequality Submultiple. 
In particular, if the Nominator of the Ratio be 2, it is called Double^, if i., 
Subduple ; if 3, it is called Triple^ if f, Subtriple ; if 4, S^adruple^ if ^^ 
Subquadruplej &c. 

Definition LXVI. 

183. If the greater Term contain the lefler Term once, and an Aliquot 
Part of it felf over ; the Ratio of greater Inequality is called Superparticular^ and 
the Ratio of lejfer Inequality Siibfuperparticular. Particularly if the Nomina- 
tor of the Ratio be 14. or | it is ftiled Sefquialter^ if ^ Suhfefquialter ; if li 
or ^ Sefquitertian ; and if ^ Subfefquitertian -, if i i., or x Sefquiquartan^ anji if 
T Subfefquiquartan^ &c. 

Hypothesis XVL 

184. The Sign of the Geometrical Ratio between two Terms is (:) Thus, Ex., 
gr. the ^adruple Ratio of 8 to 2 is fignified by 8 : 2 or 1 ; the Subquadruple 
Ratio of 8 to 2 is denoted by 2 : 8 or 4. = ^ (In 87.) 

1 Partition XVIK. 



Partitiok XVn. 

1 85. Gtmitficdl Proportion is dBviddi into Sitnpk^ Mtd^licOe^ Bsrmtricaf^ 
and Contrabarmomcd. 

Definition LXVII, 

t86. ^n^ GeomOricd Proportion is when two Geometrical Ratios have t^ 
lame Common Nominator of the Raiio ; as in thefe 1 2 : 6 ss 8 : 4, and 6 : 12 
ts: 4 : 8, which are thus read :Asi2isto69 ibis8(04; and as 6 b td 
12^ ibis 4 to 8. 

Partition XVm. 

187. Simpk Xjeofh^rical Proportion is either Difcontinued^ or ConAmui^ aim 
the lame manner with Arithmetical Proportion (In. 171 and 172.) 

Hypothesis XVII. 

188. Every Simple Geometrical Proportion puttmg p indefinitely for the An- 
tecedent of the former Rado, q for the Antecedent of the latter, and r for the 
Nominator of the Rado, will, when the Rcai^s are of greater Inefialityy be 

reprefcnted by /> : ^ = j : — , when of UJfer Inequality^ by pipr^q : jr. 

Or putting z sa *- in the former Cafe, and 2: a — = r in die latter, dien 
every Geometrical Proportion will be exprefied univ^^iaHy 1 fkust P-^ a: ; : 



zoy or -*-• = 

Theorem VL 

189^ In every Simple Geometrical Proportion the Prodnfi 6t die two&ftream 
is equal to the Produd of the two Means. 

Demonftration. 

Every Geometrical Proportion may be exprefied by /> : zj> «: j : zj (In. 
188.) B\xtp%cc^!s^zpY,q (In. %s^) Therefore, t^c. Q^E. D. 

ColtOlLART XLn. 

190. If the Produft of any two Terms equals the Produft of other two, 
Then are thofe Terms in Geometrical Plropordon % i. e. li Ex>gi\ hf^ cdj 



Aen h :cszd:fy or -^^si j^ oty sz-^ • 



Corollary XLJII^ 



C0it<^1.LARY XLZII. 

191. If the Produft of aay two Teitns equals the Sqi«u« of * third Term, 
then are diofe three Terms in Geometrical Proportion ; i.t.VM ^<c^ then 
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Corollary XLIV. 



192. If any four Terms are in Geometrical Propordon, viz.p : jpz ss | : ^» 
then by (In. 188.) they will appear to be ib. 



IDireftly 



p : zp is q 
- zp : p::s zq 

Alternately p i qziz zp 

Compounaedly p ^zp i zp ^bx q ^ zq 
Con^^aiely ^+2^' ^^''jHr^Jf 
Dividedly p^zpizp^xq^^zq 

pm^zp: p sz q^^zq 
By a SyllepTis p : zp ac ^ + q 
By a I&lqp& j^ : ^ s j> •« f 

Corollary XLV. 



2 1 Invertedly 

3 

4 

5 
6 

7 
8 

9 



«2 

zq 
f 



193. If one Rank or Series of Terms in Geometrical Propordon be ordfcrly 
multiplied or divided by another, die refpe£tive Produds or Quodents will be 
«lib in Geometrical Propordon ; i. e. 

V p I zp :sz q I zq 
And a I ea ^s y i ey 
Then pa : zpea s qy : 7:qey 

And -t : -5^ = -1 : 2L (h. ,«8.) 
Corollary XLVI. 



194. Whence, if Quandnes are in Geometrical Proportion to one another, 
Homc^ogous Powers, and Homologous Roots are fo alio \ i.t. ifa:b 

ss€z^ then uF» : J* as ^ : J*, and tf * : i«« as ^ : rf«. 

Corollary XLVH. 

I05, In Multiplication the Ratio of Unity to one Fa6lx>r is the iame with 
the Ratio of the other Factor to the Produft : Or, as Unity is to die Multi^- 
plier, lb is the Multiplicand to the Produ£): ; and confequendy in Divifion, 
As the Divifor is to the Dividend, fo is^Unlty to die Quotient, &ir. 

Problem XIV. 






Problem XIV. 

196. From any three given Terms byC,dto find a fourth a in Geometrical 
Proportion. 

EffeSiofL . 

Multiply the fecond and third Terms together, and divide the Product cd 
by the firft Term b ; the Quotient -r- will be the fourth Proportional fought \ 

i. e. b : c :=z d : J = a. (^E. E. 

Scholium IIL 

• 

197. The Effe6tion of this Problem is commonly called the Golden RuU^ 
by reafon of its exceeding Ufefulnefs in pradlical Anthmetick : Or otherwile, 
it is termed the Rule of Three ^ becaufc- here are always three Terms given to 
find a fourth : And it is either Dire^y when the Terms Hand in their natural 
Order, as above ; or Inverjij when they ftand in an Order inverted ; Ex. gr. 
If it be demanded, what will be the Price of 9 Yards ef that Piece of Lin- 
nen, three Yafds^ of which are ibid for 1 2 Shillings. Here putting a for the 

r. r. s. s. 

Price of the 9 Yards fought, the Terms will ftand thus, 3 : 9 ss 12 : a \ i. e. 
as 3 Yards are to 9 Yards> fo arc 1 2 Shillings to a Shillings ; or alternately 

r s. ,r. S. 

thus, 3 : 12 =9 : tf 5 i. ^. as three Yards are- to 12 ShillingSj fb are 9 

- - rt- 

Yards to a Shillings ; by both which Proportions a = — ~ sa — = 36 

according to the EfRdtion aboye. . 

But if it be demanded what Length of Ground of 9 Perches wide muft be 
given in Exchange for an Ehcloliire of 35 Perches long and 21 broad. Quan- 
tity for Quantity. Here putting a for the Length of Ground demanded of 
9 Perches wide, then becaufe the Prodqft of 9 X ^ is lo be the fame with 
the Produft of 21X35 by the Queftion : Hence have we this Proportion 
P. P. P. P. 
9 : 21=35 : a (In. 190.) u e. As 9 Pferches wide is to 21 Perches wide, fe 

is 35 Perches long to a Perches Ibng ; Whence a =s — ^^ =s ^ s: 81 — . 

And this is what is called* the Rule of ^ree Imverfej of which take another 
Example as follows ; 

Let it be required to determine how many Hours 9 Cocks will take up in 
emptying a Cittern of Water, which is emptied by 1 2 Cocks of the lame 
Widenels in 6 Hours. Here putting a for the Hours required, then becaufe 
the Produd of 9 X ^ is to be the fame with the Produft of 6X12 by the 

Queftion,. 



Qoeflion; Hence . have tre diis Pf opordon 9 ; iz m 6 : a. Tl 

H2if:;»Il = 8Hours. 
9 9 

Scholium IV. 

198. It Ibmetimes happens that five Terms are ^ven in Geometrical Propor- 
tion to find a fixth, which is caBed the DatAU or Compound Rule of ^ree-i 
And this again is either Direlf^ when the Queftion is refolved by two D^eS 
Proporfums 5 ok Irruerfs^ when it is refolved by one Dire£lj and another In- 
wrfe Proportion. An Example of the former Sort is the following one. 

If lOQ or ^ Pounds Sterling in 12 or ^ Months gain 4 or J Pounds Intereft, 
how much will 650 or c Pounds gain in 1 8 or j Months ? Here becaufe the 
Queftion lies u^n the gain of 650 Pounds in } ss 1 8 Mondis, therefore thdfe 
two Terms muft be the Confequents of the firft Ratio in either Pn^ortion i 
and J ss 4 Pounds is the Antecolent of the latter Ratio in the nrft Proportion. 

Thus hicssd: -r-, u^. 100 : 650 s» 4 : ^-^rr- «* ^^t the Intereft of 

w 100 

L. 

650 for 12 Months, to be die Antecedent of the latter Ratio in the fixoad 
Proportion. 

^ : } as Jl : -^ i. e. 12 : i8 a» 26 : — ~ — s 39 the AnArer reqoi- 

M, M. L. t. 

red. Otberwife 
p \ Q—d \ ^\.t. 12 : 18 =4 : * ■ ag6 die Liteneft of lOo for 

t . 12 

1 8 Months, to be* the Antecedent of the latter Ratio of the fccond Pro- 
portion. 

b : c^^: -^ I. e. lOO : 650 a 6 : '- as 30 as before. 

f 9p ^ 100 ^^ 

Whence it is plain that the Queftion may be performed by Compofition at 

one OperatiCMi \ as follows^ - 

hp I cq-rzid I -^ i- e* lOO X i^ • 650 X i8 tt5 4 : 39. Therefore die 

Theorem for all Queftions of dus Kind is ^S^ , as is forther illuftrated (In. 

341.) - 

The Cmpiimd JRulc of ^hxe Inverfi is performed as in the following 
Exampfe. 

K Ic 
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Ic 19 reqinred Co' find ^^Avut Principal =r a well gain z ss'^g Pounds Sterling 
in j^ s 1 8 Months, at ^ «= 4 Pounds, per Cent. = 100 Pounds a by per Amum 
8 12 Months sjp. The firft Operation is in dired Proportion (In. 196.) thus, 

p : q zs d :-^ u c. 12 : 18 = 4:6, the Intereft of bss 100 PrbcipaJ 
• p 

for 18 Months. Then fincc the Produ6t of 100 X 39 niuft equal the Pro* 
duft of tf X ^> or ^ Xz == tf X — by the Queftion 5 therefore 

• ^ L. L. 

— ^ : 2 = ^ : ^ (In. 190.) i, e. 6 : 39 = 100 : 656 or a Pounds, the Prin- 
cipal required •, whence reprefenting thin^ duly as above^ the Theorem for all 
Qaeftions of this Kind is —^ — a. 

Scholium V. 

109. When the Antecedent and Cohfequent of a ^Ycn Rado arc cither, 
or each of them, -a Compound of more Terms than one, they are to be re- 
duced (In. 43 and 341.) to fii^e Terms of the fame Denominafion, as in diis 
Queftion ; 

c. ^^ ffl. 

If 15 I 20 {ue. 15 Hundred Weight, 1 Quarter, and 20 Pound 
Tf^eight of any thing c^ft 40 16 (or 40 Pound 16 Shillings Sterling) what 
vnU I I 4 cofi at that rate? Which reduced makes diis Proportion ; 1728*1 

a. s. / s. L. s. 

144 sss 816 : '^^^^^^ ;= 68 =5 3 8, the Anfwer required. 

Problem XV. 

200. Between two Tenxius^ i, ^, to find a Mean Geometrical Pcopordonal a. 

Effeffion, 
Multiply the two ^ven Numbers together, and the Square Root 

of the'Prodiid IP will be die mean Pkx>porti(MiaI fei^ht ^a^ u c;. k : a::^ 

a:c^ orb :TP^ = J^:e (Jn. i9s*} Q;^E* E. Ex.gr. l£b = 4.zndcsa^ 

- - 11 » 

then a = 4X5* =^ 3^^ = ^• 

Definitioln LXVin. 

201. MultipKcate Proportion is that of the Ratio of two Homologous Powers 
in rtfjpcGt of the Ratio of dieir Roots. SubmidtiplicaU Proportion is that of 
the Ratio of two Roots in refped of their Homologous Powers. In particular. 



m 

the Ratio of two Squares h £iid to be DuplicaU ; of two Cubes j Triplicate ^ 
of two Biquadrates^ ^j^ruplicate^ bcc. of that of their R90ts : and vice verfd^ 
the Ratio of two Square Roots is faid to be SubdupUcatCj of two Cube Roots^ 
Subtriplicate i of two Biquadrak RootSy SuhquadrupHcate^ &c. in reipeft of the 
Ratio of their Powers. And the farae Denomination is given to the Ratio be- 
tween any two Produdb of the fame Number of Dimenfions in refped of 
die Ratio between their Homologous FaSlors. Ex. gr. the Ratio of 300 x 10. 
Ifo 600 X 20, or of 3000 to 1200O9 £5 m Duplicate Proportion to the Ratio of 
300 to 600, Or of 10 to 20 ; and the contrary Subduplicate. The Ratio of 
^ X 3 X 4 to 6 X9 X12 is Triplicate in refpc£t ot the Ratio 5^ 2 to 6, of j 
io 9) or of 4 to 12, and contrarily SubtripHcate^ &c. 

Definition LXIX. 

202. Harmonicaly or Mujical Proportion is when of three Terms^- a^ £, c^ 
(Ey. ^n a =s 69 ^ = 8, ^ = 12) there is the fame Geometrical Ratio betweea 
the DiflErence of the firft and fecond,. and the Difference of the fecond and 
third, as there is between the firfl and third j i. e. i — a r r — t =: ^ :r. Or 
when of four Terms a, b^ c^ i (Ex. gr. ^ ss 6, ^ = 8, r ar 12, i == 18) 
there is the fame Geometrical Ratio between the DiQerence of the firft and fe- 
cond, and the Difference of the third and fourth, as there is betwe:a the firfl: 
slnd fourth ; i. e. ^ — ^ : i •— r s a : i. \ 

Definition LXX. 

203. Contraharmonicd Proportion is when of three Terms a^ by Cy (Esc gr^ 
tf ss 3, b^gj r=5 6) the Difference between the firfl and the fecond 
(b ^-^ a) is to the Difference between the fecond and the third (c-^b) as 
the third is to the firfl ; 1. e» b^-^a : c^^-^b zsc : a. 



C H A P. IX. 

Of Jrithmetictd and Geometrical TrogreJ/totu 

Definition LXXI. 

204. ^ RITHMFflCJJL Progrefflon is when a Sferies or Rank of Ho- 

X\ mogeneoiis Terms do cacreafe or decreafe- by the fame Aritbme^ 

:icalRatioy^i^2j 3, 4, 5, 6, 7, 8, 9, (^c. >^hofb Common Diferewe is x r 

9» 8, 7, 6, 5, 4, 3, 2, I 3 therefore fliled Laterals. 

2, 4. 6, 8, 10, 12, 14, 16,18, f^^'Xy,i^{^ Common Difference is.2. 
18, 16, 14, 12, 10, 8^ 6, 4, 2 J -^ 

And fa for any <Rher Rank, whole Common Difference is 3, 4« 5* 6, i^c. 

HVPOTHESIS X\ IIL 



Hypothesis XVIB. 

205. The Sgn pf Arithmetical Progreffion is -r- 

Hypothesis XIX. 

206. If the Species / be put indefinitely for the leaft Term of kny Series in 
-^, g for the greateft, d for the conimon Difiercnce, n for the Number of 
Terms, and s for the Sum of the whole Series 5 then every encreafing Seriea 
will be thu^ reprefented /, l-^d^ I + 2dj I + ^dy / + 4^, ^+ 5^> &c. ac- 
cording to n the Number of Terms : And every decrealing Ser»ss, thus> g^ 
g — d^ g,^ 2dy g—'Sdj g^^Adj ^— 5^, &c. till we come to / the lesA 
Term. 

CoROLLAHv XLVin, 

7.oy. The greateft Term of any Series in -^ is equal to the leaft Term 
added to as many times the common Difference, as there are Terms in the 
Series lefs one, i. e. ^ = / + i X» — 1 or j* = / + »i — i. 

Corollary XLIX« 

208. If Z = o, then the encreafing Series in •— will be thus, «, J, 2^, 3^ 
4^, 5J, &c. till we come tog ssnd ^d : The decreafing Series thus, nd^-^d^ 
nd-^-^idy nd-^^dy nd'^^a^ nd^^ gd^ 8cc. till we come to Ivsnd^^nd^a. 

Corollary L. 

209. In any Series of Terms in -r- the Difierence between all fiich Terms 
as are equally diftant from one another is equal, as confifting of the Qmmm 
Difference the fame Number of times repeated ; Ex. gr. the Difierence be* 
tween the firft and third Terms is the fame with the Difference between the 
fecond and fourth, and between the fevcath and ninth, £ff^« fb alio the 
Difference between the fecond and fixth Terms, is the fame with the Diffe- 
rence between the fourth and e^hth, and between the fifth and Ninths &r. 
Therefore 

Cor ROLL ARY LI 

210. If any Number of Terms be in -~, die leaft Term the greateft 
Term, and any two middle TernOs which are equally diftant from the leaft 
and greateft, will be four Terms in Arithmetical Proportion (In. 167.) and 
confcquendy the Sum of the two Extreams will equal die Sum of toy two 
equidiflant Means, (In. 174.) 

Corollary LII. 

21 1. If any odd Number of Terms be in -^ then the leaft Term, the 
greateft Term, and the middle Term will be three Terms in Arithme- 
tical 
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deal Proportion (In. 167), and confequeady the $m of the two Extreams will 
be double the Mean (In. 176.) 

Thsorem vn. 

212. In any. Series of Terms in -^, if the Sum of the greateft and leaft 
Terms be multiplied into One half the Number of Terms, die Produft will be 

twice the Sum of the whole Series ; i^ e. — %J -^g ae j. 

Demonjiration. ^ 

l-^g is equal to the Sum of every two equidiftant Means (In 209.) 
and to Double the middle Term of all, if the Number of Termg be odd. 
(In 210.) But if every two Terms in the ^6[t Rank be thus fummM up, there 

S 
can be but half fo many Sums, or r^pj, as die Number of Terms », : . the 

Sum of all the Terms b the Scries mirfl equal — times nfj: i. c. j = — 

CoROLLARlr Lin. 

213. Therefore the Sum of every Rank of Laterak b^inning widi Lfnity 
(i e. when 1 = 4= i, confequeotly g ^=n) will be ^ JlfL. 

Corollary UV. 

214. Or if / =: ^, then j =: — Ko-H^ 5= ^ • 

2 2 

Definition LXXII. 

215. Geometrical Progrefflon is when a Scries or Rank Qf Homogeneous 
Terms do encrcafc or decreife by the fame Geometrical Ratio, as, 

I, 2, 4, 8, 16,32,64,128, 256, Csfr. 7^, - T^ . 
256, 128, 64, 32, 16, 8, 4; 2, 1. f ^^^^ Nominator is 2. 

i» 3> 9» 27, 81, 243, 7^9, 2187, 6561, &?r.l, u r XT • 
6.561, 2187, 7^9. 243, 81, 27, g/ 3, , l^^^fe Nominator is 3. 
And fo for any other Rank where the Nominator is 4, 5, 6, 7, tf^. 

ScHOLirw VI^ 

I16. Obferve that the Nominator of the Ratio here always belongs to die 
Ratio of lefier Inequality. 

HypoTHEsis XX. 

V 217. The Sign of Geometrical Progrefflon is » 

L HypoTHESis XXL 



Lin 

THESIS XXI< 



iiii«iii 



«i8. If the Species /be pm ^ ^ 

m^jg for the greateft Term, r for the Nominator of the Ratio, ^'^for the 
Number of Terms, s for the Sim of the whole Series : Then every encrea- 
fing Scries will be thus rcprcfented, /, /r, /rS /r*, /r^, /rS &c. And every 

decreafingSeriesthus,^,^,X,^,«.,A, &c. according to » the Num- 
ber of Terms. Whence 

219. Thegreateft Temi of any Series in ^ is equal to the leaft Term mul- 
tiplied into that Power of the Nominator, whofc Exponent is die Number of 
Terms kls one i i.e. ; = /r« 

Corollary LVI. 

220. If / =s I then will die encreafing Seriesr in 4? be dius reprdentcd, 

t^ ^ r% rS r^, r% r*, &c. till we come tt)^ = r*"". And if ^s= i 

the decreafing Scries will be i, r, r*, r', r^, rS &c or which is the lame 
diingr*, r*', r^S r-', fS r^S &c. (In. 154.; 

Corollary LVIL 

221. Therefore everv Scale of Powers b a Rank of Terms in Geometrical 
Progrefllon, whofe firlt Term is Unity, and Nominator is die Root. And 
the Exponents of the Scale are a Rank of Terms m Aridimetical ProgrefiiQa 
whofe nrft Term, is a. and Common Di&rence if Unitv. 



Corollary LVIII. 



t22. In every S 
equally diftant 



Corollary LIX» 



223. In any Nun^ber of Terms in -sf, die two Extreams and any two 
Means which are equaSy diftant from thofe Extreams are four Terms in 
Geometrical Proportion (In. 186.) confequendy the Pftxluft of the two Ex« 
treams is equal to the Ftoduft of any two equidiftant Means (Lu 189.) 

Corollary LX. 

224. If any odd Number of Terms be in -^ the laft Term, die greateft 
Term, and tfie middle Term are three Terms in Geometrical Fkx^rtion 

(In. 186.) 
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(In. i86.) and ooniequendy the Product of die two Extreams is equal to 
the Square of the Mean. 

Theorem Vm. 

225. In any Series of Terms in -Jf^ the Sum of all the Terms, except 
the greaceft, multiplied into the Nominator of the Ratio will be equal 10 
the Sum of all the Terms eaccept die leaft ; L e. S'^g Xr := s^^ l^ or 

Siippofe any Series of Terms- in -rr whofe kaft Term is /, Nominator r, 
and laft Term ^ ; Ex.gr. Ir^j Le. Ir^ =g (In. 218.) Then j — ^ = 
/ + /r -t- /r> 4-_/r> -f / r^, a ndi — / =:/r +ilr* + ilr> + Ir^ + Ir^ = 

rx/+*^ + *»+iS^*+*^ = ^X* — g (bi* 70* But thb wi ll always be, let 
the Terms be many or few (In. 214.) : • j — / = r%$^g (In. 21.) QJ^. D. 



C H jt p. X* 

of Tolygmal Wmiws* 

DsriKiTioif IS. 



%A\\ 



taS.T^OLTGONAL Numbers are fiich as ariie ftom die Addidon-of a 
JT Series of Numbers in -^ b^inning with Unity ; and are ftiled, 
* Pirft, Triangular s^ or Origans ^ when. the comm<Mi Difference is i., 
Aiidi.Progr.f I, 2, 3,4, 5, 6, 7, 8^ 9, ^c. 

TrigonsX i, 3, 6, 10, 15, 21, 28, 36, 45, G?^.. 
Secondly, ^jfodrangulars or 72r/rtf^^ju, when the common Dif&rence is 2*. 
Aridi. PrcSgr.f I, 3, 5, 7, 9, 11, 13,, 15, 17, £5?^:. 
?V/r«/«fj.l 1, 4, 9, 16, 25, 36, 49» 64* 81, 6?r. 
Thirdly, Pentagons^ when the Common Diffbrenoe is 3. 
Arith. Progr. f I, 4, 7, 10, 13, 16, 19, 22, 25, ©'r. 
Peniagans.lij 5, 12, 22, 35, 51, 70, 92, 117, fcfr. 
nthly, HexagMs^ when the common Dirorence is 4. 
Aridi. Pirogr. f 1, 5, 9, 13, 17, 21, 25, 29, 33, 6fr. 
f&xa^d/ri. (. I, 6, 15, 28, 45>.66, 91, 120, 153, (dc. 

Definition LXXIV. 

227* The Side or Root of a Polygon is the Number of Terms in the -^, 
which are fum*d up for fonning it^, 

Definition LXXV. 
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Definition LXXv. 

228. The Denominator of the Polygon^ which otherwife is called the Num- 
her of its Angles^ is the firft Polygond Number of its Kind, next after Unity, 
from whence e^ch Kind recei\^is its Name ; as the Number 3 in a Trigon^ 4 
in a Tetragon; 5 in 1 Pentagon^ 6 in a Hexagon^ 7 in a H^agon^ 8 in an 
OStagon^ &c. 

Hypothesis XXII. 

229. In the Arithmetick of Polygons ipat n for the Side or Root of the Po- 
lygon^ or . the Number of Terms in -rr from whence it is formed, d for die 
Common Difference of the Arithmetical Series^ g or G for the greateft Term in 
the faid -:f-, S or P for the Polygon it felf, and D for its pmominator, or 
the Numb^ of its Angles. 

Corollary LXI. 

^230. The Common Diflference of the -^ is always equal to the Denomi- 
jnator of the Polygon formed fix)m it, lefe 2 ; i. e. ^i = D — 2, 

Corollary LXII. 

23 1. It appears alfo that every Scale of Polygons (i. e. the Trigon, Tetragon^ 
Pentagon, &c.) formed from the fame Root n is a Rank of Terms in -ii. 
whpfe leaft Term is », and whofe Common Difference is that Trigon which 
has for its Root » — t •, Ex. gr. let n = 4, then becaufe the Trigon is 6- 
whofe Root is » ^— I £= 3 ; therefore the Trigon^ whofe Ro&t is » = 4, is 
;? + 6 = 10 ; the Tetragon is 10 +. 6 ^= 16 -, the Pentagon is 16 -f 6 c= 22 ; 
the Hexagon is 22 + 6 = 28 ; the Heptagon is 28 + 6 = 34, fcff. And the 
fame for any other Root or Side. 

Definition LXXVL 

^32. Pyramidal Numbers are fuch as arc forrhed by the Addition of a 
Series of Polygons after the fanie manner as that Scries of Polygons were formed 
by the Addition of a Series of Terms in -r- . And the ^ms of thofe frji 
Pyramidds the fame way coUefted are called Second Pyramidals ; the Sums of 
thofe Second Pyramidals, Vhird P^midals, &c. ad infinitum ; which in parti- 
cular are ftiled Triangular, ^adrangtdar. Pentagonal, &c. according as they 
are formed from a Series of Polygons that are Trigons, Tetragons, Penhigons^ 
^g£c. Ex. gn The Genefis cf Pyramidals Triangular, are as follows : 




Laterals 



Trigons ^ 






i* 1 I 11 II— ^ii^^ 
^-jXPyrafmdals. 



4/^ 
8cc, 



i«aMa 



•*>~m*^m^ 



ikMMi 



I 
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1 
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I 



ib 
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6 
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£5 
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35 
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ia6 



25^ 



84 120 



21C 



462 79a 



2H 



M2. 



1716 



1716343^ 



300316^35 



«*^ 



t 'flee. 



9 &c. 



45 ^ 



165 8tc. 



495, &c- 



2287 



3003 
^4F5! 



12870 



Sec. 



&C. 



From whence it will be eafy to conecHW the Forauckm of Pyramdalt 
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. C H A >. XL 

Of Cwtblnatkm and permutations. 

Definitiom LXXVU. 

'^33't^ O MB 1 NAT 10 N is the taking together of all tfie difRrent 
V^ J'w^J, or P^^irj ; the difierent threffs^ or Ternaries \ the different 
Four^Sf or ^aternaries ^ /w«, or ^inaries^ &:• Aat any ^vcn Number of 
Thbgs can admit of. 

Partition XIX. 

234. Cotnhinaiions are either ^f;»//^ or Redundant. 

DEfiMiTioN LXXVin. 

235. A £tfl9>/^ Combination is when the &me thing Vf. each Combination occurs 
but once. 



Theorem IX, 



-> ) 



236. The ^HTipfe Combinations of things by jP^iVj prdceed in a Rank of 

Trigons^ whofe Root fe the Number of things to be combined Ids dne, or 

»— I i by Ternaries in a Rank of firji Pyramidals Triangular^ vfhok Root 

is 1^ — - 2 i by ^aternaries in ia Raok of -ficonJt PyrmM4d^s Trianpdar'y whole 

! : i M Root 
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Root is j^.-^ 3 i l^y S^\narUi^ in a Rank of /i&i[ri Pyrdtmddtsj yfhofk Root is 
» — 4, &c. adinfmtum. ' : I 

Demonjlration. ^ \ 

Con I . If » = 2 « /f, B, then the Number of Pairs, in the Things to be 
combined is i (a TrjgOH^ whofe Root is «— ■ i = i. In. 'Z26) viz. 
^B ; If ;^ 3= 3 i=r 4> 5, C| then the Numbfer of Pairs, are j (a fV"xg"(?», 
whcrfe Root is » — . i;= 2,|In. 226) viz. Apy AC^ BC : If «i=2i|. =>f, 
Bj C> D, then the Numbei- of P^irs are ^ iTL^rigon^ whofe Root is 
».- I =: j) viz. AB^ AC,] AD, BC, BD, CD : It n = 5 =Ay B, C, 
D, E, the. Nun^ber of Pairs are 10 (a ^rigon, wlK)fe Root b »— 1 =4) 
viz. AB, ACi ADy AE, BC, BD, BE, CD, CE, DE. But this Law 
will fldilhold, if » = 6, nss y, n = S, &CC. ad Infinitum.. .There- 
fore the Number of Pairs, in any Number of Things », is a Triton, 
whofe Root or Side is«— i. ". ' ' ' ' 

Con. 2. li n =z ^ = Ay B, C, the Number of ternaries is i (a firft Pyramidal 
Triangular, whofe Root is « — 2 s= i. In 232) viz. ABC : If n=: 4, 

.,..== A^JSl%.C,jDa then .rhfi.,Numhr.r o( SdxmrujL^xsi 4. id.Ji;^yramidnl . 

Triangular y whofe Root is »— 2 =2, In. 231) viz. ABC, ABD, 
ACDy BCD : If /f = 5 a» 4> JB, C, D, J^, the Number of Ternaries are 
10 (a/ry? Pyramidal, whofe Root is » -^ 2 = 3, In. 232) viz. ABC, 
ABD, ABE, ACD, ACE, ADE, BCD, BDE. But this Law wUl 
ftill hold, if »= 6, » = 7, » = 8, » = 9,' &c. :• The Num- 
ber of Ternaries in any Number of Things », is a Pyranidal Triangu- 
lar, whofe Root or Side is « — 2. • 

Con. 3-.-. If 1; :» 4 ,==r Ay By Cy Z), then the Number of ^akmaries is^ ^a Je- 
cond Pyramidal Triangular, whofe Root is « — 3 = i, In. 232) viz. 
ABCD. If in » = 5 = A, B, C, D, E, the Number of ^aternaries 
are 5 (a fecond Pyramidal, whofe Root is n — 3 = 2. In. 232) viz. 
ABCDy ABCEy ABDE, ACDEy BCDE : If n=6=A, B, C, D, E, F, 
the Number of ^aifrnaries are i^ {z, fecond Pyramidal, whofe Root 
is »— 3 =3 In. 232) viz. ABCD, ABCE, ABCF, ABDE, ABDF, 
ACDEy ACDF, ADEF, BCDE, BCDF, BDEF, BCEF, ABEF, 
ACEF, CDEF: But this will .ftijl bold, if n = 7, n = 8, n = 9, 
« = 10, &c. : • the Number of ^aternaries, in any Number of 
Thinjgs 17, is a fecond Pyramidal Triangular, whofe Root or Side is 
» — 3. 

Con.- 4. And by the lame Method of InduAion, we Ihall find that the Num- 
ber of all the Quinaries, that any Niimber of Things can admit of, 
will be ft third Pyramidal Triangular, whofe Root is » — 4 •, the Num- 
ber of air the Senaries, a fourth Pyramidal, whofe Root is « — 5 ; 
of all the Septenaries, a fifth Pyramidal, whofe Root is ;i — 6, ficc. 
WheiKe wc may bfer die Certainty ot the Theoreip. Q^ E, D. 

Definition LXXIX* 
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• "^ '"'■^' t>Vri\itTtOH LXXIX. 

23^. { <^y^ thac % lUJundatU Combituition^ therein ch^ fame thing occurs oft- 
oer than once, as in chefe, jLiy AAB^ BBAC^ &c. 

• • •■ » r • 

•^ • • • » •• » , 

Theorem X. 

238. The Number of all the PoffihU Combinatuais (Simple and Redundant) 
of «ny given Number of things n^ by P^/rJ. is a ^rigon^ by ternaries a firft 
Pyramioal Triangular, by ^uaUrMrtei a &cond Pyramidal Triangular, by 
binaries a third Fyramidil, . by Senaries a fourth, &f^. £ii Infinitum whofe 
Root is lu 

Demonftration. 

Con. I. If ;/£= 1=?//, the Number of al! the poJ/iUe Pairs is i (a frigon 
whofc Root is w 3= f t&:^26} viz. y//f ; !♦ » = 2, y/y 5, the Num* 
ber of all the pqffiUe Pairs arc three (\ Trigcn^ whofe Root is » = 2). 
viz. J/lj JBj BB : \f n^ ^y Ay B, C, die. Number of all xhepoffible 
Pairs are 6 (a Trigon^ whofe Root is «= 3) viz. ABy AAy ACy BB^, 
BCyCC. But this will fttll hold,, it nz^^y » = 5, /» = 6, &c. : • 
the Number of aU the PoffiHe PairSy in ^. any given Number of things 
to be combined ny is a Trigony whole Root, is n. 

Con. 2. If « = I = yf, the Number of all thcpcfflble Ternaries is i (a firji 
Pyramidal 5Vw»f«/^r, whofe Root is » = i In. 232) viz. AAA : 
Jf » =z 2 = yf, By the Number of all the pojfthle Ternanies are 4 (a. 
frji Pyramidaly whofe Root is ii = 2) viz. ^.^^f, yfff5, AABy BBB : 
If « = 3 *= yf, 5, C,- the Number of all the pojjible Ternaries are 10 
(a firfi Pyramidaly whpfe Root is ^ = 3) viz. AAAy-AARy AACy ABBy 
ACCy ABCy BBCy BBB, BCCy CCC ; But diis will always hold,.: • The 
Number of all the pqffible Ternariesy in any Number of things, is a 
firfi Pyramidaly whole Root is ». 

Con. 5. li n^ \x=z Ay tlie Number of ajl the.poflible ^aternaries is i 
(a fecond Pyramidal Triangular y whbfc Root is a^ = i In. 232.) viz., 
A AAA: if n^ss zx A^ B9 the Number of all the pqftble ^aterna^ 
ries are 5 (a Jecond Pyramidaly whofe Root is « = 2) viz. AAAA^ 
AAABy A ABBy ABBBy BBBB: If « = 3 = yf, 5, C, the Number cf 
all the pcffible ^aternaries are 15 (a fecond Pyramidaly whofe Root is 
n = 3) viz. AAAA, AAAB, AAAC. AABBy AACC, AABC. ABBBj 
ABB& ABCC, ACCa BBBB. BBBC, BBCC, bCCC> CCCC : If » = 4. 
xAy By C, D, tlie Number of all the poffibU ^afernaries are 35 (x fecond 
Pyramidal Number, whofe Root is » = 4) viz, AAAAy AAABy A. 1A& . 
AAADy AABBy AABC AABDy AACC. AACD, AADD> ABBBf 
ABhC ABBD^ ABCD. ACCB, ACCD, ADDD. ADDBy ADDC hBRBy. 
BBBC, BBBDy BBCSy BBDDy BBCDy BCCCy* BCCD, BCDD^ 

BDDD^ 
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BDDD, CCCC, CCOJ>^ CCfXPy CDW^ DDDD : But this wiU 
(till hold, if » =s 5^ n^6y nzszj^ (^c. : • the Number of all the 
foffible ^taemariesy that any given Number tt ijhibgsf will kdmit of, 
b afecond Pyramidal frimpiMTj ^ofeKoot is ». - 
Con. 4. And by the fame Mediod it will be found, that the Number of all 
the pqffible ^inariesj that anv Number of Thii^ can admit of, will 
be a third Fyratmdd ^rianffuar ; the^Nudtbei^ of ^ dfc pogiU^ Spia* 
riesy ^foufib Pytamdd \ the Number of all the p^hle ySeptemries^ 
a fifth Pyramidal^ &c. whole Root is n ; whence we niay. infer the 
Certainty of this Theorem, ad Lffimtum. QJS^ X>. 

• * •* 

CoROLLAfir LXm. 

239. If the Number of Redundant Qmhiwtions of any Kind btf required 
alone, fubtraft the Number of Simple CpmbinatloHs 6om the Number of pqf- 
fible Onesy and the Remainder wiU be the C^mMnaiions required* 

Definition LXXX. 

'!24o. By Permutation is mcattt the Changes that MjCmbinatim oR Things 

will admit of, in refpeft rf their Order or Situation. 

...» 

Partition XX, 

241. Permutations are either of flich Combinations as are Simple^ . or fuch 
as are Redundant. 

THBOltiEM XI. • . 

241. The Number of all the Permutations that any Simpk Combination 
admits of, is equal to the Produft of all the Natural Numbers, beneath the 
Number of things combined, mnldplied one bto another ; i. e. if the Com- 
bmation be a Pair itisequal u> 2 X i ; if a Ternary it is equal to 3 x 2 X i • 
if a ^aternary to 4X3X2X1 5 if a ^inary to 5 X 4 X 3 X 2 x I1 &c. 
ad Infinitum, And univerfally all the Perm utations^ which t he n Number of 
things combined will admit of, is equal to n X»»-^iX«— 2 X » — 3 X» — 4 
i^c. till the laft Fadlor be equal to Unity. 

Demonjlration. 

If n = zzzAy R^ the Permutatious are 2 X x te ;2, vh. JB, BA : If 
» =r 3 = B/Ky the Number of the Permutations are, 3X^X1, « .6, viz. 
JBCy JCBj BACy BCA, CBAj CAB : If « =r 4 = A, B^ C, D, the P^m^/^- 
/WW ate 4 X3 X 4 X 1 « 24, viz. ABCD, ABDC^ ACBDy ACDB, ADBC, 
ADCB^ BCD A, BCAD, BDCAy BDAC, BADC^ BACDy CDBACDABy 
CBADy CBDAy CADBy CABDy DABCy DACBy DCBA, DCABy DBACy 
DBCA. And in the lame manner, the* Number of all the Changes ^at any 

Quinary 
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binary admits of is foun4 to be 5 X 4 X 3X2 ^ i = 120 ; of a Senary^ 
^X5X4X3X2Xi= 720 ; of a Septenary 720 X 7 = 5040 ? of an 0£i(h 
nary '5040 X 8 = 40320 ; f^c. (^E. D. 

Corollary LXIV. 

243. Hence we may Icam to compute in what Time, at a certain Rate» 
all the Clianges can be rung upon any propofed Number of different Bells • 
Ex. gr. All the Changes that can bJc rung upon a Peal * of 7 Bells are 
7X6x5X4X3X2X1 = 5040 ; which by allowing 15 Changes to a 
Minute, will require 336 Minutes, or 5 Hours 36 Minutes, in ringing out. 
All the Changes that can be rung upon a Peal of 10 Bells are 10 X 9 X 8 
X 7 X 5040 = 3628800, which by -allowing 10 Changes to a Minute, will re- 
quire 362880 Minutes, or 36 Weeks, continual ringing before the Peal be 
rung out. And the fame may be eafily applied to other Inftruments of Mufick. 

C0RX)LLARV LXV. 

244. And hence alfo h eafily deduced how to find all the poffible Changes 
that can be rung upon any iingle tunable Set of Bells of any given Number ; 
i. e. Firft, by Pairs ; Secondly, by Ternaries ; Thirdly, by Quaternaries, (^c. 
JEx.ir. Suppofe the given Number of Bells be 7 = ». 

X. The Number of Ones is 7, whofe Permutations are 7 = «. 

^. The Number of Pairs in 7 Things is 21 (In. 236) and the Permutations 

of every Pair are 2 (In.-242) therefore the Permut ations of all the Pairs 

in 7 different Things are 2X21 =42 =»X«— i. 

3. The Number of Ternaries in 7 different Things is 35 (In. 236) and the 
Permutations of every Ternary are 6 (In. 242) theref ore the Permutations 
of all the Ternaries are 6 X 35 ^ 210 =: « x« 1 X« — 2. 

4. The Number of Quaternaries is 35 (In. 236) and the Permutations of 
every Quaternary are 24 (In. 242) therefore th e Permutations o f all the 
Quaternaries are 24 X 35 = 840 = n X« — i X « — 2 X « — j, 

5. The Number of Quinaries is 21 (In. 236) and the Permutations of 
every Quinary are 1 20 (In. 242^^ th erefore jt h e Permutations of all the 
Quinaries are 120 X 21 = 2520 = «X»— iX« — 2X»— 3 X « — 4. 

6. The Number of Senaries is 7 (In. 236) and the Permutations of every Senary 
are 720 (In. 2 42) therefore the Permut a tions of all the S enaries are 720X7 
= 5040 = « X » — 1 X«-i-2X« — 3X ^^ — 4 X'« — 5. 

7. Th e Number of S cptenaries i^ 1 (I n. 236) whofe P ermutations are 504** 
= ;;X» — iX«— - 2X?if— 3 X « — 4 X » — 5 X«-^6. 

Therefore the Number of all the poffible Changes, which can be rung upon 
a tuneable Peal of 7 Bells, is equal to 7 + 42 -j- 210 -f 840 + 2520 + ^040 
-f 5040 = 13699 ; wliich by allowing 15 Changes to a Minute will take up 
^.iJt-^^ Mirtutes (or 15 Hours 13. Minutes near) in ringing out, 

■ N The 



. The Thfor^m then for friding all the poffiUe Cha nges, w hick a. giveir 
Number n of different Thih^ will ,ed mit of, Is n + ^ X y"^^ -t: ^ X gtriT 

X»-.2 + »X»— iX»— 2X» — 5 + »X« — I X« — 2X»— 3X^— 4r 

&c. till the laft Multiplier be Unity. • 

Theorem XII. 

245. The Number » of all the Permutations^ ^hich any Redundant Com- 
binaiion admits of, putdjig p for the Number of TiriODes that the fame Thing 
occiH^ in fuch Combination, is equal to the Number of Permutations found,, 
as in tl^ laft Theorem, divided by 2 x i if J> = 2, by 3X2 X 1 if p == 3> 
b y 4X3 X 2 X I if i> » 4^ ^^. or univerially by Jp X/»— i X/ - 2 X.p—1 
X^— 4 &?^. till the laft Fador be equal to Unity i i. e. the Number of all 
the Permukitions h equal to 



»X« — iX« — 2X» — 3X» — 4X« — 56?^. I 

1>>C>— iX./»-2X/^— 3X7^ Off. 
Demonjlratitm. 
If one Thbg occur twice, i. e. if p — z^ then the Permutation of two 
Things ^, 4 wUl be 1^ = 1, of three Things (^,45; wm be i^i^^ y 

( viz. .AfB, y£fi.^, BJ^) i of four Thujgs (Ay A, 5, C; will be ^^^^-^^~-* 

= 12 (viz. AABC^ AACBy ABAC, ABC A, ACABy ACS A, BAACy BACA, 
BCAAy CAABy GABAy CBAA) ; of five Things (Ay Ay By C, D) will Ke- 
SM^y^x^xi _ ^ . j^ ^i^BCD, ^JBPC, ^^C5A &cJ 

2x1 ^ 

If one Thing occur thrice, ». *. if ^ =s 3, then the Permutations of three- 
Thbgs (Ay Ay A) wiU be iliiL? = i -, of four Things (Ay Ay A, B) will 

• 3x2x1 

jj^ iX-iiHI - 4 (viz. ^fA/B, AA^A, ABAAy BAAA) ; of five Things. 

(y/> ^, 4 By C) will be ^""^""^^^^l ~ 20 (viz. AAABCyAAACBy AABAC^ 

AABCAy AACABy AACBAy ABAdCy ABACAy ABQAAy ACAABy AC ABA, 
ACBAAy BCAAAy BACAAs BAACAy BAAACy CBAAAy CABAAy CAABA^. 

CAAAB) J of fix Thbgs (Ay Ay A By C, 23; wiU be f*'}^^^^^^] - = i20> 

(viz. AAABCD, AAABDCy AAACBDy AAACDBy &c) 

But this Law will always hold, whatever « or ^ be. Therefore,- fcfc 

.. ' ' COROLXART LXVL 
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246. if one Thing occur p dmes, another f linies^ a third r timoSf Csfi*. 
then the Kumfoer of Permutdtum$ in ihe n Namwr of things will be 

I— *■<>■— '^—■—^'^^—Jt— I- ' ' ' " ' ' ' ^ 



$ yCf^i Xf^ &c. X? X } — I ><J — 2 &c. K^Xr — I XT^2 &c. &c. 

Thborim XIII. 

247. If » be put for any Number of Thing?, dien the Number <rf^ all the 
Permutations in all the Varieties of Things that fuch a ^^umbcr OA pofiibJy 
adnait of is »* -f »• +»*rV »^, fcfr, till the highcft Power be »• . 

^ - Demonjifation. 

If » = 2 = yf, 5, then the Permutations of the Simple Pairs are 2 {viz. 
AB^ BA In. 242^ to which if you add the Redundant Pairs AA^ BB^ the Sum 
will be 4=2* ; therefore 2 ■ + 2* is the Number of all the poflible Per- 
mutations, that cai^ l^ppen^ -to (xvery Variety of Things,, \rfiofe Number ex- 
ceeds not ^wo. 

If n =^ i = AjB,Cj then Ae Permutations by Pairs are ^ = 3 '^ (viz. 6 by 
In^ 242, with AAj BBy CC\) the Permutations by Ternaries are 27 = 3 * (viz. 
6 by In. 242, with AAA^ BBB^ GCC 5 alio the Permutations arifing from 
thefe redundant Ternaries, AAB^ AACy BBA^ BBCy CCA; CCB (which by^ 
In. 245 are 6 X 3 = 18) in all 6-^3 + 18)!: Therefore 3"*+3*+3* or 
3-f-9.+ 27=39 is the Number of all die poffible Permutations diatcan hap- 
pen to every Variety of Things whofe Number exceeds not ^Ihree:. 

And after the feme manner the Number of all the poflible Permutations 
that four Things can admit of will be found to be 4'+4*+4*'+4^ = 340 ; 
that five Things can admit of to be 5'+5'+5*'4'^^.+5* == 3 905* ^^- 

Whcncc we may conclude the Truth of the Theorem* (^E.- IX 

« 

Corollary LXVII: 

• • . - ,^ 

243,^ Hence we may leam to compute t&e Time, at a gfven Riatt, wherei» 
all the poflible Changes (or all the po(Eble diffi^rent Noifes): that can be made 
opon Bdls not exceeding a given- Number -, Ex. gr. all the poflible Changes 
that can be rung upon 7 Belbare 7+7*+7''+7^+7*+7*+7^ =^96079, 
which, by allowing 1 5 Changes to a Minute, will require upwards of 6 Weeks^ 
2 Days, ri Hpurs, 33 Minutes continual ringing, before all the diflferent 
Changes can be rung out. 

'And all the Changes that can be rung upon ro Belk aife io'-V'io* + ^o' + 
io^-4-io' + io'+JC>' + io*+io^+io*'*' = iiiiiiiiiio^ which, by al- 
lowing I o Changes to a Minute, would require upwards of 2 1 1 3 Years and 
51 Weeks continual ringing Night and Day, before all the difl:crcnt Changes 

cou'd 
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cou*(l be rung out. So great a, Difftrence is there upon the Addition of three 
Bdls. And if but one Bell more were added (i, e. if the Number of Bells 
wtfre ii> the Numberof Changeswou'd be 313842837671, which, by al- 
lowing 10 Changes again to a Minute, wouM take up above^27 11 Years,' 
18 Weeks, and 12 Hours in ringing out. 

. , Corollary LXVIII. 

44.9. Hence laftly we may learn the exceeding Abfurditj- of that Notion, 
which fome wou'd have us believe, that all Things in theCourfeof Provi- 
- dence do happen by Chance ;, i. e. without any Defign : For it b plain that 
JIG two Things only, much more an Infinity of Things, can, for any Time, 
confpire exaftly to the fame End : Becaufe the Proportion of piiffing to that 
of hitting b as Infinity to «ne ; t. e. there b no Proportion at all t and there- 
fore it can pever happen at ;ill. (In. 36.) 



77?g End of the firft Part. 
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ARITHMETICAL INSTITUTIONS. 

PART II. 

Of the Algmfm of Numbers. 

Chap. L 
Gemrd Definitions. 

DiFiui Tioir I. 

250. V MERA L A^erifm is the Method of handling Nom- 

bersi according to their Notation. 

Partitio-k I. 

251. And thia is either Natural or Artifitiai. 

D£FIJfITION n. 

252. Natural jSgorifm is that which pFoceeds by the Natural Ntimhers. 

DiFlNITlOH HI. 

25^. jA-tipeial jSffv^ i^ that wfakh proceeds by ArHJUid Numhtrs, fub- 
IticuiBd in- the Room of Natm-fU onny called lAgariibms, 

B Chap. 



to 

C n k p. Ih 

Of the Notation of Natural N U M B E R $• 

Definition IV. 

254* ^I^HE Notation of Numbers is the Method of expreflSng them by 
X proper Names and Charafters, according as they are above or 
below Unity. 

Partition IL 

255. Notation is either of Integers^ or FraStiom. 

Hypothesis I. I 

256. The general received Way of Naming or Denominating Integers pro- 
ceeds by Tens as follows. 

The firft Denomination is that of UnitSy whole particular Names and Cha- 
rafters are. 

One, Two, Three, Four, Eve, Six, Seven, Eight, Nine, 
I, 2, 3, 4, 5, 6, 7, 8, 9, 
called Figures, or Digits. 

The fecond Denomination is of Tens, or ten Units, which are fignified by 
the Charafter 0, called a Cypher;' fetto the Right-hand bftKe foregoing Cha- * 
rafters -, and are particularly named thus, 

Ten, Twenty, Thirty, ' Forty, Fifty, Sixty, Seventy, Eighty, Ninety. 
' 10, 20, 30, 40, 50, 60, 70, 80, 90. 

The third Denomination is of Hundreds, or Ten. Tens, which are fignified 
by the Charaftcr fet again to the Right-hand of the Denomination of Tens, 
thus i 100, i. e. I Hundred -, 200, i. e. 2 Hundred ; 300, i. e. 3 Hund- 
red ; 400, 6fr. 

The fourth Denomination is of Thoufatids or Ten Hundreds, charafterizTd 
with three Cyphers *, 1000, 2000, 3000, 4000, 5000, (^c. 

The fifth Denomination is of Ten Thoufands, with four Cyphers ; 10900, 
20000, 30Q00, fcfr. 

The Jixth Denomination is of Hundred Thoufands ; the feventh, of Millions 
or 7*^/1 Hundred Thoufands ; the eighth, of Ten ATtUions ; the ninth, oi Hundred 
Millions, &c. ^ Infinitum, each followmg Denomination ftill confiding of one 
Cypher or P/^f^ more than die foregoing one. 

Definition V. 

257. The Charafter ^, is alfo ftiled Nothing, becaufc it fignifies nothing of 
it fclf, but only fcrves to diftinguilh the Places of Figures according to their 

proper 
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proper Denominations : So that if a Number confift of different Denomi- 
nations, each Figure obtains its proper Place in Order together with the 
Reft. Ex.gr. ^ 

15 10+5 or Fifteen 

530 500 4. 30 

1786 1000 + 700 4. 80 4- 6 
68054 denotes 60000 + 8600 + 50 + 4 

130507 130000 4- 500 + 7 

9100753 9000000 + 1 00000 4- 700 + 50 4" 3 

321321321 321000000 + 321000 4- 321 

Hypothesis II. 

258. And for the ready Difcovery of the Value of each Figure^ in Num- 
bers which confift of many Figures^ every three Places from Unils Plac&y 
are diftinguiftied inta Periods^ the lowcft of which to the Right hand in 
Integers is ftiled the Period of Unils ; the fecond, of Thoufands-, the third, of 
Millions ; the fourth, of Billions or ten Hundred Millions \ the fifth, of Trillions 
or ten Hundred Billions ; the fixth of ^adrillionsy or ten Hundred Trillions j 
&c. to any Number affignable •, Ex. gr. the following is a Number of 
eighteen Places or fix Periods 654 654 654 654 654 65I which is thus read* 
654 ^adrillionSi 654 Trillions^ 654. BillionSj 654. MllionSy 654 Tboiifands^ . 

654. 

Scholium L 

259. This Method of charaderizing and diftinguiflhing Numbers, is de* 
fervedly reckoned to be one of the moft wonderftil Difcoverics that ever hu- 
man Sagacity attained to. By this you fee that Numbers, which would take 
up even Millions of Ages in being enumerated one by one, are diftinftly ex- 
prefled, and handled with the fame Exaftnefs, as the fmalleft : A Performance 
which, if conftant Ufc did not render it familiar andeafy, we wou'J hardly be- 
lieve poflible. 

The Invention of Numeral Figures is attributed to the Indians^ who taught 
them to the Arabs^ and they to the Moors^ with whom it came into Spain \ 
as the learned Dr. Wdlis thinks, between the 9 th and loth Centuries. 

Hypothesis III. And Partition III. 

260. If a Point be fet to the Right-hand of Units Place ^ a Figure fet to 

the Right-hand of that Point is put for {o many tenth Parts •, and a Figure xo 

the Right-hand of that again, for fo many Thau/and Parts ; and fo on to Ten 

Tboufandtbsy Hundred ThoufandtbSj MilliofjethSy &c. And thefe Parts arc called 

Decimal Fra^ions^ as thofe are called Vulgar FraSlions (In. 88 above) ; thefe 

having 
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having their Denominators always underftood» and not ecptefled, as the others 
have i Ex. gr. 



o.*l 



0.05 

0.005 
0.0005 

0.00005 
Sec. 



10 
5 



IS < 



100 
5 



1000 
S 

lOOOO 

5 

lOOOOO 

&c. 



> i. i. < 



5 Tenths. 
5 Hundredths: 
5 Thaufandtbs. 
5 Ten Tboufandths. 



I 5 Hundred Tboufandtbs, 
Sec. 



261. 



Partition IV* 
FraStms are either EotaB or Approximanf. 

Definitioiv VL 



262. An Exall Decimal FraSKon is that which expreOes die Ratio of the 
Part to the Whole exafUy ; as 0.4 =r ^ = 4, wluch e xpre fies the Ratio c£ 
the Pan 4 to its Whole 10 ; or, which is the fame thing, of the Part 2/to 
its Whole 5. An Approxtmant Decimal FraSlwt is that which does not fi), hot 
approaches infinitely near it ; an Example of which ice (In. 318.) 

Scholium n« 

263. The firft Appearance of Decimal FraEHms feem» to be in a Work 
writ by Johannes Msmrus Regiomontanusj about the Year 1464 (f^idlis's Jl^ 
gehraj Chap. 9.) 

Partition V. 

264. Numbers both Int^^ and Fraficd are divided into Abnomesj and 
Pclynomes. 

DxriiffiTioN VH. 

%6s. By Mtmmes are meant fuch' Numbers as confift but of one fignificant 
Figure i as, i, 2, 5,.6o,'o.oo7^ 9000, &c. 

Partition VL 

266. Mvnomes are Homogemtms^ when they are of the fame Denomination ; 
as 2 and 4, 50 and 6o> 700 and 900^ 3 and 8, (^c. Heterogeneousj when 
iliey arc of <fifecttt Denominations; as^ z and ao^ 3 andc.ss S<^ ^^ 400, fff^. 

Definition VIIL 
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DEFiKittorf vni. 

267.* Polynomes are fuch Numbers as confift of more Figures than one ; 
and thefe are called Binomials^ when they confift but of 2 Mgures ; trinomi- 
als^ when they confift of 3 Figures ; ^adrinomiqls^ of 4, 6ff . 

I PAiTITION VII.' 

268. Again a Polyriome is faid to be PurCy when it exprefles the fame Spe- 
cies of Quantity ' according to the received way of Notation ; and mixedj 
when not : Of the former Kind* are the Numbers (In. 257) -, for the latter fee 
CHi\p. III. following.. 
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Definition K. 



269. Polynomes are faid to be of the fame Denomination when they confift 
of the feme Number of Places, each of the fame Denomination. 

Co ROLLARY I. 

/ 270. Cyphers to the Right-hand of Integral Figures do encreafe them in 
a tenfold Rado ^ and to. the Left-hand of Fradional Figures dcxrreafe them in 
the feme Ratio. 

. , Corollary II. 

271. Cyphers to the Left-hand xrf* Integers, and to the Right-hand of Fradi- 
ons fignify nothing, unlefs it be to diftinguifh their Places from Unity in re- 
fpedt of other Numbers. 

Corollary III. 

272. Only Homogeneous Figures, or thofe of the fame Denomination, can 
be added to and fobtrafted from one another (In, 6j.) 

Corollary IV. 

273. All the Figures in a Fraftional Polynome may be read with the De- 
nomination of the To weft ; E^. gr. 

0.25 7 ^25 Hundreds. - -• 

0.325 > is read <^25 Thoufandtbs. 
0.03072 \ . I 3072 Hundred Thoufandtbs. 

• Corollary V. 

274. The leaft Monome of any Place. from Upity, is when it is exprefled 
by the Figure I , as i, 10, ico, 1900, i^c. .1^.01 .091 .0001 fcfr. the 
when it is exprefled by 9 ; as'oy 'do, 900 and A .00 .cog i^c. 

C Corrollary VL 
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C^EOLLARY VL 



^75- The greatcft Polymme of any Number rf Pkccs is when all iQ PU<- 
cts are filled up Wth gs ^^ as 99, 999, 9999, ^^• 

276. The Icaft Integral Mbn6mfc of My Nuttber of Places is greater by 
Unity dnn the greatcft Integral Polynome of one Place fewer 4 i. e. 10 L 
greater by one dun 9, 100 than 99, toco than 999, i6d6b thah 59^, *^. 

277. If a Figure be removed from its Place to the Pfece xicxt lughef, ft 
will be encreafed by as many \fs U it tWilMflS Units 5 and if to the Place 
next lower it will be fp many jj decreafed; EK^gr. 7000 = 700x9 

+ 700 : 700 = 70x9 Hh 70 • 70 =7 X9 + 7-7 =6.7 X$ + 07 i Add 
therefore 

CtJRdLLARt EfC. 

278. If th6 t^6 lo^eft FlgMt^ a i PMjrfWSft be «t>nfidemi to«>TO»y 
OnidJ, thete will be jolt a^fnkh'| ^5 6i9ntted-, etai^ tt« iiift Siglifc to the 
Left-hand lEx.gr.m 12 there is omitted i X 9 ; i. <. i + 2 a± 1ft*- 1*9: 
in 47, there is omitted 4 X 9 * i- ^- 4 + 7 sb 47 — 4 X9 : in 239, there is 
omitted 23 x 9 i i* ^ 23 + 9 = 239 — 23 x 9 -in 50308, there is omiu 
VA 5036 X 9 5 i' *. 56^0 -4- 8 2s 56^68-^4.5036 X^i ^- 

Corollary X. 

« 

279. In Muldplicadon when the Multiplier is 10, loo, rooo, &V. the 
Produft is had, by only advancing all the Figures in the Muldplicand as many 
Place) higher, as there &re Places abovte Uni|9 PUC6 ih the Multiplier ; and 
when the Multiplier is o.i ,0.61^ 0.00 i^^c. by di^^itiring tiiehi as miafnri^la« 
ces lower as there are Places below Units Place m the Muldplidn Ex. gr. 
36 X 1000 = 36000 ; 36 X 0.001 = 0.036. And on the contrary 

Corollary XI. 

280. In Divifion n^en the Diytfor is 10, 100, 1600, &r. the Quotient is 
had, by only depre&ig all the iFitoxres m die Dividend as many Places lower, 
as diere are Pkoes ai>dve iTnit^ Place m the DiVilbr ; and when the Divi- 
for b Q.x , o.oi , 0.001, {^^.bj^ 'advancli^ theM a^ ihany Places higher al 
there are Places below Units I4ace 'm Hat Divifel' (In. 82, and 115.} 

ti>k«LLAkt Xli. 

«8i. If die iPnxlua <tf die two h^EdR T^gmts akiie, or tbgetber tHdi tlie 
Incnafe thev receive fioiA itit Vma F%iirel^ ^ any two IhKgral Faa»t« do 

oonfift 



C6niift of two Places, then the Frodud jmade by iboie entire Factors will cor* 
fift of as many Plaoes as are in both Factors ; otherwife of one Place lels. 
Or, %hich b the feme thth^, if the highell Fsure ^ ilie IVodod be Idler 
Aiah d« Kig^eft Flguit of etthet Faftor, then ^Rl l!ie Produft caMt of a« 
many Places as are in bodl the Faiifto^s ; vtivttwiSt cf OM ¥htcc )e6. £x. gr. 
800 X 70 s g6ooo i 20 X 40 = 8po. 

CoROtiA^y Xm 

282. Hoir much loever any Mulcblyiiv; Figure is abow or below Units 
Place, fo much will it advance or dcprtls the Multiplicand above or below 
Units Place. Whence 

C0R0L1.ARY XIV. 

183, hi Mtikt0icatiott Adpe wfl! til ways be as many cidier Cyphers «r Fra6U«> 
OhaJ Places in the Pr^ch^t^ as there are in bptfi Ihe Fatftors •, Conftqucnrly^ . 

Corollary XV. 

284. In DiviHon the Quotient together with the Diviibr will make up as^ 
Aiarry^ either Cypher^ or j^ra^iciial JM^ea between diem, as are contained 
Ih the Dividend. 

CdRDiL&ARy XVL 

285. How much feever any Divifor is of a lower Denomination diaii thi 
Dividend, fo much higher wiH the Quotient bs advanced above Units 
Place : and, vice verfd^ now mucb Ibevernigher the Denominati(Mi of a Diviibr •- 
is above that of the Dividend, fi> mudi ^ lower will the Quotionc Fig^it be 
deprdfed bdow Unity, Therefore 

C0R01.LAR7 xvn. 

286. Whenever the highdit Figures of the Dividend are greater than thofe 
Of t)ie Divifot, if lAnt htvtt be fet iiirc6&y tnder the lormen es in tfaefe,. 

^^ p2^ \ Add whenever they -aie Ids, if the highdl Figure in the Divifor 

be fet under die fecond dt the tHvidend, as in thefe ^^, ^ ; then it is 

manaf^ dutt Ac W^ft Figuit in )fae Quooent will always be of the (ame 
Dendmitoctbrt with that Place ki tkt DivSend, wladi ftands over JiHty k 

kl.^ T^ «r i? «20to _ I2UXX> ^ <XlfO ^ - O.I2 _^ 

CoftMLAlLT XVHL 



en 

Corollary XVITI. 

. 287. The Icaft Integral Monomes of their Number of Places has been fliewn 
to be ie=g + i, 100 = 99 + i> 1000 = 999 -|- i, loooo sc 9999 + i 
fsfr. (In. 271) whofe Powers are as follows (In. 280.) 



Roots ^ 


} 10 


100 


1000 


&c. 


Squares ( 


100 


1 0000 


I 000000 


&c. 


Zluhes \ 


. 1000 


looooop 


I 000000000 


&c. 


Biquadrates^ 


' I 0000 


I 00000000 


looooooodoooo 


&c.' 


&c. 


&c. 


&c. 


&c. 





Whence it appears by Infpeftion, that counting from Unit's Place, there 
can be but one Place in the Root for tvery Period of two Places in the 
Square^ of three Places in the Cube^ - of four . in the Biquadraie^ &cc. and 
one Place for what remains over and above ; which in each Power is alio to 
be taken as a Period of it felf. 

Hypothesis IV. 

288. The Periods of Powers are djftinguifhed by drawing Lines over the 
Head of each ; Ex^gr. the Number 68719476736 if confidered as a Square 
confifts of fix Periods 6^ 87 ip 47 07 j6, if as n Cu be of four Periods 68 Tip 
^ 7i3 > i^ ^s a B iqugdrate of three ^ 1947 07,3, if as a ffrft Surf olid of 
three 6 S71P4 76736, if as a fixth Power of two 6871P 476736, ^c. 

Corollary XIX. 

289. For every Cypher, or Fradional Place pofleffing the Right-hand in 
any Number confidered as a Root^ there mufl: be two in its Square, three in 
its Cube, four in its Biquadr»te, £sfr. 

,. Corollary XX. 

290. The Root of the next Homologous Power to the higheft Period in 
every given Refolyend is the firft Figure of the Root required, and of the fame 
Place from Unity that the higheft Period is from the Period of Units. 
Ex.gr. in the Square Refolvend 6" €7 I? 47 67 3? the Periods are fix,, viz. 
60000000000 + 8700060000 + 19000000 + 470000 + 6700+ 36, con- 
fcquently the Root confifts of fix Places (In 284) i. e. if the loweft Place in 
the Joweft Period be Units Place, then the higheft Place in the Root is the 
J^lace of Hundred Thoufands (In. 254) and becaufe by the Table (In. 349) 
the next greateft Square under 60000000COO is 40000000000 whofe Root is 
200000, therefore 2000C0 is the firft Figure in the Root. Again in the Cube 
Refolvend 68 719 476 7:^6 th? Periods are four, viz. 6800000000 + 719000000 
+ 476000 -{• 7'iO confcqucntly the Root confifts of four Places (In. 284) /. e. 

if 



C>3 



if die loweft Pbee m die loweft Period be Untts Place, dien die higheft 
Phoe in the Root is die- Place of Thoa&nds (In. 254) and becaufe by die: 
TaMe (la. 349) die ne» gieateft Qibe under 68000000060 is 64000000000 
whofe Root is 4000, dicrefore 4000 is t he firft Fig ure in the Root. In like 
manner m the Biqoadrate Refolvend 687 1947 Sy^ the Periods are three, viz.. 
68700000000-1- i94/)0oo *f 67369 coniecpjendy the Root confifls of three 
Fhces (In.. 184) i. e. if the loweft Place in the lowed Period be Units Place,, 
thai diie highett Place jn the Root is the Place of Hundreds (In. 254) and be- 
caufe by the Table (In. 349) the next gpeateft Biquadrate under 68700000000 
is 62500000000 whofe Root is 50Q, tfaerefoie 500 is the firft Figure in the. 
Root. 



C H A f • IIL 

ef }Sxid ^oljnmesj Mi the Tahks of Weigffy Oiny m£ 

Measure s.^ 

DsFllflTtOlV X^ 

2^9 1 . T Call diat a nuxed PdyMotne which expreflb difierent Denominatibnt^ 



^_^ — aocofding to die Table of Coin, Weights, Meafuics,. 

&r. CO which It beiongji. 

DbfihiT'Ion XII 

292. The Standard of the currant Coin o£ England ii called Sterling or 
9eH$Hgj by which is nieant the Wckfht of an JEftili^ Silver Penny,, ¥*ich 
01^ CO be equivalent in Weight with 32 Grains of well dried Wheat taken, 
out of die middle of die Ear : The fourdi Part of this is termed a Rir thing 
marked^r. for ^a^ans^ whidi is die kaft Denominadon of £»^2^ Coin « as 
in the foUomng 



TABLE. 

fj, a Ptnny 
AlUb, a ShiBinI; 
oszsulLibra^ a Ptnind Si 



: Off. 00^ . f4XifdVM^ 
lOi. 00^ I I Ai^ Ange!.\ 
06/. So^^flS ^A NibU.. 
\%uo^\ \ A Mark. 

il oi/« Wfdj t \;AJQmn4S. . 



Dj 













.- 


« 


• 


TheKfoi^ .' 


■ .^ J , 1. ' ' '. 




If 1 7. be the Integer. . 


« » 


ffti^.beticliitqger/ 


s. 


d. L 


J. ^. /• 


<f. ff. /. 


rf. j^« J. 


lO 


.6=1, 


02 . =: T^ 


7 . a =i4- 


6.0= .J 


06 


. S^i 


01 . 8 = rr 


6.0 = ^ 


4 • = f , 


05 


:m 


01 . 4 = 7T 


5 .0=;^ 


3 • <5 = T •. 


04 


Ol . 3 =^ rr 


.4.0=:^ 


■ 9 . IS 4. 


03 


.4 = ^ 


00 . = ^4- 


3 • 3 = T? 


1 . 2 =* .4 


2 


.6 = 4. 


00 . 10 == yt 


3 • = -i4 


I . = TT "^*. 






00 . 08 =s -j-4- 




* * 

• ^ 



Definition XII. 

■253; T^i!^* Wfighi Is tKafc whereby C^r/r,' Breads Liquor Sj Gdd^ Silvery 
Jewels^ Amber y EleHuariesy 8cc. are wc^cd : . ^e leaft Denomination of this 
Weight is an Artificial Grain^ Gr. 24 w which arc equal in Weight to 32 
Grains of Wheat. , » t 



^4 Blanks r: 1 Perhi. 
20 fiflois =s I Droite. 



2\Gr.^iF.JF. Penny JfeigU 
480 Gr. =s 20 P. /r. = I Oz. Ounce ^^^ r^-.^, _ , w-,^ 

576od^'.«24oP./r. = i2£fe,«i».Fo«;./rr.j2!t^^^^ 

Therefore 



If i/&.bethc 


Int^^r. 




If I 0z. be ti^ I^c^er. 


tfZ. />.w. iJ. 


oz. p, w. lb. 


p.w. 


ff^. oz. 


^.W. ^. OZ. 


6.0==^ 

4 . = f 

3 • o = T 

2 . 8 = 4. 

a . =s 4. 
t . 12 = 4 


.. 4 = t4 
X . = -rV 
. 12 = ^4. 

. 8 = t4 

0.6=^ 


10 
6 

5 
4 

3 
2 


. = 4 
. 16 = -J- 

. = 4. 
V 8 = i 

. 12 s= 4. 


2 . as ^ 

I . 6 = ,4. 

I . = TB- 
. 16 = TV 
. 12 == ^ 



Definition XIII, 

294. Apnbecaries fTeigbt is a diflTerent table of Troy Weighty by which 
Apothecaries cdmpDQlid their Medicines. 

rhe T K^l^'E. 

fto Gr. ± i3 Scmpk. 
60 Gr, = 33 = 1 5 Drachm. 
480 Gr. = 243 = 85 = 13 Oa«r^ 
5760 Gr. = 2883 = 965 = 123 cs itb Troyy as above. 

Three* 



..^i.T V. 






3 5 

06 . O ! 

04 .6 
03 .o«4 



tb 3 



1 

T 



3 

02 

02 

I 



J If liJ. be the Integer. 

J 3 if r. ft 5 5 3 i^r. ft 

. 3 . O . i2=:4.'l I . I . I . J6 = ^4 
: O . O .' O i=:.4: t t . O .6'. 00/^^-1 
, 4 '• O ; b c± ^ I O . 4 • 2 . 08 =i? YT 



J i 3 gr. ft 

o. 2 .1*. 04^Si;YT 



,*. M. 



4 
2 

2 



3 ^^. 

o . o 
2 . o 
o . o 



1 
T 



I 
I 
I 



If I J be the Integer. 

B gr. 3 5 3 gr 
i,i6 = y|o.2.8 = 



J 



I • 

O • 



00 = 
00 = 



I 

r 



2 . 

O . 2 , a f= ^.1: 
O ,. I , 4..== tV 



i 3 gr. 3 

t • 

O • O ^ 1 == -pr 
.0 .12 =a 



£^/. 



DEFXNItlON* XtVi ' 

295. Averdupois Weight fc ihat whereby f5i^. Butter^ Cbeifej Taihw^ Sdt^ 
Flax J Hempy Wax^ Pitchy' Tar^^ Rq/tn^ Coffer^ ^tn^ *Shd. tron. Lead, To- 
haccoj 8fc^ and in. jgAieral .altlGlids of Grocery U^ares^ 'ana whatfo^er fe fub- 
jed to. wafte,'&re wcighci ^ rhe Pound Jvir4upmx Mr. jfobplf^ard at Cbefier^ 
fay^ ke^ found i>yi very m»E;cpenmenc to JbecqogJ «) i4«. ii/.w- 15^ 
Gr«iM ?r<j7. The leift Denomination of this Weight is a Dramy Dr. 



the T A B I; E. 
16 Dr. = 1 Oz. Qunce.' 
256 Dr. = 16 Qz: = I fc. P(W«J. 
28672 Dr. = 1792 0%, = m/^. =r.i C\ Hundred, . 
573440 Dr. = 35840 Oz. = 2240 /5. =2: 26 C. = I "fuH 



lb. 

14 ssi a ^/c»^. 

28 = ^of C. 

56 =±:.;ofC., ' 

84 fte » of C, 



If I C be the Integer, 



Therefore 



If X /*.. , he: the/lntegct. 



«* 



/*. c. 

28 = ^ 
16 = 



U>., ..^ 



14 r= 



T 



T 



&A 



O2. u,. 

8 = i 
4 ==^ 

a sss i 



Oz. /*. 

I =2: 

Off. 



Definition XV. 

I 

290. The Dcnomiiuwjns of ^ocl-Weigbt are as( foUoirt, thq leaft Denomi- 
nadoB being i lb, Aoerdupois. " . 

«v T A B L E. 

t^li. sx 2CI. =s iSt.ilone. ' ., ' 

28.& « 4:a ss 2.j/. a I rja. todd. ■ ■ ' '''.'• 

182^ 



tUlt. ss:26a.=: ts St. =s 6^ 9^, =s r fT.fTty. 
364/*. = 52 a = 26^/. = li^dd. =? 2jr,.= t S. Sack. 
43691k, = 624 a = 312 St. =r 156 Tdd: =s24»: = i25.= rZ*^or^. 

Definition XVL 

297. The feaft Penomination of Long Mta^t is an Inch /». which is fop- 
pofixi to be equal in Lei^th to three Cotm of Barly well drica, and taken 
out of the middk of the Ear. 

<n)e TABLE. 

In. . 

24= I NaSU 

2— i'= iPalm. 

[ 4^ 1;= 1;= iHf«A 
psa 4— ^aa 24aa I Sfa». 

12= 5',==: 4= 3=» ij^ I Faoi. . 

l8ss 8:= 6= 419 2r= Il=: iCiK^/f. 

36=8 16= 12= P= 4= 3= 2= 1 Rw/. _^ 

45= 20= 15= ii;= 5= 34= 2j«a i^ I BO. 
2o=26|= 20a 15= «= 5— ?i=»J«'»|= V*'„^i_ 
72= 52sa 24= 18= 8= 6= 4= 2=15= If— I F^Bm. 
jj>8 :r 88= 66ss 4Pi= 22=151= 11= 51= 4?:ir3.!aa 2;= ""^*r_, 
7y2O=352O=2tf^OB:i980«88o=6io=r44O=22O=i7tf=i3a=»-«<»H«»=» '**• 

SFurienis ^ ^ i M^. 

SA^^i Cmakei'^"^* 

2/ 

Or the 4- Part of die Eardi's Grcumfcrcnoe. 
300 

DiriviTioK XVn. 

298. The Dtvifions of a Circle are as follows. 



f CircU 

Sig» 
Degree 



12 S.SignSy 
30' lyegreesy 
6c/ Minutes, 
dmded into { 6cf' Seconds^. 



Seetnd I . i 60"' fUrdt, 

fbird I I 6d"' Fourtbsy 

Therefore 

* ' 9 S^ 

60 xs « 10800a = itoo = 30 = 1 

3«oo = «. = .» •«9«ooo = ..«.o = 3«o = » r«,'Ett 



M / 



Corollary XXL 

299. The Circumference of the Earth upon this Suppofition equals 
695 X 360^ = 25000 Miles nearly ; as was found by the learned Picard^ and 
after him by the famous Coffini ; which is but 20 Miles lefs than what was 
found by our Country-man Mr. Norwood upon a lefi advantagious Experiment. 

Definition^ XVHI. 

300. The leaft Denomination of Superficial Meafure is a Square Inch In. 5 
i. e. an Inch in Length and Breadth. 

Jl:>e Table of Superficial Meafure. 
In. 

144= I Foot Square. 
1296= 9 F= I Tard Square. 
3600= 25= 2^= I Pace Smiare. 

39204= 272^= 30^= ia-44-= I Percbj or Pole Square, 
1568160=10890=1210= 435^= 40=1 Rood. 
6272640=43560=4840=1742^=160=4=1 Statute Acre. 

Definition XK. 

301. Becaufe an Acre or 160 Square Perches = 43560 Square Feet is equal 
to 40 Perches or 40 X 1 64. = 660 Feet in Length, and 4 Perches or 4X 1 64. 
=66 Feet in Breadth : Therefore in Land Meafure thcrt is commonly ufed 
a Chain of 66 Feet or 22 Tards Long •, every 10 of which in Length and i 
in Breadth (i. e. every i o Square Chains) makes an Acre. And this Chain is 
fubdivided into 100 Links of 7.92 Inches each, according to which 

Sq. Chains^ Sq. Linksy Acre, Roods^ Perches Square. 
10.000 = 1 0000 = 1=4= 160 
2:500 = 2500 = ^ = I = 40 
0.0625 = 62.5 = --yi. = ^4. = I. 

Definition XX. 

302. Meafures of Capacity are fuch as are of three Dimenfions ; viz. Length, 
Breadth, and "tincknefs. Height or Depth : Of which diere are efpecially four 
Sorts ufed in Britain, viz. Corn, Beer, Ale, and fTtne Meafure : The leaft 
Denomination to all which is called a Cubic Inch^ i. c. an Inch in Length, 
Breadth, and Thicknefs. 

Definition XXI. 

30J. In the Table of Corn Meafure, i Gallon == 268.8 Cubic Inches, and 
the leaft Denomination is a Pint, Pt. 

E fhe 



- C '4 ] 

the T ABLE. 
Pints. 

2= I ^art. 
8= 4= I Gallon. 
j6= 8= 2= , I Peck. ^ 

64= 32= 8= 4= 1 Bujhel Tf^tncbefier. 
128= 64= 16= 8= 2= I 5/ri*(?. 
256=3: 128= 32= 16= 4=: 2= I Carnock or Comb. 
512= 256=1 64= 32= 8= 4= 2= iSeam^Rajt, or ^arfer. 
3072 = 1536=384=192=48 = 24=12= 6= r /if^. 
5120=2560=640=320=80=40=20=10= i-|-=i Laft. 

Definition XXIL 

304. In Beer Meafure i Gallon = 282 Cnhic Inches.. 

<rhe TABLE. 

Gais. 

2= I Pint. 
4= 2= I ^^r/. 
16= 8= 4= I Gallon* 
144= 72= 36= 9=1 Firkin. 
' 288=144= 72=18=2 = 1 Kilderkin. 

5^6=:288 = i44=36=4=2=i Barrel. 
. 864=432=216=54=6=3 = 14=1 Hogfhead. 

* 
Definition XXIII. 

305. In Ae Meafure i <iallon =^ 2S2 Cubic Inches. 

rbe T AB LsE. 

GiUs. 

2= I Pint. 

4= 2= I ^art. 
16= 8= 4= I Gallon. ' 
128= 64= 32= 8 = 1 Firkin. 
256=128= 64=16=2 = 1 Kilderkin. 
512 = 256=128 = 32=4=2 = 1 Barrel. 
768=384=192=48=65=3 = 14.= ! Hogjkead. 

Definition XXIV. 

306. In Wine Meafure the Gallon equals 231 Cubic Inches^ by which are 
meafured all Wines, Brandies, Sprits, Mead, Perry, Cyder, Vinegar, Oyl, 

Ilcnry, &c. 

<rbe 



E n 3 

72»^ T A R L E. 
Giilsj Pints^Siuarts. 
r6 = & = 4 = I GaUon as before. 

1 8= I Rundlet. 
3ij.ssi4= I Barrel. 
42 = 2i-i=:ii=^ I Tierce. 

63=3l.» 2s:ii-= I Hag/head. . ^ * • 

84=:4j.=£.2^ss 2 = iis3 I Puntion, 

126=3 75= 4a jas 2 = T^=I 5»//. 

252 = 14= 8= 6= 4= 3=25=1 2«». 
Definition XXV. 

307. The lead Denomination of any Part of Time is a Second j from whence 
is formed the following Table of ^mei 

// / 

60= I ^Minute. 

3600= 60= I Hour. 

86400= 1440= 24= 1 Natural Day. 

604800= icx)8o=i68= 7 = 1 Week. 

2360587=39343+7=655+43+7=27+7+43+7 = 1 PmW/Vj/M?;,/)&^ 

or the Time which the Moon takes up in finilhing her Courfe round the Earth. 

D. H. ' '' 

29+12 + 44+08 = 1. M?^« Synodical Month or Lunation^ i.e. the mean. 
Time between Conjunftion and Conjunftion. 

The Calendar or Civil Month confifls of fometimes 30 Days fome times 31 •, 
and one Month y viz. February y of 28 or m Leap-Tear 29 Days. 

365 + 5+48+57=1 Solar or Tropical Tear^ i. e. the Time which the Sun 
takes up in finifhing its apparent Courfe thro' the 1 2 Signs of the Zodiack. 

365+6+9+14=1 SyderiaU Anomalijlical^ or Periodical Tear \ the Space 
of Time which the Sun takes up in finilhing its apparent Courfe round the 
Earth. 

The CiviU Julian^ or Calendar Tear^ is the Space of 1 2 Calendar Months^ or 
of 365 Days 6 Hours ; or it is the Space of 365 Days every Common Tear^ 
and of 366 every Fourth Tear^ which is therefore called Bijfextile or Leap-Tear^ 
becaule of the Day added. 

Definition XXVI. 

308. The Golden Number^ Cycle of the Moon^ or Metonic Cycle (fo called 
from iu's Author Meton) is a Period of 19 Julian Tears, which is fuppofcd t3 

be 



be equal to 235 Lunations ^ fo that every new and full Moon is computed to 
return to the fame Day of the Month it was 19 Years before, but with the 
Errour of about li. Hour in Point of Defeft. The Beginning of this Cycle was 
the Year before Chriji. 

Definition XXVIL 

309. The Cycle of the Sun is the Space of 28 Years, in which Time all the 
Days of the Year return to the fame Day of the Week that they were 28 
Years before. The Beginning of this Cycle was 9 Years before Chrift. 



Chap. IV. 
Of the Addition and SuhtraBion of Polynomial K U M B E R S. 

Partition VIII. 

310. it DD/ST/OJNT and SuhtraSlion of Polynomial Numbers is either 
Jl\ Pure or Mixed^ according as the Numbers to be added or fub- 
traifled are fuch. 

Problem L 

311, To add two or more given Homogeneous Polynomes into one Sum. 

Effe5lion. 

Pre. I. Set all the Homogeneous Figures which belong to each given Num- 
ber in the fame Column one under another (In. 67.) 

Pre. 2. Draw a Line beneadi all. 

Pre. 3, Begin at the loweft Figure in the firft Column to the Right-hand, and 
add up all the Figures in that Column marking all the Tens. 

Pre. 4. Set down the Remainder above all the Tens in the firft Column. 

Pre. 5. Add the Number of Tens in fumming up the firft Column to the 
loweft Figure in the fecond Column, and proceed to fum up that 
Column in the fame manner as the fiiil. 

Pre. -6. Thus continue doing thro* all the Columns, 

Pre.7, And becaufe in fumming up the laft Column, there remains nb other 
Column for the Tens to be added to \ therefore they are to be fet 
down by themfelves : And the Number thus found will be the Sum re- 

iquired (In, 35.) Q^E. E. 

Ex. gr. 



C<7] 

Ex. gTs Let it be required to find the Sum of the given Numbers 403 y* 
654+795^-5p8+684.o97+5932.63o. f irft fet down the Numberfi as in the 
Margin, then;, beginning at Ae lowcft Fi* 4037.654 = b 
gure in the firft Column to the Right hand, 7956.508 = c 
which is here the Fradional Place of Thou- 0684.097 = d 
landths, (ay 7 and 8 is 15, and 4 is 19, or 5932.630 = / 

7+8+4=i9=io + 9»fetdown9andcar. ,g6,o88Q - b J^ c ^ d A^ f 
ry I for; the 10; 1+3+9 + 5 = 18, fet ^^^^^'^^9 -- ^ + ^+rf+/. 

down 8 and carry i -, 1 + 6+5 + 6=18, ietdown'8 and carry i ; 1+2+4 
+ 6+7=20, fet down o and carry 2 j 2+3 + 8 + 5 + 3 = 21, fcfdown i 
and carry 2; 2+9+6+9 = 26, fct down 6 and carry 2 •, 2+5+7+4=18, 
which iet down by Precept 7. Therefore the Sum required is 18610.889. i. e. 
18 Thoufand, 6 Hundred, and Ten, with 889 Thoulandch Parts. 

Problem II. 

312. To fubtraft a leflfer given Pure Polysome from a greater given one. 

Efeilum. 

1. Place all the Homogeneous Figures in the fame Column one beneath ano- 
ther- (In. 67,) 

2. Draw a Line beneath all. 

3. Begin at the lower Figure in the firft Column to the Right-hand, and fub- 
traft every lower Figure in each Column from its refpedlive one above. 

4. When the upper Figure is lefler add 10 to it, in fuch Cafe always obfer- 
ving either to take an Unit from the next upper Figure to the Left-hand, 
or which is the lame Thing add an Unit to the next lower Figure (In. 68.) 
And the Number thus^ound will be the Difference required. (^E. E. 

Ex.gr. Let it be required to take the Number 730.25 froni the Number 
940.18. Firft fet down the Numbers as in the Subtrahend. 940.1 8 = b 
Margin, then, beginning at the lower Figure Minuend 730.25 = c 

in the firft Column to the Right-hand, fay 5 5 r-; — ~~^ IT : 

from 8 leaves 3 to be fet dovIS under the lA ^^^'^ ^09-93 = * - ^ 
Column •, 2 from i I cannot take, but 2 from 1 0+ 1 := r 1 leaves 9 to be fet under 
the fccond Column •, then for the 10 that I added to the upper Figure m the 
fecond Column I add c to the lower Figure in the third Column, thus o-f-i = 1, 
and proceed faying i from o I cannot, but i from 10+0=10 leaves 9, which 
I fet under the third Column -, then i that I add to 3 in the fourth Column 
for the 10 added to o in the third makes 4, 4 from 4 leaves o, which I fct un- 
der the fourth Column : Laftly, 7 from 9 leaves 2, which I fet down under tlic 
laft Column. And the Remainder is found to be 209.93. 

Problem III. 

313. To add together two or more Mixed Polyimnes into one Sttm, 

F EffeStion. 



C f8 3 

The EffeSion of this Problem is dircftly the feme witft that of PiJoblem j. 
of this Part, only, inftcad of marking (or pointing)- all the Tens, as b there 
direAed, take Notice here how many of each fiiperioar Denominadbn' in* the 
given Polynomes are contained in die Sum of all the Figures of the ne« in- 

. ffrimir Denominanon, and fo many Units are to be ad^d to the Figutrs of 
dKit fuperiour Denommatioii.. 
Ex.gr. Ijx it be required to add. together the fEveral Sums of Money fee 

down in. the Margin. 



I 
256 

79 

42 



J. 

13 
09 

17 
00 



07 
10 
II 

03 



jr. 
01 

03 
00 

02 



Here beginning as before at the loweft Figure to die 
Right-hand, fay 2-4-3+ 1 =6.=: i J. -|- 2 jr. (In. 290} fct 
down the 2 jr. undfer their proper Column, and cany the 
id. to thenexit ; i+'3+ii+ io+7=32i.=2j.4-8^. 
fet down 8 and carry is. ; 2+i7-t9+.i3=5:4iJ.=2/. 
+ ii. fct down I and carry 2 ; 2+^+3+9-f-6=B22> 
2 and carry 2 j 2+44'6-l-7+5z=24, fct down 4 and carry 2^ 



01 • 08 . Q2 



442 

fct down 

2+2SS4. TherefioDCL the Sum recpjured is 442/* oij. o%d. 02 jr. 

Ex. 2. Sold at fcveral Times to Mr. JTwmas Traffick^ 1732? Jojt. 13. 

/. s. d. 

— — Yards of — — w-^-'^^per Yard 

Fek 4th — — C of Flax at —1—^^. C. 

j^l 29th — — Ells of Shalloon at — per Ell 

In all 292 . 19 . 06 

Examples in Addition of fVingbts. 
Troy IVeigbL jtoerdupois WiighK 



42 . 


13 


. 00 


79 • 


II 


. 00 


170 . 


15 


. od 



Bought Am- 
ber at fcveral 
times ^ 




07 



oz. 

05 
09 

II 

10 



p.w, 
. 00 

► 15 

. 12 
19 



21 
GO 

15 
20 



Bought at 

fcyeral times 

Tobacco 



Sum 38 . 01 . 08 . c8 



c. 


^ 


lb. 


Oe 


10 


. 02 


. 20 . 


II 


14 


• 03 


. 24 . 


15 


18 


. 01 


• 27 • 


ir 


19 


• 03 


• 14 • 


15 



Sum 64 . 00 . 04 • 04 



Addition 
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Action ef Long Meafure. 

rds. ^LKaiCs. ' Tds. Feet. Inches. 

23. .' 01 • 02* 70' . 02 . 09 Leag»es^ Miles. Furlongs. 

19^^ » 93, • 91 26 . 01 ^ II 24 . 02 . 07 

14 • cx>. • 93^ 43 • 01 . 10 23 . 01 . 06 

€>4 • €>e • 02 ^7 . 00 . 09 2tJ . 01 . 01 

04, . 02* . 03- 2fO . 01 . 04 15 . 02 . 06 

. 01 . 00 17 . OX . II 09 . 00 . 07 



^^MWB 



Sum 68 • 01 . 03 Sum 206 . 02 . 06 Sum 94 .. oi . 04 

And {o for any other Kind of Weight or Mcafure, 

. . Problbm IV. 

3 14. To fabtraft a lefler given Mixed Polynome from a greater. 

Efeaim. 

The EffcAion of this Problem is in all rcfpe£bs the lame with Subtraftion 
of Pore Pblynomes, only when the upper Figure is Icfi, inftead of adding la 
to it, as is tliere dire6tcd, let it be cncreafed by the Addition of as many of 
its own Denomination as make one of the next fuperiour Denomination. 

Ex. gr. Sappofe it be required to lubtrad the lower Sum of Money' in the 
Margin fit>m the upper one. 

Hete beginning as before, fay, 2 from i cannot, but 2 from 4-^-12= gqr. 
leaves 3 jr. then for the 4 qr. = id. which I added to /. s. d. qr. 
the upper Figure in^ the Farthings Column, I add id. 432 • 11 . 05 . 01 
to the lower Figure in the Pence Column, faying, 1+7 252 • ii . 07 . 02 

=8 ; 8 from 5 I cannot but 8 from 12+5=17 leaves '^ " 

Sd ; then, for the 12^= is. I added to the upper Fi- y^ • ^9 -09-03 
gure in the Pence Column, add i:^. to the lower Figure in Shillings Column, 
laying i-^iis=i2 -, 12 from 11 I cannot, but 12 from 20+11^31 leaves 
19^. then for the 2Q5.= ir/. added to the upper Figure in Shillings Column I 
add I /. to the firit lower Figure in the Poiiids Column, faying 1+2=3, j 
from io+2==i2 leaves 9 ; 1+5=6, 6 from 10+3 = 13 leaves7 -, i + 2=r3» 
3 from 4 leaves i ; therefiwc-thc Remainder required is 179/. 19J. 09 J. 03 jr. 

Ex. 2. Supjpofe a Writing drawn j^ril 3d, i68o. I demand how long it is 
fince, this prefent 1 8th of Augujt 1734 ? 

Obferve from your Calendar that from New Tear^s 
Vay 1680 to April 3d is jufl 13 Weeks i Day, it 
being Leap-Tear : and from New Tear's Dayiy^/^ 
to Auguft 1 8 is ^ 2 Weeks 6 Days. Therefore ac- 
counting 4 Weeks to the Montn, the Age of the 
Wriung will# be found to be, as in the Margui. 



Trs. 


M. W. 


z>. 


1734 


• 08 • 00 


. 06 


1679 


. 03 . 01 


. 01 



SS . 04 . 03 . ©5 



Examples 
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Examples in SuhtraStion of Weights. 

m 

Troy WeigbL Averdupois Tf^eigbU 

lb. oz. p.w. gr. I Tun. C. ^ lb. Oz, Dn 

From 13 . 07 . 03 . 05 1 From 5 • 15 . 01 • 23 . 12 . 03 
Take 12 . 07 . 15 . 05 I Take 3 . 16 . 01 . 21 . 15 . 62 

Remains 00 . 11 • 08 • 00 1 Remains i • 19 . 00 . 01 • 13 • 01 

Problem V. 

315. To prove Addition, i. e. to know whether the Sum found be Ac 
true Sum or no. 

Effe5lion. 

1 . Sum up every Column by it felf beginning with the uppermoft Figure 
to the Left-hand. 

2. Take the Sum of all thefe, and if that equals the Sum found, the Addition 
is right, other wife not (In. 23.) 

Ex. gr. Let it be required to prove whether the Sums found in the Exam- 
ples (In. 311 and 313) be the true Sums or not. 

abcdefg I. s. d. qrs. 

4037-654 . 256 . 13 . 07 . 01 

7956.508 79 . 09 . 10 . 03 

0684.097 ' 63 . 17 . II . 00 

5932.630 42 . 00 . 03 . 02 




18610.889 442 .01 . 08 . a2 

a =s 16 

*= 24 ^ 

c =s 19 V^ Founds Column = 

e =: 1.7 " SShillings Column = i . 19 

f= .17 /Pence Column = . 02 . 07 

g =: 19 Farthings Column = 01 . 02 

^vaiMaHi^^ •^■■wa^BB^n ^B^^i^ivia^ U^'m^^itmtamiim:^^ ^i^i^mm'^mimt mtmmm^i^Himm^tmm mmmmmm^aam ^mmi^^mmm^ m^t^aK^tm^ mm^mm 

Proof 18610.889 Proof — — 442 . 01 . 08 . 02 

ProI^lem VI. 

316. To prove Subtraftion, i. e. xo know whether rhe Remainder found be 
the true Remainder (ought or not. 

EffeHicn. 
Add togetheT-<he Subtrahend and the Remainder, and if the Sum be the 
lame with the Minuend, :he Work is right, othcrwife not (In. 68.) (^E. E. 

Let 



Let It be required to prove whether the Remainders found in die Examples 
(In. 312 and 314) be the true Remainders required. 



The Work is as follom. 
(. 

Mimtead 940.18=^ Mimend 432 
Subtrahend 730.25=c Subtrahend 252 


;. d. 

11.05 
11 .07 


01 =» 

02 = C 


Remain^ 209.93=^— c Remauider 179 


19.05 


03=A— f 


Proof 940.18=^— f'^r = ^ Proof 4g2 


11.05 


OI=fc-(+C=J 



Chap. V. 

0/ MukipUcation and DOfiJion. 

Problem VII. 

3 1 7. To make the Multipliealum Tabie^ or K> 6nd the Produft tt> all the 
9 Digits. 

1. Write down the 9 Digits 

2. Add 2+2, 34-3, 4+4, 54-5, Off. 

3. To the laft Sums under 3, 4, 5, Cifc. add 

4. TothelaftSumsundcr4,5,6,&'f,add4, 

5. To the laft Sums under 5, 6, 7, t?f. add 

6. To the laft Sums under 6, 7, 8, 6?f. adc 

7. To die laft Sums under 7, 8, 9 ; add 7, 

8. To the laft Sums under 8, 9 j add 8, 9. 

9. To the laft Sum under 9' add 9 j and it*! 

Scholium III. 
318. It is ncoefianr that this Table be got perfeaiy by Heart, before the 
l^nwr proceed to Mulriplication and Divifion. Its (irft Inventor is faid to have 
Been Pylbagprm <« Samoi^ whence it is ftiled the Pytbagoric g&acus> 

Problem Vm. 
3ij(. To Multiply by a Meneme. 

G Effeaion. 
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Effe^kn. 

1. Set the Multiplier under that Figure of the Multiplicand, which is of the 
fame Denomination, and draw, a Line under both. 

2. Begin with the loweft Figure in the Multiplicand, and proceed in fuch Sort, 
that the Tens which arc gained by multiplying each lower Figure be added 
to tlie Produft of the next higher. 

3'. Count as many Cyphers or Fradional Places to the Right-^hand in the Pro- 

duft, as are in both Fadtors, and it is done. " Q. E. F. 

Ex. gr. Let it be required to multiply 6780.5 by 0.4. Set down the 

6780.5 given Fadlors as in the Margin, then fay 4 X 5 = 20, fet down 

0.4 o and carry 2 ; 4X0 = and 2 that was carried makes 2, fet 

• down 2 and carry 0-^4X8 = 32, fet down 2 and carry 3 ;" 

'^ ' 4X7 = 28, and 3 that was carried makes 31, fet down i and 

carry 3 ; 4 x ^ = 24 and 3 that was carried makes 27 -, Therefore the Pro- 
du61: required is 2712.20 or 2712.2 (In. 268.) Q. E. E. 

Ex. 2. Let it be required to multiply 72000 by 960. The Work is in 
72000 the Margin. 
900 

64800000 

Prqblem IX. 

320. To Multiply by a Polynome. 

Effe5li$rt. 

I . Set each Figure in the Multiplier under its Homogeneous one in the Mul- 
tiplicand, and draw a Line beneath them, as in the laft. 

2.. Multiply by each Figure in the Multiplier fingly as in the laft. 

3'. Obferve fuch Order in fetting the particular Produds beneath one another, 
that the loweft Figure in each be ftill fet under its refpeftive multiplying Figure. 

4. Add all the particular Products as they ftand, into one Sum. 

5. Annex the Cyphers to that Sum, which are in both Fadors, if any there 
be : or cut off from it as many Fraftional Places as are in both Fadtors 
(In. 283) and it is done. Q^E. E.' 

Ex.gr. Let it be required to multiply 5432.01 by 960.32* The Ope- 
ration follows. 

5432.01 Multiplicand. 
. 960.32 Multiplier 

m »— — — > 

1086402 = 000.02 

1 629603. = 000.30 ^Qj 

3259206 . . . = 060.00^ ^ *^^^ 

4888809 ....=: 900.00 

5216467.8432 = 960.32 X 5432,01 the Produ5l. 

Problem ^ 
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Problem X. 

:??.!. To multiply large Numbers without the help of a Multiplication Table* 
Fy. j!r. Suppofe it were required to multiply 507.8420063901 = ^ by 87. 

^^^'^ -'J 1453^ = By 

EffeBion, 

1. vS^t '^'Wn the 9 Digits one under another as below. 

2. S-t '''v.,Ti the Nlultiplicand againft i, for i %A: for 2 X ^ fet down its 
Do/i^L- : for 'i % A add i and 2 yd?; for 4 X y^ add 3 ^and i A : for 5 

^ A .mC[ ^ A : for 6 A take twice 3 A: for 7 j^add 3 yf and 4 A:^ 

/ L. I'' ! wi'.L^ 4 A: for 9 ,^/ add 4. A and 5 ^; and thus you willhave 

^;r 'Tc^r'rrd of the M'.iltiplicand to every Figure in the Multiplier^ 



o 



./ 



!'/' 






a 



:r . 






« )■ 



'v.M F.u5Vors A^ 5, wicli a Line drawn beneath them, as in 



« ♦ 



!'i.^ i -'^1 cut of the 'Tcinffa one beneath another, as in 



ll'c- 1 

1 » . L w ' . \ 1 I 4 

t!o 1 r. A •^! j!:. '^'".^ f'- ' 'i (v'<rL!'j; olf as many Decimals as arc in bath. 













I 




- 


to;-"-' : — "j'^i ITT \ A 




4^ 




"-^ 


T' '. :"^ I' ) . -' '. ~ ^ y/ 


5 

4 

5 
6 


X 


/ 

. L - — 




7 
8 




:m 


.4-v^ - " H20S = % A 


9 




J=: 


43r^^j;-H. 375109 = 9 ^ 








507.8420063901 = A. 
87.0600914532 = 5^ 


» 


I 

25 
203 

^07 

- •> ^ 05 

vo:/, .>; :o 


1013^840127802 

52jr i6oi9i7o3' ^ 

39-100319505 

13680255604 

8420063901 

780575109 

383406 

7307 
208 



...^1-.:; 1^:0 [09868477509332 ^ A%B. 



Butt 



Biitl)ccaule it is generally (ufficient, if we can only have fix or ftvcn Deci- 
mal Places true in the Produd ; therefore the foUowing Problem is of great 
Ufc to contract the Work in large Multiplications. 

Problem XI. 

;^22. To abbreviate large Multiplications lb as to retain no more than an 
afligncd Number of Fraftional Places in the Produft. 

Effellion. 
X, See how ma^y Places of Integers there will be in the Produd from the 
given Factors (In. 281) and addbg to that Number the affigned Number 
<of Fraftional Places, note the Suni. 
2. Retain as many Figiu-es in ea<;h Faftor as that Sum, and one Figure more : 
and if either Faftor want of fiich Number of Places, fupply it with Cyphers 
in the Places of Fraftions. • ^ 

^ Make a Tariffa of the Multiplicand to every Figure in the Multiplier. 
4* Sex, down the Multiplicand in its diredb Order, and the Multiplier under it 
in an inverted Order : i. e. fet the higheft Figure of the Multiplier under 
the loweft Figure of the Multiplicand, and the next higheft Figure of the 
Multiplier under the next loweft of the Muldplicaiyl, &V* 
^. Set down the particular Produfts one under another, in fuch Sort, that each 
Pnxluft reach to no more Places in the Muldplicand than what ftands to 
the Left-hand over its Multiplying Figure : obferving to place the loweft 
Figure of each in a direA Line beneath one another, and withal retaining 
the Licreaib of all the loweft Figures, as in the Tarifia. 
€• Add op the particular Produfts, as they ftand, and the Sum will be the 
Produdb required, true in all it's Places, except the one or two loweft, 
Q^E.E. 

Ex.gr. Let it be required to mulnply 507.8420063901 by 87.0600914532 
fb as to retain 6 Fra£tional Places true m the Produ£l. 

The Places of Inters in tiie Produft will be 5 (In.,281) which with the fix 
Places of Fradions will make up in all eleven Places : Therefore by Pre. 2. the 
Faftors are to confift of Z2 Places of Figures each. The whole Operadon will 
fiand as followS« 



The 



I 

2 

3 

4 

5 
6 

7 
8 



The Tmffa, 

50784200639 
loi 568401278 
15*352601917 
203136802556 
253921003195 

304705203834 
355^^89404473 

4062736051 12 
457057^0575 t 



L»n 



507.842006390 

2354190060.78 the MuUipIUr inverted. 



40627.36051 120 

3554-89404473 
30.47052038 

4570579 

50784 
20313 

2539 

152 

10 



2=^ 80. X 507.842006390 
= 7- X 507 84200639 + o 
== o. 06 X 507842006 -f* ^ 
= o. 00009 X 507842 + o 

=r O. OOOOOI X 50784 + O 

= • o. 0000004 X 5078 + I 
= o. 00000005 X 507 + 4 

=r O. 000000003 X 50 -I- 2 

= o. 0000000002 X 5 + o 



I. 



1. 



The ProduH s= 442 12.77 152007 only too little in the loweft 
. Figure by 2. 

The Reafbn of this Operation will appear plamly to any one who confiden 
that all die particular Produ£b here, are the fame with thofe in die otl^r 
Mediodt. O0ly rejedioR a certain Number of inferiour Places, and conle- 
quendy the whole muft oe the fame too (In. 23.) 

Pjloblem XIL 

323. To divide by a Momtne. 

Effeaion. 

Set down the Diviibr to die Left^hand-of the Dividend with a Qirve Line 
between them. 

Make another Curve Line to the Right-hand of the JDividend, for die 
Place of the Qiiotient. 

Aik how often the Divifbr can be contained m the higheft, or (if not) in 
the two higheft Figures of the Dividend, which call the Rrft DmduMn 
Set the Anfwer behind the Curve Line to die Right*hand for the firft Quo- 
dent Figure, and note its Place (In. 286.) 

Multiply the firft Quotient Figure into the Divifbr, and fiibtraft the Plro* 
dufb m>m the Ftrft Dividual. 

To the Remainder draw down another Figure or Cypher out of the Divi- 
dend, for a Second Dividualj makmg a Point in the Dividend under every 
FiKure.fb drawn down. 

A» how often the Divifor can be contained in the Second Dividual^ and 
if it cannot be contained in it, draw down Figures or Cyphers out of the 
Dividend, till it can^ obferving to make a Cypher in the Quotient for 
every Figure or Cypher drawn to the Remainder, befidn the firft ; ard 

H Goodmie 



5- 
6. 



t«!l 



t'l:! itii 



le to make Points under every Figpre in the Dmifetidy -isiliey ane 
drawn down. 

8. Set the AhlVto* kgAi to Ac Right-hafid^f the fliflNQuettent Rgurc, or 
to the 'Aighffr4biid t>f the* Cypher or Cyphers^ iif any there'H^, % whudi^ were 

cfet;-m'!thc»cQg<lticnt hiy the:4aft -Precept, 

9. v'jN^lti^ tife fecisQid'^^^ the KyKBr'and ^iubtriid die 
(pfodofbirom ihe^^^rM^7)miir4i/, and to the Remainder drarw down ano* 
» ther FJgorc or Cypher out of the Qudrient for a Third Dividual. 

xo. Aik how often die Divifor-can< be contained in tine' Third Dividuil^ and 
if 'it cannot be contained in it draw down FigufbsxHiC -of theDMdend, 
'^is^'betore, nil ifcan, ^ ftiJl obfervifig to make a Cypher in the (^tienc for 
' every Figure'or Cypher c?rawn.to the Remainder, befidea the fiml 
II. Tiius Continue doing tis long as any "thi ng ^remains, or if Ibmething always 
rehi'ain, caiTv on the Opehidon1:0*#hkt"NlitBberlify^ 
pleale. Q^E. E. 
Ex. I. Let it be required to divide 2712.26 by q^ Here At JRrfi Divi' 

^iud is 2700* but -^— >-is ^- 6000' (Tar-aSj)- ot.-i^lic^4i..m.^ ajK '$% ^bsfe>' 

■fotf&Xoi 6b6o)-is di^Hi^ Qit(>t&ht 'F%ure. 'IRie Oj^^mftlkt itf^^Uttm.- 

* > 



• • • • 



6oeo X Owf s 24 . ^-^/MiAW^. 



700 X t- 4 a s iZ fu htraSt. 
80 )Co.4 «B . 32 Jitbtra^. 

F^DhnMidss ■ io 
Xg. «.' Itt a be feqaiied to dmde ^2.85 hj.ojq/oy, .''Herev'tiijit Jfil Quo* 

•007) 



.^07) 62.85 (8978.57i4a85i73i4«^i4i8 &c. §d mfimttuk. 
• '50 ' 

49 fhacthe&mefigpKsretamat 

"JT the fixch Place bdow Unity. 

56 



•40 

30 

2t 

56 

4;,9M!*tiie^I^f$fim by ,x)iie'SS9ire:,is more oompendmifly performed by 

. ;^.^&p^db^ wf^ rc^iniad Jio .take the fevepd^ Part ^,.112407, lay 
^Ae^^f 2iii 3» 'txA tneiitfiBiiiiKkris j, cd which annex the;4 1 and fiiy the 
*%T ^^^*^^^ - T^^^**^ ('^'^'dCj^^js I : Therdbie theOoo^^ 
:iiiASia^ bf J- T»i%ot^ Thus again in t»^ ' .^ 

mii^f^fk^ 8th of 41 13 5. Md ^ *^ !ii£7 

^Ibne rSnaiii^' i, W imdv^uuMt :6 lUiie tth of x6 is 2 i^Vjtt* \ 3201 
^^*^it-St9^tMit,^bm}l^ and die RemaifKta^ A^.^^SLt^ 

' is 2 i «e'iA*^i5 i^ '3, M4tfa(.^»aii#crii^i » the g$ of * Iri!!!: 
16% a ; ^j^BBt^^^ <^aDiMU»4ao73^ ' "^ 1 52073a 

SCHOLIVM 
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325. The Bftbing of any Number b beft j^eribrmcd by doabling it, 

rf, -and .then reducing all the Places in the Produd one Plac« 

^ I . ^Q 2 ^ lo^, or by 'multiplying it by 0.2. Ex. gr. !Suppo(e it were re- 

.'.: ' _■ auited to talcc ■{- Part of 2037.5, the doublc.of 2037,^ is 4075.0 : 

"407.5 mcrdforc the f Part is 407.5, and fo for any other. . 

Problem XIII.. - - 



• J 



326. To divide by a given Pdytume. 

EffeSion. . . , 

1. Set down the given Divifbr and Dividend, as to the laft Problem. 

2. From the h^heft Figures in the Dividend aflome the &me Number 
of Places that are in the DivUbr of the Ftrfi^DMdual ; or if the Fi* 
gures in the Divifor exceed the £ime Number (^Places in die Dhridend» 
afiiime one Place more out of the Dividend, focthc.*i5r:ff Dividual. ' Then » 
proceed diredly, as in the laft Problem : Qfily the Quotient Figures 
nere are determined by comparing the highdl) Figures alone of each 
DMdual with the higheft Figures of the Dii^tt ^<^C(i% ^ ^> ^ will 
be beft feen by an Example. ^f\ 

Example i. 4^^. 
Let it be required to divide 5216467.8432 by/9^0.32. Here the Numbers 
being fet down as is diredbcd, die firft Dividual will ht 521646 (or 5216460) 

whence die firft Quotient Figure of ' ^^^ ^ v which is nearly the fame 

5 or 5 will be in Thoufiuids Pli£C&*;w\ e. die qs in 52000 are 

poo. 9 , 

the fame with the 960.321 in 5216460, which are 5000 for die firft Quotient 
JFigcirei and 5x96032 s 480160,521646 — 480160= 414&6, to which 

' dra# down 7 for a f^nd dividual 4 148^ ; 

^60.32)5216467.8432 (543%.oi then the4^6o325 |q 4,14867, or which is the 

480160 ••'••* - &nie • the -iQur ill 41: ; aft 4 !^r the fecond 

-~rr Quoooit Figim I. 4 l< 9903^ ~ 384i«8. 

Jsliis ' 4^4«^ *--. J«4W* =?: 307?ftv tQ Wbich 

^ ^^ ' . • - Aaw down, 8 for a third pividuaj 307358 } 

307398 ^ . ♦' >then ^109603^ m3P7398>jor:die ^^^^ 

28fb9tf - -5 '" Soate^t fi8:jhe;:jii^4 (^»t^ ^%^F^ 

. -722Sn 'V'' * - '■" ' ' -3 X-'96o3a.?s 2^8p^397i»8 iif*:28^fo96 

10206I ' ' ♦v? '^«Oiti*^adk|* a 

^ ^ ^ ' fourth Dividual ; the 90021^1 In 1 930j»4 or 

96032 the 91 in 19, are 2 f6r tb? fbdrcli Quotient 

96032 Figure, 2 x 96032 =s 192064,192024— 

i V 192064 ss 960, to which bring aown 3, 

^ ^ and becaufe the Diviibr 960.32 cannot be 

con* 
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contained in the Dividual 960J9 tkercfore the Figure s nnuft be alfo drawn 
down, obferving to place a Cypher in the Quotient ; laftly the 96032; in 
^6032, or the 91 fai 9 att I for the fifth Quotient, whkh dniflles die DiViflon 
without a Remainder, as in the foregoing Mar^. 

Example 2. 

Let ft bo required to divide 694.943164 bv $7.91. Hcri tfie firft Divkiual 

M ^.949* 4i»d the Quotient Figure xA ^^^^'^^ ^ 57-9i)694943 1 64(1 200040Q 

is in die lOooooooj Pllce (In. 486)!fe6n bcCatrfe 579' 

the lecond Figure in the Divifor is greater in TT^iX 

its Place thftn die firft, cherefoK ^§^ is near- 11582 

57.91 ■ I 

ly die iame with ^ i. ^. the si^ in 69 are 2^164 

die iartie with the 579 1 J in 694^, which gIvA ToT* 

X (or lobOoooa) tor the firft Quotient Figure, ^ ^ 

1 X 57.91 = 57.9i»6949*-579i =1158, to which draw down 4 for a fecond 
Ditidual \ then oie 5791^ fa 1x584 are 1 for the lecond Quotient Figure, 
a X5791 = 1 1582, 11584— 11582 = 2, to which drawdowil 3 for a third 
Dividual 23, bat becadfe tfie ^vtrt VfctSbt cannot be contained in this Divir 
dual without drawing to it the other three Fibres 164- out of the Dividend, 
^d fb making it imlead of 2^ to be 23164, therefore 3 Cyphers are to be 
itt in dw Quotient before the third Quotient Figure, which is 4, or 400 (In* 
a 8 6) and the Divifion is finiflied without a Remaindek', as in the Margin. 

Scholium YI. 

327, When the Divifor is an Int^rwrth Cyphers to theHight-hand, if thofe 
Cyphers be cut dfP, and the Dividend de^refled ^6 many Placed lower, die 
(^UcAt will be ftill the fame (In. 286) as in the following Examples. 

721000)648001000(900 i 210)172 1 8(14.4 

648 

Scholium VH. 

g28. When die Divifor is a Fradion with Cyphers lb the Left-hand, thofe 
Cyphers may be cnt ofi^ and the Dividend advanced fo many Plwds higher, 
and the Quotient will be ftill the fame, as in the ipUowing Examples. 

0.0648 _ 648 ^ , 0648 ^ 64800 _ 6480000 _ 
0.0072 "" 0.72 ~ ^ ' 0.0072 "" ^Tx "" 72 ~ ^^^ 

I Problim XIV. 
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PR0BLE14 XIV. 

329. To abbreviate lai^ DiviTions, lb as to retain no more than an affigned 
Number of Fraftional Places in the QuotienL 

EffeSlion. 

\i See the Place of the firft Figure in the Quotient, by comparing the Divi- 
dend and Divifor (In. 286.) - 

2. Retain as many of the Figures of die higheft Places in the Di^dend, as 
you deiign there (hould be b the Quodent, 'and one Figure or Cypher 
more. 

3. Retain the feme Number of the Figures of the higheft Places in the Di- 
vifor, if the higheft Figure in the Divifor be lels dian the higheft in the 
Dividend, if not, retain one Figure fewer. 

4. Make a Table or Tarifia of the Divifor to all the 9 Ddgits. 

•5. Set down the Dividend and Divifor in thdr dired Order as (In. 326.) 

6. Subtract the greateft Produft you can find in your Tarifl^ beneath the 
Dividend, fetdng down it's multiplying Figure for the firft Fi^re in the 
Quotient *, and the Remainder without annexing any other Figures to it 
is the fecQnd Dividual. 

7 . Subtract the greateft Produd you can firom that lecond Dividual, rejeding 
as many of its Ipweft F^res, as it exceeds the Number of the Places of 
it's Dividual, and let down the multiplying Figure for the (econd Figure in 
the Quotient, and the Remainder without annexing any other Figures to it 
will be the third Dividual. * 

8. Subtraft the greateft Produ6k yoii can from that third Dividual, proceed- 
ing juft as before. 

^ Continue fo doing as long as any thing remains to divide by, obierving 
that for every Place above one your Divifor is fhormed for any Dividual, 
a Cypher muft be inforted in the Quotient. And the Quotient thus found 
is in general true in all its Places, except perhaps the loweft. 
Ex.gr. Let it be required to divide 442 12.77 1520098684775 &?r, by 
507.8420063901 fo as to retain ieven Places of Fra£tions true in the Quo- 
tient. 

The Place of the higheft Figure is that of Tens (In. 286) which with 
the fevcn Places of Fractions m'ake in all nine. Therefore by Pre. 2. 
the Dividend is to confift of ten Places, and the Divifor of nine. The whole 
Operation is as follows. 



The 



I 

2 

3 

4 

5 
6 

r 

8 



The 7«n^<i. 
507842006 
I 01 568401 2 
1523526619 
2031368025 
2539210031 
3047052038, 

3554894044 
4062736051 

4570578057 
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)44ai2. 77154(57.0^009145 the Quoticat. 
40627 36051 = 80 X 507.842006 

358541 100 ■ ' V 

355489404.== 07 X <o7.842oo + 4 



3051696 

3047052 =r 00.06X507.842 4-6 •' '. 



' ♦■ 



4644 

4570 = 00.00009 X 507 + 7 

73 . 

50 = 00.000001 X 50 + o 



23 

20 = 00.0000004 X 5 + ^ '* 

2 fcff. 

PROBEEM XV. 

330. To prove MuUiplkatum. 

Effemm. 
Divide the Produft by either Faftor, and if the Quotient be equal to the 
other Fador the Work is right, otherwife not (In. 83.) Q^^E. E. 

PltO«LtM XVI. 

331. To prove Dhnfion,. 

• EffeHion. 
Multiply the Quotient into the Divifor,. and if the Produft ht equaJ to the 
Dividend the Work is right, otherwife not (In. i^.) Q^E. E. . 

?,RO»LBM XVIL 

332. To find the greateft Common Meafure between any two given Num» 
bcrs (In. 135.^ 

Ex.gr. Let it be required to find the greateft Comw/r Mf^r/ between 
4389 and 3927. The Operation is as follows.. 

3927)4389(1 ; 

39^7 

462)3927(8 
3696 

231)462(2 
462 



Therefore the greateft Common Mtafun is 2 3^ 
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C H A », VI. > 

Of the ^duBioH of Coin, Weights, Meafuces, O'c. 

Dbfikitiok XXVHI. 

333. T^ Y ReduSim is here i;neant the bringing Numbers of one Dcnomi- 
13 nation into Numbers of another Denomination. 

Partition E£. . ^' 

334* ReduHion is (tiled Defcending or Afcending^ the former is performed 
by Muldplicadqnt thq latter by ^Plvifion. 

Definition XXIX. 

• 

335. That is teraoed RedaSum Defcendingi which brings Numbers of a 
higher into a lower Denomination by Multiplication, as of Pounds into Shil- 
lings, of Shillings into Pence, &c. in Coin ; of Pounds mco Ounces, of 
Ounces into Penny Weights, (fi, in Troy Weight •, 6fc. 

Problem XVIII. 

336^* To reduce a Number of a higher into a lower DoKMiunation. 

EffeSlion. 
Confider how many Units of that lower Denomination are contained in an 
Unit of the given Numbq* (according » the Table of Coin, Weight, 
Meafiire, &?r. to which it bcbngs) and the Product which arifca by the Mul- 
tiplication of the given Number into rkM, Tabular Number is the Number 

lequived* Q^E.£. 

Escamde. 

Let it be tecniired to reduce 369/. Sterling into Shillings, tfaoie Shillings 
into Pence, and thole Pence iaft>'Ikrthiqg!5«. 

I 

369 ^ ' 

Mul&ply b^ 20 the SUUings m tl Sterkng (bu 192.) 

7380 s the Shillings in 369 /. 
Muldply by 12 the Pence in one Shil&ig. 

14760 
7380 

88560 = the Pence in 369/. 
Muldply by 4 the Far^ing» in one Penny. 



354240 = the Farthing? in 369/, 

Otber« 



Otherwife the ^ven Number may be reduced into Pence or Farthiqg^ at one 
*Operation9 thus» 

Multiply by 240 the Pence in one Pound. X980 the Farthings in if. 

1476 22 14 

738 33»i 



1 



3856osthe Pence in 369/. as before. 354240 ss theFardi. in 369/. 

Eicampk 2i 
/• s. i. qri. 
Reduce 835 . 13 • 11 . 03 into Farthings (In. 292.) 
X26 



1670^ 8BS SIttllkigs in 835I. 
•^13 the odd ^ulling^add 

16713 



33426 
16713 



200^56 ss Pence in 835/. 13^. 
•4- 1 1 the odd Fence add 




200567 ss the Pence in 835/. 13;. itd. 
X4 

■ ■ ■ 

802268 sr the Farthings in 835/. 13^. iidL 
4- 3 the odd Farthing add 

. 802271 SS die Farthings in 835/. j$s. iid. 03 ;r. as was req[uuied. 

Otherwife this Work mav be Ihortned by takine in the odd Shillings when 
you multiply by 20, the odd Pence when you muldply by 12, the odd Far- 
when you muldply by 4 \ and the iame may oe underftood fbr other 
of ReduAion, as follows. 

^35'- i3^» 11^- 03 jr. 
Muldply by 20 ana take in the odd 13 j. 

16713 
Multiply by t2 and take b the odd 11 d. 

200567 

Multilpy by 4 and take in the odd 3 jrj. 

■ 802171 the Farthings in 835/. 13^. ltd. oy^s. as above. 

IC Reduce 



f^ 






54] 

Example j. 



Reduce 34/^. ^e^. ijf^.w. 2i^r. Troy Weight into Gr^w (In. 493.) 
X12 ( , 

4^5 ==^ the 0«w^>Tn 34/*. 7TO. 

X20 . . , 



•r- 



8313 = the ^cniri WAghU in 34/^. 7^z. I3^»w. 
.X5^4\r:: '" ', ' '' . .r^ •'.'-:- 



33253 

16628 



199533 = the Grmj in 3*4/^. 7^. 13^.0?. 21^. as required. 

The following Examples with their hxS^f^p^ uje io&rted fer the Itieamer'S . 
Pradice. «^ 

£x. 4. In 5C. 01^. 23/t. x'^oz. Aoerdupdii how many OiRmm .^ 

Anfwer^ 9789 Ounces^ 
Ex. 5. in 360 Degrees (In. 297^ 298) How many Barley Corns ?. 

AnfweTj 4752000000 Barley Corns. 
£x. 6^ Iri 1734 Julian Years, How many Seconds (In. 307.}? 

Anfwer^ 54720878400 Seconds. 

SCHOLIUH VQI; 

337. Whenever you are to multiply by 12, the Work may for Bfevity*$ 
Sake be performed (as in the fecond and third Examples above) by help ofr 
the following Table. 

12 X ^? = ^4> 12 X <5 = 6o> 1-2x^8== 96 

DEFINITION X3DC 

338. R^diiShn ^cenSing h the Convtrfe of RiduSim DefcenMng^ or i^ is 
the bringing Numbers out of a lower into a higher Denomination by DiviQon i- 
as of Farthings into Pence, of Pence into Shillings, and Shulii^ into 
Pounds. 

Problem XDC. 

339. Tq reduce a ^en }^tober out of a lower into 9 higher Denomt* 
nation. 

EffeSm. 

Confider how many Units of the given Number are contuned in an Unit of 
the next higher Deoomination, according to the Tabk of Coin, Weight,. 

Meafure, 



c in 

Meafure, &r. to which it belongs ; and the Quotient refulting from the 
DiviGon of the given Number by that Tabular Number is the Number re- 

Siired. And if any thing remain after the Divifion is finiflied) it is of the 
me Denomination with the Dividend. Q^ £• £• 

Example i. 

Let t^ be feqwred to determine how many Pence Shillings and Founds arcL 
contained in 802271 Farthmgs f 

12) 2|p) 

4)8o227x<2oo567(i67i 13(835/. 

— 80 7 

^L. 85, II 

i 16 13/.. 



' III/.. 

Anfiver^ 855 /». 1 3 x- 1 1 J. 03 yrx^ 
i^. z. Vx 199533 Crm^Y. How many Pcw^ IFH^bts^ Ounces, and Pounds 

2|o): 12) 

— IL 1l 

93 

7^ 

21^. 

Ar« 3*<]b*9787^0M^j^ Hcfwmany Pminds^ ^jforiersy zxA Hundreds Avcr^ 
iufdis ? 

JnJwerySC 01 fr* 23il^ ijak. 

£xu 4^ L) 54780878400 5^^^«if, How many Dofs^ Wteksy and Kiirj f 

Anfwer^ ly 34 JtAin Tears. ^ 



Sqhsquvu IX^> 



TJ 



Scholium IX. 

540. When you are to divide by a Mmome pr by li, as in the foregolhg 

Example, where it is require to brine 802271 
4-1 802271 ^ri. Farthings into Pence, Shillings, ara Pounds 

^ 200567^. 3jrr. Sterling: The 'Operation may be abbicviat3ed> 

1 67 1 \i s. lid. as imdie Margin. (In. 3 i9.3fto>g,M.322v) 

835/. 13 J. lid. iqe. 

, Scholium X. 

341. The principal Ufc/bf ReduSlion is, in Queftiotfs^of the Rtilc of Three^ 
to bring Numbers of di^rent JDenominations into the fame Denomination^ 
and fo fie them for Multiplication and Divifion (Iiu 199) As in the following 

Examples. 

. Example i. 

Suppofe 94 Yards of Cloth coft in all 87/. 13 j. 4^. for 32 Ells of which 
•were given after the Rate of i/. 6 s. Sd. per Ell, it is required to 'determine 
what was given per Yard for the Remainder. This Qudition when all the 
Terms are brought to the fame Denomination will be reduced to the follow- 
ing one. Suppofe 376 Quarters of Cloth cott ^1040 Pence, for 160 Qjiaiters 
of which were given after tRe R^e of 320 Pence per 5 Quarters (or 64 Pence 
per Quarter) it is required to determine what was given per Yard (or per 
4 Quarters) for the Remamder ? 

TRc Anfwer to which Qucftion is performed by two Operations of the Rule 
of Three Direft, as follows. 

Firft \qr : 64^. = 160 jri 10240^ the Price of the 32 Ells or 160 Quar- 
ters ; then ^y6qrs^-^i6qqrs = ziSqrs : and 21040^.— ]0240</. =s io8oo<JL 
per Queftion : Therefore Secondly^ itSqrs. 10800 J. == 4jr^. 20od. or i6j; 
id. for the Price of i Yard of the Remaindor t The Anfwer required. . 

Example 2. 

If 1 6 J. lod. be paid for the Carriage of 2 C. 3jri. 14.1b. Averdupois, 75 
Miles, What muft be paid for the Carriage of 13C. i jr. 22 lb. for 32 Miles, 
at the feme Rate ? Or 

If 202^. be paid for th6 Carriage of 322/*. 75 Miles, What muft be 
paid for the Carriage of 1730/J. 32 MHes ? A Queftion in the Compound 
Rule of Three Dirca. 

Anfwer^ 322/J. X TSm : ijiolb. X 32^1. =» 202d. : A^Srr;;^* or il. i8j* 

127 

7 — --d. the Sum to be paid (In, 198.) 

Example 



Exampk 3. 

iTwiicnT^ttt is ibtd at 6j. Sd. per Buftiel 5 the Penny Loaf .ought to 
weigh 9 oz. Troy, it is required to determine the Weight a of a Six Penny Loaf, 
when theBUfbel of Whjcat is fold for lo/. A Queftion in the Compound Rule 
of Three Inverfe. : 

For 6s. 8^.. put ,8od. and for los. put izod. (Ih. 292.) tlftn by the fin- 
gle Rule «n:htee Direft (In. 196.) fey 

id. : 6d.=i goz.: ^LCL^az. die Weight of a Six Penny Loaf when Wheatt 

is ibid for 6 s. Sd. or Zod.fer Bufliel. But the Weight aoL. of a Six Penny 
Loaf, (when Wiieat.is at ioj. or nod. /»VnBu(hel) muft be in Proportion io 

much lefi than the Weight ? — -02. of a Six Penny Loaf (when' Wheat is 
at 8oi per Bufhel) as 80 Jr is left than- nod. \. e. iioa moft equal 8ox^^ 



=14520 v^'or T2od :• 80^. =r ^ — '^ :^6oz. (In. 190.) Therefore a^s.^6oz.. 

the Anfwer required.. 

Scholium XF. 

342. ByReduftion alfo is determined the Value of the Coins, Weights,, 
Wicalares, fcfr, of one Country in Companion with another.. 

Example i . 

The Ell Remi/h contams ^ of our Yard, it is required then to determine * 
how many EH^ Ehglijh are contained in 435. Elk Flemijh. 

^ Anfwer^ ill^ = 261 = the Englifh Ells in 435 Ells Flcmifhi 

Example 2. ' 

The FUrence Civxvn courrant is equal to ss. 03 d:' Englifli ; I demand how 
many Fhrence Crowns are containol in 6^5!. i^s. 6d. F6r gSi 3d. put: 
63^. and ^ for 655// igs. 6d: put 152580^/.. 

TJien ^ / =-2422 Florence Crowns.-. 

^ Example 3. 

How many Porlugdl Tejhom at i s. 3 d.- per Piece are contained in 75 French 
Crowns at 4J. 6d. per Crown ? 

iSi 3d vs igd. and 45. 6d ='54.d. then 75 X 54 = 4050 J. the Number of: 
Engiyh Pence in 75 French -Crowns^ which divided by i^d. gives 270 tl^'v 
Number of Tejijoons required. . 

Example 4. 
The Proportion of tht London Fooi to tht Paris Foot is nearly , as 15 to 16 ; , 
many London Feet then are contained in 240 Paris Feet ? 
15 : x6 =: 240 : 256 the Anfwer required. 

L. L Ai 



I. 4TABLE nf ForeigQ Coins mfnt'i wkh Et^MOl.' 



Prtncb 



Fereijgn Cms. 

ENIER 
Double Denier 
Liard ■■ 

ijSols PaHs — 

ILivre, Ace.* 
Ecus Ctown 
IPiftoIe 



is eqiml tb 



Engmh iCmMs. 

/. s. d. qti 



oo oo oo o,J 

— — oo oo CO o II 

oo oo oo Q,J 

oo oo oo ^ ». 



Spdmjb 



'Maravedis old 
iQuna 

lO^vo — * 

Real, M PUua 
I Pieces of Eight, or Pu^ra 
IPiftole 

Kez 

Vintain 

Cruzada 
Portuguefel Mi-moeda, or half Piftole 
JMi-mocda d*Ofo, orPiftote 
I Doppio Moeda, or Double Piftde 
tDucat of fine Gk>ld — *- 

fPenny 

IDuyt 
Gros 
Stuyver, or Shilling comnion 
IScalin, or Shilling grois 
Florin, or Gii^er 
Dollar, or DucatX)oa 

IPacac4, or Penny 
Groat — 

Bmi/b^ {Skaiiog 
{Gulden 
I Rbcdollar 
(Imperil^ 



CO oi 06 

00 04 06 

00 16 00 

00 00 00 

00 Co 00 

00 00 01 

00 00 06 

00 04 04 

00 17 06 

00 00 00 

00 00 03 



o 
o 
o 

o^ 

1 {. 

2 '■« 

o 
o*^ 



— 00 05 04 3 ^ 



00 13 

01 

oi 



06 



07 00 
14 00 



o 
o 
o 
o 



Oi 



06 ^5 00 

00 Co 00 

00 00 00 ^ 

00 00 oo %\ 

00 00 OI o |. 

00 00 07 o 

00 02 00 o 

• <co 06 00 o 

00 00 00 c,^' 

00 00 CO a 4 

00 00 01 I * 

00 00 07 2 

00 02 00 o 

00 04 06 o 

CO II 03 o 



Germdin 



ForHgn Coins. EngUJb. 

tFcnin is equal O oo * oo oo 0444 

I Crein:, or Kreuxer ■ ■■ ■ ■ 00 00 oa 2^ 

JDolkr 1^ AMii^ t)& bi 03 I 7 

flzelotte ■■ ■ . •— «• 00 02 09 o 

i Gotdm^ t>r -Florin «-*• 00 03 00 d 

IRixdoliary or DoUar ■ 00 04 c6 o 

Ducat ^ -i-i 00 07 06 o 

(Pignatelle ^ ,4 a fiayoco = ,4- a Julio — 

Jufio **- .*- 00 00 cC 6^^ 

Carlin Si^— *- -- oo bo o5 o 

Italian vDerlingue ^ ^ a Juftiwe —— 00 oi 62 i 

Ijuftine — . — 60 04 09 o 

1 Monaco ss a Cmifat — • 00 04 04 o 

(Sequin •- • — 00 69 6a 6. 

plOUp ■!■ » f m «« CO. 00 04 3 

Polijb ^Abra »» 1 00 01 00 O 4 

\Groch -n ■>* m^ 00 00 00 i 4 

(Horle —^i^ — 00 ot 01 2 

MarclAlbs -*• ■■ 00 01 06 o 

IScheiHate — - -~-« ob 03 00 d 

Chriftifie >" ■! ftfi^ f ■ ■ ■ 9 oo- tli bi 2 

jCarolinb •— — 00 bl 05 i 

Swedijb ^Mark »— * — 00 > 06 b2 r 4t' 

Rouftic *■ "■ " ■ *> I ■ ■ ; 00 00 02 t 4^ 

[AUeuvre >■■ "» < ■■ — 00 00 60 o.l 

(Musko^ '■ ■ I ■ 00 00 bo I 

Polusk ^ ■* ' ' — •— 00 00 00 2 

.Copec of Silver, or Danaing i>- 00 00 01 o 

(Copcc of Gold •—« - 00 01 06 0,4. 

00 00 bo 2 4. 



f Afprc »-** • 

f Shakee bf JSeppO and Sanderoon 

^PawiPafat^ or Pwafi 

(Sultanin SCheitf, or SeqilAi ^"^^ 00 09 00 o 



00 00 03 2 
00 00 OI 2 



n; J 



t4oO 



11. ^ TABLE of Foreign Weights compared mth theft 

of Amfterdam. 

» 

An Hundred Pvund Weight of Axnfterdam is eqwi to 



1 08 of Alicant. 

105 of Antwerp. 

1 20 of Archangel, or three Poedes • 

105 of Arfcbot. 

120 of Avignon. ^ 

98 of Bapl in Switzerland. 
100 of Bayofine m France. 
166 of Bergammo. 

97 of Berg ap Som. 
95i of Bergen in Nerway. 
Ill of Bern. 
100 of Befatisson. 
xoo of BUboa. 
105 of Bois le due. ' 
151 of Bologne. 
100 of Bourdeaux. 

104 of 5wr^ en BreJJis 
103 of Bremen. ' 

125 of Breflaw. ^ . 

105 of Bruges. . 
105 of BruJ/els. 
105 of C^'z. 
105 of Cologne. 
125 of Coningsherg. 

1074. of CopetAagen: 

87 Rottes of Confiantinople. 
113^ of Dantzk. 
xoo of Dors. 

97 of Dublin. . 

97 of Edinburgh. 
143 of Florence. 

98 of Frankfort, ^ on the iliii/>r^« 
105 of G/^;f/. 

89 of Geneva* 



lb 

163 of G^»w, Calh Weight. 

102 of Han^rg. 

106 of Ley den. 

105 rf Leipjic^ 
losi of Lief^e,' 

1 14 of Li/fe. 

116 cl* Zj)w»i, City Weight 
1064. of Lisbon. 

143 oif Legborji. 

109 of Z.^i9)i, Averdupois. 

105 of Lovaine. 

105 ^- Lubec. 
X4i|. of Lucca J Light Weight. 

X14 of Madrid. 

105 of Malines. 
i22i^of 'Marfeilles.. 

154 of Mefftnaj Light Weight 
"168 of Milan. 
120 of ' Montpellier^ 
125 Bercherofte of Mufcovy* 
100 of Nantes. 

106 of Nancy. 
. 169 of- Naples. 

98 of Nuremberg. 
160' of Paris. 
ii2f of 'ReveL . 
109 of /Ji^tf. . 
xoo of RocbeL 
146 of iZA0f^. 
100 of Rotterdam. 
96 of i^iyf/y, Vicounty Weight. • 
100 of ^. jl/^. 
xoo of ^. Sebafiian. 
158^ of Saragofa. 

106 of 



J 
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io6 of S€%jilU. 1 1 8 of Thokufe and \Jf$er Lanffxtd$€. 

114 of &m^9M, . 151 of ^urttL 

no of SuHn. I sZ^ oi Valencia. 

81 of Stockholm. 182 of Venice^ Small Weight. 



IIL The proportions of the Long Meafures of/eVerd Nations to> 

the £ng}ifh Foot^ hy Mr. Greaves. 

If the Ei^lh Standard Foot be divided into 1000 efiial PartSy then . 

Offucb Parts 
1068 s the Paris Royal Foot in the Cbdtelet. 
1033 = the Rhifdand Foot in SneUius. 
1007-rrr = the Gr^^/t Foot. 

967 = the Roman Foot, on the Monument of Cojfktius. 
972 = the Roman Foot, on the Monument of StatUius. 
986 = the Roman Foot of VtUalpandks^ taken from the Congius of Vej^aftan. 
1 162 s the FenetianFoat, 
2283 = the Ell of /fo/tt;^;^. 
2268 = the Ell of Antfieraam. 
2z6o = the Ell of Leaden. 
687 = the Canna of Naples. 

2760 = the Varra or Vareof jSmeria^ and GQralter. 
1913 = the Bracdo of Florence. 
Si 5 = Ac Pdhn of Genoa. 
1242 s the Common Braccio of Sienna. 
1974 s the Braccio of Sienna^ for Linnen. 
732 s the Palm of the Architefb at Rome^ whereof ten^ make tbe Canna of 

the fsune ArchiteAs. 
695^4 = the Palm of the Braccio of the Merchants and Weavers at Rome % 
fixwn a Marble in the Capitol, with this Infcribdon, CURJNTE 
LV POETO. 
2200 = the larg^ SHurkiJb Picjue at Conftantimple. 
2131^ = the fmall Turki/h Pique at. Cottfiantimple. 
3197 2= the Arifh of Perfia. 
1824 s the Derah or CuUt of the Egyptians. 

Problem XX* 
34}. To reduce a given Vulgar Fraftion into a Decimal one. 

M EffeSlion^ 



• m 



C4»] 

EffeHion. 

Add one or more Cyptiert to the Numerator^ and divide by die Dedomina* 
tor (according to the Diredfons In. 283) and the Quodent will be the Anfwer. 

Ex. zr. — « — 2= 0.5, — = — = 6.6666 Sec. ad tnfimtum^ — 2=5 — sss 

0-083333* ^^- t = 1^ = -75 

4 4. 

Corollary XXIL 

« 

344. Hence it will be eafy to find the decimal Parts equivalent to any 
given Part or Pans of Cok^ Weigjit, MeaTure, ^c. by ccssiMenag^ tbem as 
vulgar FradHons. 

Example i. 

Let it be required to find the Decimals equal to 5/. 12;. 6i« 2ys. Sterling 
(i/. being the Inc^er.) ^ 

Here i2i + 6/+ 2 y« is equal to ^4- + -r^ + -rVr of a Pound (la 202) 
But 44 ss 0.6, YTT = 0.025, yj^ = 0.0020833, ^c. (In. 337.) Therefore 
5/+ ixj ■+ 6J -|r 2 jr. = 5/4* 0.6/ •+ 0.025/ -(- aoo2o833 ^i:. / =t 
S.6ij6%ii cff. 

Example 2. What are die Decimal Parts equal to 6i. ^eL ^qr. {lu being 
the Integer.) 

Here 3^ + 3^ = tt^ + tt^ (^- ^9^-) But tI-J = 0.25;, ^ «► 
0.06251 (In. 337.) Therefore oj-J- 3^+ 3?^== 6.31 25 j. 

And thus 2 Foot + 54 Inches.=s27{. + vV=^ (In* m) sa 2.4175 Feet. 
(One Foot being the Integer.) 

So. alfo goz + 15 j>.w + 10^. Troy Weight, or -.^ + ^44. 4. ,4^ 
(In. ^'293) =0.75/* + 0.0625 iJ + 0*001736111 &c. lb. (fa. 33.7.) ^ 
0.814^361 1 1 6cc. lb. Troy. {ilb. Th)y being the Inc^r.) 

345. But for the 'more eiroedidous turning, any Part or Parts of Cda» 
Weight, Mbiiure, (^c. into l5ecimals are made the following Tables, and 
liick 19cc 

Deebnd TABLES* 
i/. Sierlini being the Integer. I i C. AuerhpM bdng tfae 



I •\i»i*i^ 



I i. = 0.05 V {rff. » ^-^5' 

id. =0.00416667 I I. /(. ss 0.00892857 

jqr. s 0.001 041 66 * I OZ. s 0.00055803 



I Oz. 



• * 
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Deemd TABLES. 



1 Oz. Troy being die Int^r. 

J p.w. ^= 0.05 

I gr. s 0.0020833^' 



I Day of 24 Hours being the Integer. 

I Hour =5 0.0416667 
i^ ss 0.0006944 

1'^ er 0.000(T1153 



1/. AverdUpois being the Integer. 
I 0Z. = 0.0625 
I dr. =* 0^.0090625 

The Ufe of which Tables is as follows. 

Ex. gr. Suppofc the Decimal Parts were required which are equal to t 
garter s^ 13/* .050%. Aver dupois Vf eight {i C being the" Infegef.) 

Here in it's proper Table you have theJDecimals of i ^. r^. and loz. 
whence- 2 jrJ. « a x b,^5=5t>.5^ 13^ =^ 13 X^ooig^Sg'; ras 0.01160714,, 
5 ^. as 5 X 0.00055803 afc 000279015, Therefore 2 ^J.+ t^li. + .05^^. 
= 0.51439729 C. the Anfwer required, and fo for any other. 

^ , _- JBAP^tBM XXL 

346. To reduce a given Decimal Fraftion into a Vulgar one of a givcrr 
Denomination : or which is the £in^ thing *». To find the Value of a given*. 
Decimal in the known Parts of Coin, Weight, Meafure, &r. 

Multiply the given Decimal Fra6Hqpkwith the given Denominator of the vul- 
gar Fradion whofe Numenoor k required, and the Product will be the faid 
Numerator. 
' Ex. gr. Let it be required to find thcr Value of the Frafitional Parts in* 

5.6270834/. in Shillings, Pfence, and Farthings. 
Here die Integer is r /. Sterlings therefore the 5 in the Place of Integers is 

5/. then becaufe 20 is the Number of Shilfings in a Pound, therefore 

0.6270834/. is the feme with *0X°:^2Z°52i/. or ^^^1668 ^ ^ 

i'l.54i8<58j. 

* Again becaide x2 is die Number of Pence in a Shffling, 

therefore 0.541 668i is the fame with 122^2:511^, or ^l??^ 

12 12 

(hi. loSy i. e. with 6.5000 1 6 J. 
LaKly, becaufe 4 is die Number of Farmings in a Penny, 

•therefore a5oooi6i. is the feiwwkh 4252:522^ 

4.4 
f. e. with 2.000064 ^i. Confequendy the value ofthe Pradlion 
required is 5/. 12/, 6d. 2jr. near. See die Work, in die 



wkh 



5)6270834 
20 

i2f54r66«fo 
12 

6[5oooi6 
4 



2(000064 
Ex. 2^. 



r443 

Ex. 2. What is the Value of 0,8142361 iJ. Troy ? 
The Operation is as follows. 

o{8i4236i/^« 

X 12 a the Ouwes in lib. Troy, 



MM1» 



9I770833* Oj8. 

X ao = the P^. in 1 Qz. 

15J416564 P.fF. 

X 24 = the Gr. in i PJF. 



1666656 
«33328 



9)999936 Gr. sn 10 GratHS nsAtly. 

« 

Therefore the Anfwer is 9 1)2. 15 P.^ 10 Gr. And by thefe two Exam* 
pks it may be pr^umed that the Learner will fee how to answer any of the 
uke kind. 



tm 
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of the ^les of Practice. 

ft 

DSFINITIOK XXXI. 



ious Rules ufed among 
Queftions of the fin^ Rule 
of Three DireA, when the firft Term in the Proportion is Unity. 

Problem XXII. 

348. To refidvc Queftions by die Rules of PraSki. 

This is only to beleamed by Fxamples. The only general Preoeptf diat 
can be ^ven, is this, diat the Learner be very expert in what is ddiver'd 
toncerning the Aliquot Parts of a Pound, Shilling, (Sc. (In. 292) and with 
the particular Tables of the Commodities he is to deal in. 

Eicmifle i. What is the Value of y%^6lb. Weight of any tiling at a Far- 
tiling per lb f L e. If ilb. coft k jr. What will j6$6lb. coft at that Rats ? 

Here bccaufe i jr. is the 48th Part of a Shilling, therefore the 48 Part of 
7856 ^s. or, whJai is the fame, the 4. of 4. of 7856 qrs. will be the Anlwcr 
reqiared in Shillings, as folI<>w5. < 

117856 jri. 



t re 



[45] 

7856 jr J = the Price of 7856 lb. in Farthings, 

1309. 2 jn = the Price in Three Half-Pences and Farthings. 

16(3 J. Sd= the Price in Shillings and Pence. 

8/. 3 J. 84 = the Price in Pounds, Shillings, and Pence. 

Example 2. What comes sgS^lb. to, at 3^n. per lb. 
Here 3 qrs. is the ^-^ Part, or the i of ^ of a Shilling. 

5963 the Price in three Farthmgs. 

1490 .gqrs = the Price in Three Fences and Farthings. 

-.4. 37|2i. 8^. lyr = the Price in Shillings, Pence, and Farthings. 

18/. 12 5. Sd. I jr = the Price in Pounds, Shillings, ^c. 

Example 3. What comes 61 54.^ lb. to, at 4 J. per lb. ? 
Here 4^. is the j- Part of a Shilling. Therefore 

^ 1 61543 Fourpences = the Price in Fourpences. 
.j4. 2051 1 45. 4^ = the Price in Shillings and Pence. 

10251b. 14.S. 4^ sc the Price in Pounds, Shillings, and Pence. 

Example 4. What comes 4793ft. to, at gd. ^qrs. per ft. .^ 
Here the Price may be found firft at 6d. then at ^d. and lal^l^t ^qrs. and 
the Sum of all will make the Price; at 9-i^. as follows. 

4793 ft. at 94-^. per lb. 



23965. 6d = the Price at 6i per ft. 
11985. 3^ = the Price at 3^ per lb. 
2995. 6d. 2 qrs. = the Price at 3^r5. per ft 




to be added together. 



TIT 3^9|+'^- i^' 31^^' ^^^ P^icc at gdX per ft. 2=. 

194 . 145. 3 5. 2 qrs. the fame in Pounds, Shillings, fc?f. 

Example 5. What comes 7893 Yards to, at 10^ d. ^xTard? 
i»7893 Yards at 10^ per Yard. 

2631.5. = the Price at ^d.per Yard- 
26315. = the Price at 4 J. per Yard 
i. 13 1 55. 6 J. = the Price, at 2 rf. />^r Yard 
1645. sd. id. the Price at iqr. perY^rA. 



ard. f^°^ 

i- Vorri J 



added together. 



1 



T|T 6741 1 5. 11^ li. the Price at lo^d. per Yard in Shillings, Pence, (^c. 
I 337'- ^^' ^^^' ^^' the fame in Pounds, ^ Shillings, fcfr. 

Example 6. What comes 6578 Yards to, at zs.per Yard? 



N 



,Th-s 
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This is performed by cutting off the Figure m Unit's Place and doubling it 
thus 

657I8 Yards at 2 s. per Yard, 
65^1. 16s. the -^;^^r required; 

The Rcafon of this is plain, fince the Price of 6578 Yards at is: per Yard 
comes to 328/. i8j. (Ini 339) the Double of which makes 657/. 16 s. And 
fo for any oth^r. Whence it the given Price of che Integer be an even Num- 
ber of Shillings it is but multiplying the Number of Integer? by half that tven 
Number of Shillings, doubling the firft Figure in the Produft for Shillirtgs* 
and the reft of the Produfl will be Pounds for the Anfwer required : As irt 
the three enfuing Examples. 

Ex. 7. What comes 2378 Yards to, at its. per Yard ? 



Anfwer 1426/. 16s. 
Ex. 8: What comes 543 Ells to at is. per Ell? 

X4 = i 

Anfwer 2iyl. 4s. 
Ex. 9» What comes 784 Feet to, at i9s. p^ Foot? 

Anfwer 705/. i2j. 
Ex. 10. What comes 157 C Weight to^ at 175. per C 
157C. at 17 J. perC. 

133^- O9J. 

The Price at 1 7 J. per C. 
Ex. II. What comes 307 Oz. to, at 5;. per Ox. 

Anfwer I ( 76/. 15J. 

Ex 12. What comes ysS^^ ^o ^^ 13 j. 4^- P^r C- -^ 
755 C. at 135. 4 J. 

251/. 13^. 4*^. ^ the Price at { \'; J j; } per C. add 



251/. 13^- 4^. 



503/. 6i. 8i. the Price at 135. 4^- P^ Cent 

Ex. 13. What comes 935 C. to, at 5 J. 4^- P^r C. ? 
935 C. at 5J. 4^. per C. 
155/. i6j. 8i.l the Price at j 3^- ^*^V Pcr^^-add 

249/. 6 J. 8</. the Price at 5 i. 4 A pcrC. 



£». 14, 
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Ex. 14. What comes 353 Yards to, at 3 /. 95. 3^.' 3 qn per Yard ? 

353 Yards at 3/. gs. 3 A ^qrs 
C SSs. 3d. 7 

< 22 s. ^d. > the Price 



353X9 



C Oi. sd. 

ice at ■< oj. -^d. 

Cogs. od. 



to be added 



T»4-3287^- 3^- 3r- 



i^rtuMMdM 



,64/. 7^. 3^- 3?'-«f. }. the Price at S ^: ^^- K' I to be added. 
1059/. =r 353 X 3 J C 3'- o^- o«- o?«^- J 

— ■ ■ ■ ■ ■■ ■■ ■■ 

1223/. ys. 3d 3qr. the -^^fe/w^ required. 

Ex. 15. Witat comes 562^ Yards to, at 7^, 6 J. ^^r Yard ? 

562I. Yards at ys. 6 d. per Yzrd. 

'jo!: 7;. } *« ^"^ ^f 562 Yards at { f;- ^^ }; add : 
35. gd. the Price of the 4. Yard. 



u 



210/. 185. gd. tht Jnfwer rtqmed. 



Add 



What comes 13 C. 3jrj. 21 S* to, at iB. €5. 8d. per ( 
J3C. 3qrs. 2ilb. at i/i^. 6j. id. 

"i': 6,. 8A> '^^^'« of '^^- " {oi. °6,. Si. 

. 13s. 4d = ' ■ ^ ^"^ = the Price of 2 ^s. 

6j. 8i = the Price of i ^. 

3 s. 4^801 the Price of 4. ^. or 14/*. . 

I J. 8// = the Price of^ ^. or 7 /i'. 



18/. Hi. 8 ^. the ./*j/&^ required. 
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Chap, VHI. 



{)f Evolution, or the Extrusion of ^ots. 

Problem XXIII. 

349* T*0 find the Monome which is neareft equal to the Root of any 
X given Refolvend beneath the Tenth Power. 

Effe8ion. 

3 . Make a Table . of all the Powers beneath the Tenth for all the Nine Digits 
as follows, which may ferve once for all. 

p 

Koot^ or firft Power, 
Square or 2d Power, 
VMbeof^^Pouer. 
Fourth Power. 
Fifth Power. 
Sixth Power, 
Seventh Power. 
£ighth Power, 
Ninth Power. 




?ij64 



2187 16384! 7^125 






6sdi 65556 390625 



««M 



196^^ 262M4'95i3l2s 



• 117649 
_??314j 
5764801I 16777216 



1097 



^2 679616 ^ 

16077696 403 5^6o7>f 34217728 



15*1 47Bi 



969 



4?0467»i 



3S74204B9 



2. Diftribute the given Refolvend into Periods (In. 287, 288.) 

3. From the Table above fcek the neareft Homdogous Power to the higheft 
Period, greater or leffer than juft. 

.4. Among the Digits m the firft Line of the Table, feek the Root of that.Ho- 
mologous Power, which is the Figure or Monome required. 
Ex. gr. Let it be required to find the Monome which is neareft equal to the 

fquare Root of 43046721. or 43046721' (In. 287, 288.) 'Here the 
higheft Period is 43000000 the neareft Square to which is 49000000 greater 
than juft, whofe Root 7000 is the Monome required. Whence the Square 
Root ot 43646721 is fome Number between 7000 and 6000 (In. 160, 290.) 

Scholium XIII. 

350. If the Refolvend be higher than the loth Power, the Table may be 
enlarged at pleafure. 

Problem XXIV. 
35 !• To extraft the Root from any given Refolvend. 



Efe£lion. 



t. Find the Monotne neareft ec]ual to the required Root, and note whethef 

it be greater or lefler than juft (In. 349, 350) 
i. Subtraft the Homologws Power of that Root from the given Refolvend, if 

it be lefler than juft \ or the Refolvend froAi it, if.greater -, and call the 

Remainder the /fy? Diwd^wi. / . . 

3. Divide the Homologous Power by the Square of its Root. 

4. Multiply that Quotient into half the Difference of the Exponent of the 
Power uibtrad^ed ft6ak the Stitaare of the £iid EaepOneht. 

5. Wich that Produft divide the firfi T>mdtnd^ and cadi die i^uotienft the fi-^ 
ccnd. Dividend, ' ' 

6. Biviacabuble riife "fe'cWt 6f 'thfe HdniologOus ?dWer by Ithe Eixponent left 
one,. and'BOiie fhe Qiioticiit ^ .. ;*;•?. I' . 

7. With that Quotient divide the fecond Dividend^ in Tuch manner, that the 
Quotient Figure be alwuys twice added to the Divifor, if the Homolc^ous 
Power was taken left Tfijkn juft, or fubtrafted from it, if greater •, viz. 

' -enee,- -before it be tnukipHed ineo 'tJie Divifor, -and onee \^th the text 
^aotient Figure foUow&ig. 

8. Obferve in this Divifion that for every Place of Figures annexed to the 
J&ivifor, a Period of v^q Figured muft be drawn from th6' Dividend ; and 
for every Period draitrn^ befides the firft, a Cypher muft be placed in the 

■^petifet '" ' C * ; ' ' * ' 

9. The Quotient thus found, ' added to die Root of the Homologous Power, 
when taken lefs than juit, or fubtra£t:ed from it, when greater^ will be 
the^Root reowpd, if ic^the Square ; but, if it be the Reet of any higher 
Power, exafi only to tht-gd, s+th, gfh, (^c. Places of iMttCSk acooiS^g 
as the Homologous PMA h nearer, or farther from b<mg. equal to the 
given Refolvend, Therefore in extrafting the Roots from all Powers above 

. ibe'.S^|ii»vb ; '£ the'Aooc ifi'^^d^ ^^ bfehcft cb&^I^ KMfid at the l^rft 

10. A fecond Operation muft be made vcMi iStfk WStSAt^ffiik fb^ rtifed 
from fo much of the Root asTis;«]jMAdy found true, or nearly true, piXK 
cceding witfai it, and the .givea R^olvend as befone, according as that 




' to 81 Places 
one. 



hfc^ at jcaft.^^^ Place ^ foi^rjh Openmon 

s, t^c. every roUowihg Operadoil ftill tripling tbe » foregoing 



The 
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made (as ic is investigated 



•(In. ^) is. . • ,■-.:' ■ ■ •,,••,-'. • • " ■ •} • .t 



d 



rssh^'l 



"^ ■>■■ twm t% 



HLbte 
t 



■ \ ' • 



Here^ is put for the Root of the aflumed Homologdiis Power, 1/ for die firft 
Divfdiend, m for the Expooenc of the Powcri r for &e remaining Burt of the 



Root, pssm x^^ r s;5 * + ^ =3 the given Refolvwid v and the S^s + 
or — are uied according as i is leffir or greater than juft. In particular 



! . , a .. . d d 



d . : ' d 



^«>±Tnr: '•■^«*±^ 




w ■ 

Whenoe.ic app^ia diat inextrai^^g the Square Root, the: third, fourth, 
and fifth Precepts of the forcing Solution, are entirely (huck out, tfat irft 
aiKl iiicoiid E&videndft being die ia<i)^ / 

BMomfe I. 

Let it be required xb eztrad the S^piare Root fix>m die ^ven Rdbheiid 
43046721 cs r. 

' Here theSqpiare next lefi to the higheft Fbiod 43000000 is 36000000 :^^^ 
whofeRootis 6000 as ifefi than jdl, Theitfbre <i = r — » =s 7046721 
dve Dividend to be divided by 2^ s 12000 aoooidii^ 10 die Direttoos P^ 79 
and S, as follows. 



X2000 



^ - • 



t J« 3 



"*■%. 



1 "i 



4-560=^ 625. •.. =5.. X x^f«- i 

13060 7967 •• '^ ~ - 'v ^ 

+6i=s^ 7836.. =s6,xi3o6. 1: ij- 

I3I2I 13121 ' * 

13121 = I X 13121 

(O) ' : 

Whence the Root foupjht is 6oco + 561 = es^ifas may b^'^Qved by 
muldplyii^ 6561 bto it &lf. ' '- 

Let it be required to extraft the Square Root from 4304674 x.. with the 
affiuned Square more than juft. 

49000000 ^sshb i ss TooomoK thao-juff.. — 

430467*1 = s r 

^ ■ 140 , . ss 2J 

•—4" °'* 

1360. )5953*79 =** — »• = ^^ (439 ««^ - - 
,;«—43«s»^ 544* ••• *4v ^-'3"^»\_ -.: 

1317. 5132 « .• 

—39=' 3951 ••= 3'X»3i7* 



13131 118179 / 

w8i79.«. ..9Xi3«3* ' 



f • I 



(o) 



■' \ 



« • • 



Wheooe the jlooc Ibiight is 7000 — 439 B. ^5^« «* **»^. 






fytmfU 



J ' 
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Example 3*. 
Exti^fl the Square Root &om the Surd Refolvend 17ZS ar, , 

80 s. 2^ 1728 (41.56^ Cif^. ssrjp -^ # the Root lequired* 
+ 1 =5 ^ 16. • cc.iJ 

81 )i28 = r— W 
+ 1 81 ^' 

825 4700 

+5 41^5 



83-06 57500 
+6 49836 



-4*9 748161 



83.1382 1823^ &C. wd infinitum. 

Example 4. 
; required to ^xtraft the^Cube Ro 



i4 .11 



426. 328706216 4 47 = r. ' 

Here the neareft Cube to tne highcft Peciod. -42£, ^^y the Table is 345 
ss bhb whole Root is 7 s ( lefi than juft. Therefas the Tifaeorem^ is 

the fecond Dividend to be divided by 7 4* ^« ' * . j ^ ! 

^ ^^^^^B ^^^^^» ^^^^^^ > • > * . 4n^ . a 

+ 5» = * 375 



^* 



S.02 f(l3Q 

27 = tf 1604 



«■ 



8.047 57633 

tiff. 56329 

Hence the reouired Root is found at the firit Operation to be 7.527 toe 
uch in the laft Figure, but exaA in the reft. 

Where^ 



'^fnmdme aBtu^ '9 a 7*$rf for a £eoai Opmtion, thoft Ohef 



♦• fca 4 s 6.447671 t 83 gPKitcr Uian juft. 






^ :&£ ^> _ r « 1189155966553^ «l ai o.oGsa6$4f the fecond Divkknd. 

7,527 e* . 
* r*,0Pa 7as#^ 

7-5*^3 ^ 0.0052684^ (0.0007 » > 

52684X 



The true Root requiml u 7.527 -* 0.0007 es 7.5i63« And if the Divi* 
fipps ,b^ concinued kh this U& Operation die Rootthui fcfmi will continue true 
to the I^thP}l|lceof'Fig^l%s, whickis j^ at tbefiift 



Here the niareft Hmcbgaus Ppwir (by tbe Table) co the hijg^heft ^dkid ^t 

72 ttMA^t tdiofe'RoDtisisdk^kBtlisufiaft. ' 



Example $• 
Let it be required to extraft the Pirft SurJUid RDd^ from die Number 

^^■kiA M^BH^PHM^Bi^KP i^HBM^MVrikHMV ^BMvi^^lHaNiap^P 

af2.97 I 5^c||276o883 2 asf , 

Here the nearoc Hcmoiogeus Powir (by 

ts-^asMMJ, t»facifiriloot is 2 sA^ lefi tllatf jcft. 

^ = r — i* ss a97 1 589^276088^ --jpp sis aoi2t44 &^ for tbe ie* 
-txid Dividend to be divided by 4i»4>< or i •f «. 






I. ss I *. 

.012144 Wc» (o«ia » # 
'?' . , . 

f.oa2 ^04k , '1. 

2044 



1.01 I b.< 

4- 12 8S ^' 



• r 



(o) 

P Thb 
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• The true' Root li:2^6joi2^t.6t2^ yAadi by thhMetedis ftxmi cuft to 
Six Places of Figures, at at the firft Operatio;) :^e Reafcn is» b^ouift the lU^ 
fumed Power is equal to the hlgheft Period of (he RelblTend 

SCHOLXVM* XIV, 

15a. After (ht fame Manner may the^Roptsrbe'fxtraAbd from any other 
Pbwers aflignable, according to the foregoing j^eneral Thcurem, from whence 
the Learner 'witt eafily fee now to dedtic^pilticular ones at Pteafure: as is al- 
ready done to his Hand to the 9th Power. And in the Extradion of Roots 
from all Powers whofe Exponents are Cmpo/u Numheri (as from the Bi^ 
quairak^ the Sixths Eighth^ Ninths tenlb^ Twelfth^ Stc-Pown^s) the Di- 
regions (In. 150) are jdd be obfervi^d. 

• - • 

Scholium XV, 

. . . - ^ * 

353. The firft Inventor of the .Method of Divifion ufed in the Seventh 

Precept of the EfK&ion of the laft Problem was the IngenioMS Mr. John 

jyiard of Cbefter ; but in the ExtraAion Of Roots ftocn all Powers above the 

Square^ he erronebufly adds or fubtraAs to or from ^ IMviibr each Figure* 

of ^ but once, inflcad of doing it xynat : And fo renders the Woiic left pei"- ' 

left than it wou^d be« - ^ 

• • 

Probjuxm XXV. 

354. To cxtraA the Root from any Power^ In fuch ibrt, that 5 Figures, 
at teafit but generally mpre^ wi}l conic . out true at the foit Operation, : a5 
at^'feoond, 125 at the d^, tSc. evei^ following Operauon quintuplii^ - 
the fbre^ii^ one, 

EffeSHw* 

All Things bdng reprefented as before, the Efied^on of thb Problem is 
performed by this general Theorem.' . ^ 

... '^ pd 






Whence are formed dieiidlowii^ particular fbttrms. 
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tnl 






*± 



id 



JMi 
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J* 



rTss^+ 



4* 



- Alt »J^ i , 



i± 



2» 



«••«• 



■i 



= *± 



"t 



j± 



=»* 



• R 



fM-y 



k± 






«»± 



3£ 



3^ 



5 «oH 



a* + 
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JL 

^b±^±t 



^± 



54* 



mn 



t± 






VM^i^'*"'**^^ 



3^ 



tr*± 



28^t 



94i* 



m 



6 
? 






h± 



3^1 



X 
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ia»' 


1 




3 
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»± 




.4^ 



U 4 



m» 



^o 45J! s «»• 



f^sib± 



9d 3d 
165M . 55b* 
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• Example i. , 

Ijet i|D be re^piitd ta extraft the Cube Root from tiie Number 



>«ritaMpi 



897289. 216458094594 9i9646777707=r 

r 

Here i* the neareft Cube to. the higheft PQiod is 100000O9 whole Root it 
;xoos ^ more than juft. 

JZmriM^ r'' SB J — "r ^ ' 

<^ as MKXSOOO^ 3 = ««-55J9 €«''«• f* - '50.0 



y sz 897289.2 6r<. M^ 1.71181 ^(f. 

i« m,rsidss. 102710.7 C^f. r* -""as ** 148»*88 6^. 



r 






148.288 



148^ 8f 100.0000 as b 

145.288 )5i3-553( 3-5481 -e ^ 

^•5 435-864 ^64^1^- j^^r-rTthfi tree Root to 

141.78 77 689 the 6th Place of Figures at the firft Opera- 

—.54 sse 70 894 ckxu 

i4i-» ~" 6 795 

_— _ 5649 

141. I 145 

I 129 

14 14 

(o) 
Therefore for a fec(Mid Operadoa aflume b a 964519 ,^lvfaofe Cube 

^■^■■■■■flHK MHB^M^MMBlA VBMBI^H^HBMV W^^i^i^^"^^^ fllMM0^^H^M^B ^^^^^^^^^^^^V . ^^ 

^•» 89 7289. 037003810359 lefi than juft. 

d 

Tbeorenit rf sab A- , v "* " 

a ^d» ^ 

r — ^ = rf = a 1 79454* 842 3 59 1 9M777707' 

S. = 0.0018605572750347027562723699 ^'^^ 

^ = 0.0009302786375173513781361849 6?^. 

2? or --rr » 0.0000096450006429873478 W*f. 

r ^* . 

■TTT SS 0.0000032150002143291 159 Zifr. 

2« s 14467785 

2 



^ + Jjj « 144.677853215000a i4349"59 ^'• 



a 144. 



144^77^5391 jaooai454f 1 1 5t 

«^o.ooooo6 



C J« ] 



«44.67785^i5ooo2i45«fii59)o«oj}oa7W375i735i378i5^»Mo.ooooW4«W99^*»»»^ 
-M4=« 8i$8o^7i«9290ooi28597469S4 



144^778^)^1 S0002 143391 1 s 

1446778^^640003 14399 1 
-4?»99=« 

144^77866073900214339 

-4*99=* 

^ ■ ■■. 

144^7786607489031432 

■h99=y 

144^778660749892143 
-fcr99=: t 

I44tf7786«974999n4 

"H99= * 

I44tf778^6o7$ocoio 



NM7^8tf*?5teoi 



1*4^778^075 



-i446778tftf075OO 
i44^77S^*>75o 



«ii 



i44tf778M«7f 



144^7786607 



144^778660 
144^778^^ 



144^778^ 



» 




144^7 
1446 



623it%8tSS7350<3^i^i499S 
5787ii4^246oooo«5t|i^4^ 

8^»598i350oU4«98532 
93* 57|t07oooo43865833 

1446778^0650003141^709 
13021 0079457^00' 9^0^19 . 

1446778660740002145090 

. 1303100794665101 9289<i- 

144^77866074900814129 * 

130210079467401192896 ' 

144^778^^4990212)3 

13021007946749029289- 

144^77866074999*944 
13021007946749 9^028 

144^7786607499991^ 
1902 10079467500092 



ly2io6y» 46 95W H » 

444679866o«4#H 
ll62i»P7f4g750Ot 

144^77^66074804: 
1^021067946 7500 

iaatl0fl7^4<75Q 

23021067 9 4675 

144^77865879- 
ifotf 00794^ 

* !■ > ■** 

I44677864I9 

t902iuo9946> 

144^77846^ 

If 02X00794 

144^77^72 
130210079. 



»44<7»r 

1302 1007 

1446587 

»44487^ 
130210 

14^77. 
13021 

129^ « 
1156 - 

100' 



b = 96.4519 

^ =5 0.0000064299999999999999999998 &r. 



^ ^ tf = 964519064299999999999999999998 &r. s fl* the Root 

required 



IJ9 3 

required only too litde by 2 at the ^oth Figure,- For the < 
96.45190643 as may4}e tried by involving it to the third Power. 

Example 2. 
Let it be required to eztradl the firft Surfolid Root from t 



i*««i«i 



32 .97158 932760883 22= r. 

Here b^ the n«reft Homologous Power to die bighcft Period is 32^), whofe 
Root is 2 s= ^ lets than juft. 

d 

daar — >, ==0.971589347608832, 5*^=40 
-p = 0.02428973, ^f. 3jss6x)l2 14496 {sff^ 

2.01214486 &^*.B ^4" -^ 

-f^o.oi =-^ . 2;ooooo Cf^i^. = J.. 

2.02ZI448); o.a242897;3 (0.01 1999998 &fr«.« f.. 

ilLlLf. iS^fifl! 2^11999998 6?r. = rT the Roo^^ 
2«o33i44 4068284 only 2 too little at the lodi Figure at 

+19. 2033144 one Operation. For the cxad Root . 

■ .0360* 303600* 

4-9 I«3«4J: 

2.036 20357- 

^^ 1*325 

2.03 2032 

^.. I«12 

2.0 200 

2< 17- 

I- 

W^ 1*05 ^*"^ the Row «!•' Ae jiJjth Pmirrtttntte gii^- 



C<o3 



Ac neorcft Homologous Power 
Root is i ss >, Icfs than juft. 



f*— S65gX>«*» 



/«=3f5X ^ =66430, ?=66430X ^ s 80380JO 

^» — 365J = 1479063950, pZ^q - 0.00004491354143 C^c.dssr 

mmb*** ae 0.0<;, ^ = ^ - a= 0.00000214567707 6?if. 

^if^fc E 0.01 639344*6 6f^. ^:^ * 0.0054345386 Gff. 

^^^•"^^ - .,x4 s= 0.0002717469 <£?<•.• 

p.-. 365JX*'** . 

0.0166651695 6?.. = ^_ * + «=p^ 

I *■ ' 

+0.0001 =s ^ . 1. 00 €sfr. «s » 

0.016^6516^5) o»oocoa245677o7( o»oooi3368o4 &«^. =^ 

• + 'g^^^ ^^5' ^95 1.0001336804 efr. = J + if « 

6:016895169 56^16012 ^j^, theRodt true (at the firft 

+ 33 50< »>S50^ Operation) to the xoth Figure i 

0.01692816 6230504^^1 too little bf 3 at the iith^ 

4. 36 5078456- And a feccmd Operation per- 

— — L~— * Vft" ^ "formed after the lame manner^ 

0.0169317 . ;>^^ ii5^^^4' t^j^j^ ^^ ^^^ fo^^ R^t ^ 

T^-^ ' "•" ''^ • i2i£25!^' . for b, will bring k to 50 Places 

0.^)16932 V 1361491 of Figures at leatt For which 

135459 it will fuflice to Iwrvc, at moft^ 

'^"—r^ * V ' the so highcft - Figures of thefe 

t>-'0|69s J9Q Powere J'^S i*•^,>»'^ But 

^21 the firft Operationls. abundantl]^ 

:^3 lufficioit for Pradice. 

ScHOLIUff XVL 

355. For die Invcftig^don of the fbtitim whereby thk new Medi^d of 
£dcira0icH ii performed^ i^ (Im 504.) 

C ft A F- 



C H A f. IX. 

356. ' A 'R^J P'i'G f -<>^ 4l&f^ . i« ?he: wodckjg bj^ Arj^fifid Numben^ 
Jl% qalled :Jj>garitbms^ which are fufeftitutcd m the Place of fJaiurd 
Numhrsy by means ^\itx^/ MultipUcdtitmh^jpc^ DrDi/Mft 

by Stfhtratlfony and EktrbSKoH of Rodts 'by diVidiri^ the- l^hren RefiSvind by 2, 
3, 4, &f^. according as it irfi Sjuare, Cttbey RquadnOti &c. 

Db/ini*tion^ XXOtlll. 

357, ItlhaB been fiiAwri j[IA. 2*20) that any (JedmetritarSeife* whq^firft 
Term is Unity may be repfdentcd, if iiicrt^ng above .Unity, By 

I ' . ./I^*4qccwdag.i&iel6w P^ / L * r' ' * 1 

And the Exponenls qV every Yuch Series are, a Rirft of .Tertm' m*'^ whole 
Hrft Term is o arid common Commbn Diffj^rente 'h'Vnixy (In. zii.) 

If then th^ Terms /m -r- be fct "over their telpeAive Terms in -li- as in 
the two fellowirig SerieTcs (wh^rc :Si^.'ir.i =±: 2) ^ - - - •- '•' 



ArithmHicd Progreffim o . i /i .^j . 4 .5.6.7,8.9 fcfr. 
^Cemitrkd P^gnffiM i . 2.« 4 » 8 . .16 . 32 /^4 . 126 .256.. 512 &r. 

The Terms in the former Series are ftiled tiie Ijigariibms of their re* 
fceftive Terms in the latter : And the Terms in the latter a*c called the 
ffaUiral Numbers of thofe Logarithms. Ex. gr, o is the 'Logarithm of 
the Number i, i is the Logarithm of the NanAer 2, 2 6f 4, 3 of 8, 4 of 
x6, Csfc. Where it b.dJBpaeent 

• Ftrfty That die Sum of the Logarithms of any two or mpre Nai;unil Num- 
bers afliimed zs Factors is equal to the Logarithms of the ProduSl nude by thofe 
FaHorSy and vice verfa^ that the Difierence made by fubtradbg the Logarithm 
t/f any one given Nuniber from ^ Logarithm of another, is the Loganibm of 
the Qsotient which arifes frc>m the Divifion of the latter Number from the 
former.' (In. 153.; 

SetonMyy That the' Logarithm of a Square is Double the Logariihm of its 
Root, of a Cube Triple, of a Biquadnitse C^dmide^ &^. and vic^ v^fa^ thaf 
the l^gariibm of the Square Root is one half the Logarithm of the Square, 

R of 



C <5» 1 

of the Cube Root one third, of the Biq^adnux Rpotone Fourth, &f^. (&h 151^^ 

152.) 

Ex. gr. In the two Series^ abo^e : Let the two^ ^adors propofid' be 4 and* 
$2, whole Logarithms are 2 and 5 ; then t^ ^^j Hy^ Ijogariibm dt i28a4X32.. 
So 5-^2 ss 3 the Logarithm, of 8 == 3 2-7-4. 

Agam, &ippofe it were required to extraft th« lffiqa»drate Root fix)m the 

o 

Number 256 whofe Logarithm is 8 : The 4th rf 8 or — • fe 2/lth* Z.^11^ 

mthm^of 4 V, fiberefore 4 is the Biqu^date Root required,. For if the Kumbec 
9i whofe l4gaikbm is 3, to be myolved ttxc}ie third Power, then^3)(3 =1:9 the. 
Logarithm of 512. ;. therefore 512 is the Cube of 8^ 

H^yfOTHESIS V^, 

158. If the Scale of Fbaner^^ i,,. lo, ^oo, xooo, ^0000^ i^c. have for- 
At^ Logaritbmr q, i,, i*,^ ^/ 4? ^^•- 

4nd coofequently the Fradions o.i, o.pi, 0.001,0.0001, &r« 

have for the)r\L0;tfri/£nii' , . ^-i; ,^^. -^k. r-4» .^f- 
(In. ;54, 220) then the Logarithms for aU thf intennediatie natural Nonur 
bers between i and 10 will be fome feuXohal "Nimibeiii between o and i ^ 
the Logarithms fbrf afrthe' natural Nitoheitf bctiTttn 10 an^'ioe will be be-, 
twpen. h and 2* (^c^ ,lfi. ;like ipanner die Logarithms fpr alt the Fraffions be« 
tween x and o.l ww be femeNumbeii 40e^d with the Sien — , i. e. with 
ipme T^feSvoe Nftmhet between q^aqd — j k- the Lsigarithms ht ail. die Froths 
0tts bemeeno.! and 0.01 ^^fae betwe^ «mi aivl -1^-2, ,C^«: 



.HYPQTIUS1.S yi^ 

359. But becauf^thus Ae Logarithm of no inoermediftte Niturai' Number 
can be exadUy found, therefore tt^y tnuft in general be carried to iiich a cer-- 
^in Number of Fraftions, as iba\^ be thoi^t fufficient for U(e. And fucK 
a Number df 'places n here 9, th^nf fore the ex^ logarithms are to be adapted 
VCQvd^p^y as.b the following iSerieses.^ . 

Lcg^ithms 0.00000000, x.00000000, 2.00000000^:3x0600000^ 4.00000000, 8ck 

Jmftral'Nitmlrrs y. ,10 160 loca xoooo 8r». 

P«piNjTiON X3fXlV;. 

3€t>. The^ Figures, to die Left-hand of tl^ Point il»< every Logarithm^ 
are* called the CUzraSmfticks of diofe lAgaritbms. Thus o is die CharaSt^ 
rifiick of all the Logarithms to the Numbers between i and 10 : i is thq 
Gbara fferijii€k ot all the Logarithms to the Numbers between |o and ipp : 
^ betiveent ioo and imo : 3 betwjDen ipoo and ipooo, (^j.^ 



Jxi nke manner the CbifraSEriftick of all the LogarUbms to all the Fra6& 
enal Numbers between i^and o.i is «»o, between o.i an(f o.oi is •— i,. 
between coi' and q.oo^ is^ **-»2, between o.ooi and o.oqoi is •^3, 

Problem XXVI. 

361. To make a Table of Logarithms according to the Htpatbe[es (In.. 
338, 359) for all the Ihtermediiate Numbere between i and' 10, 10 andT 
ioo« 100 and 1000, leco and loooo. 

And firft to find the Logaritbms for the Intermediate Numbers between* 
I and 10, whfch Ex. gr. let be done by firft finding the Ecgarilbnn of 
die Number 9. 

EffeEim. 

h. Nfake -/f=:i, B ^ 10 whofc Logarithms hy ^n. 358; 359} art 0.00000900* 
and" r. 00000000 as m die Table beneath. 

_ • 

2, Find a Mean Geometrical Proportion C= 3.16^22777 between A and 
B (In. 200) : alio a. Mean Arithmetical Proportional = 0.50000000 be- 
tween dieir refpeiftiTe Logarithms (In. 17S).: whkhi will ht ^t Lagaritbm 

5. Becaufe C is much leiler than 9^ find a Mean Geomitrical' Pf'oportiosidt 
2> acs 5.6234132' between B. and C: Alfo find a Mean Aritbmeticat' 
Preportionai =0.75000000 between their rdpeftive i^^^ ri/A/wi, whidv^wiil; 
be the Logarithm of 2>. 

4. Becaufe D is yet nuich kfien than 9, find a Af^k?^ Geometrical Preform- 
tiond E 3 7.49894^ le betwetn j9 and Z> ; Alfo find a Ai!ftf;i Aritbmeti- 
cal Proportional saS 7500000 between theii: reipedlive Logariibms^ whicb: 
will be the Logarithm of £.. 

5. Continueythus nhdihg Mean Geometrical Proportionals^ fo long as thcf" 
cither exceed or falf fliort of 9 by the Value of o.ooooooi, according; 
to die Number of FradHonal Parts which the Logarithms are defigned to- 
Gonfift of: Which will not happen till the twenty and fixdi Trial, as ia.thc' 
following Table., 



Mean Pro- 
portioftals. 

A 1.0000000 
C 3.16227.77 
B lo.ooocooo 



^pi 



B 10.0000000 
J> 5-623413^ 



Logarithms^ 

0.00000000 
0.50000000 
1 .00000000 

I. 00000000 
0.75000000. 

0.§pOOQpQO 



Mean Pro- 
poftionals. 

B 10.0000000 
^ 7-4989421 

X) 5-6234132 

B 10.0000000 
F 8.6596432 

£ 7-49^942i' 



Logarithms^ 



1. 0000000a 
0.87500000 
0.75000000 



i,oooooo<>a 
0.93750000 
0.87500000 

M€t»: 



l^&an Pro- 
porRonals. 



1^1 



imJ, 



B laooooooo 
<? 9-3057204 
F 8.65 96432 

^ 9.J0572Q4 
H 8.9768713 
jp ^.659 643 2 

G 9.3057404 
/ 9.1398170 
H 8.9768713 

J 9.I398I70 

X" 9-<^579l77 
H 8.9768713 



^579777 
\t. 9.0173333 
i/ 8.9768713 

i. 9-o'^3333 

if^, 8-997o5'9S 
^ S.9' 7g87i3 

JW 8.99^0796 

N 9.0072008 
'O 9.0021388 
jVf 8.99^6796 

.0 9.0021388 
P 8.9996088 
M 8.9970796 

O 9.0021388 

ilt. 9.0008737 

P «;99 96o88 

^ 9.0008737 
JR 9.0002412 
? '8.9996088 



LeSftfrJ^/^m^w 



■b«di 






0.96875000 
0.93750000 



0.96875000 
0,95312500 
093750000 

0.96875000 
0.96093750 
0.95312500 

0.96093750 

0.95703125 
095312500 

0.95703125 
0-95507812 
0.95312500 

7> f .— ^ 

0.95507812 

0.95410156 

0.953^2500 

©555078 la. 
0^954^89*4 
0.95410 156 

0.95458984 

0.95434570 
0.95410156 



liUb 



•0:95434570 
0.95422363 

0.95410156 



'U« 



0.95434570 
0.95428467 

0.95422563 

0.95428467 

0.954^5415 
0.95422363 



fortbndls. 

-R 9.0002412 
S 8.9999250 
P 8.9996088 

j^ 9.0002412 
7* 9X)ooo83 i 
^ 8.9999250 

5* 9.0000831 
F 9.0000041 
5 8.9999250 

V 9.000004X 
X 8.9999650 
S 8.9999250 

V 9.0000041 

r «.9sf99«45 
JT 8.9999650 

■ lit ti— •> P ■Ini. ^ 

. Ik 9.0000041 
£ 8.9999043 

r 8.9 999845 

^ 9.0000041 

» 8.99995(92 

2 8.9999943 



i^« 



^ 9.0000041 
h 9.0000016 
10 8.9999992 

^ 9.00000^6 
^ 9.0000004 
^ 8.9999992 

_ . p _ _ _ 

T 9.0000004 
i 8.9999998 

^ 9.0000004 
^ 9.0000000 
^ 8.9999998 



LfigarSAmsi 



MMMMMfti 



Thtrefdfc the Logarithm of 9 is 0.95424251 near. 



0.95425415 
0.95423889 
0^95422363 

0-95425415 
0.95424652 

0.95423889 

0.95424^52 
0.95444271 
0.95443869 

0.9542427* 
6.95424080 

Qt954238^9 

0.954242 71 

t).9i54t42i7 
0.054240%*) 

^Mfc— ^ »i » ■ ■ t » 
0,954^427(1 
0.95424223 
0.95424 217 

095484:^^1 . ' 

0:9542424^ 

0.954242^3 

0^5424271 
0.95424259 
0.95424247 

o;95424259 
0-9^24253 
0.95424247 

0'954!H253 
0.95404^50 

0.^5424247 

0.95424253 
0.95424251 
0.95424250 

Aft( 



t6i J 

^* After the- f^mc maiin«'» if Mean Prop&rtxonals ht found between A and 
C with their relbeftive Logarithms^ wUI be found the Lo^ritbm of the 
Number 2 : And fo lor any other Number. 

7« T£e Logarithm of all Compoftt Numb^rs^ or fiich as are compounded of 
other Numbers^ will be had from the Logarithms of thofe Numbers of 
which they are dompounded, and vice verfd ; Ex. gr. the Logarithm of 
9 doubled will give the Logarithm of 81 ; trebled will give the Loga^ 
rithm of 729, 6fr. and halrcd will give the Logarithm of ^. Again the 
Logarithm of 3 added to the Logarithm of 9 or fubtradted from die Lo- 
garithm of 81 will give the Logarithm of 27 : And if the Logarithm of 
3 be added to the Logarithm of 729 it will give the Logarithm of 2187* 
if iubtraftcd from it the Logarithm of 243, (^c. And fb for the Lo^ 
garithms of any other Numbers. 

8. When the Logarithm of any Number is got, the Logarithms of all 
Numbers on the fame fide of (i^ e. either above or below) Unity which 
are in a ten-i<Jd Ratio qf it, arc alfo had by only changing die Cba-- 
raSteriftick according to the Place ofthehigheft Figure (In. 36o), Ex.gr. 
the Logarithm of 21 87^ found as above, is 3.33984878 ; therefore the 
Logarithm of 21870 is 4.33984878 = the Logarithm of 2187 + the 
Logarithm of 10. The i<>f ^ri/i&m of 218700 is 5.33984878.: of 2187000 
is 6.33984878: &r. The Logaribm of 218.7 is 2,33984878 = the 
Logarithm of 2187 —the Logarithm of 10. The Logarithm of 21.87 
is 1.33984878 : ot 2.187 is 0.33984878. 

9. Then for Logarithms of all Numbers in the fame ten-fold Ratio be- 
low Unity fubtra£t the Logarithm of that Number whole htgheft Figure 
is in Unite^s Place from the Legarithm of 10, and the Difierence with 
the Sign — before it will be the Logarithm of that Number which is 10 
times lefs. Ex. gr. the Logarithm of- 2.187 is 0.33984878, therefore 
iht Logarithm of 0.2187 is — 0.6601 5122 : the Logarithm of 0.02187 
is — 1.66015122: of 0.002187 is — 2.66015122 : of Q.0002187 is 
—3.66015122 : fcfr. 

And thus may a Table of Logarithms be formed to all the Int^ers be- 
tween I and 1 0000, and coniequently by Pre. 9 to all the Fra£lions be* 
tween i and 0.0001, which is ufually (tiled the Canon of Logarithms: And 
may be encreafed at Pleafiire. (^ E. E. 

Problem XXVII. 

362. To find the Logarithm of a Number greater than any contained 
p the Canony but lels than looooooo. 

EffeSiion. 

I. Cut off as many Places lb the Right-hand of the given Number as may 
make it not exceed loooo. 

S 2. Find 



^4»f 



7. Find the Logarithm. oT the Number fo cunaHed in thcTabfc. 

3. Subtraft that Logarithm from the L^jf tfW/Aw of thq pe^t greater Number, 
and note the Difference* 

4. Say by the Rule of Three, as 10, too, 1000, or i 6000 (^cording las the 
Places cut off from the given Number wefe y, 2». 3I <^r 4) iiSto taat t)if- 
^rence; fo are the Figures cut off, to the Difference -between the Lu- 
garitbm of the Number: c\lrfailed> and die Lfgantbm of the given ; Num- 
ber at Length, nearly 

5. liet the Number fo found be added to the Logtv-itbm of the curtailed 

. Number, and the Sum will be the Logarithm reqiyrtd : Ob|ferving its due 
CharaSIeriJiick {In. 360.) Q: E. E. . ,' '. .\' :'..'. 

Ex.gr. lit it be fequuted to'fend 'tlit Lt>j^ariibm oi V^t Number •92375. 
licrc the g^ven Number needs but have one Figure cut'pfi' to .$ring it b^- 
low loooo, the Number therefore curtailed is 9237, whqfe. Logarithm in the 
Table ia 3.9655309. The Logarithm of the next greater Number, viz^ 
5^38, is 3.96557^80. The Difference of A^ two Logarithms is 0.0000471,. 
Then'. ■ ' \ '- ', ] 

• 'V , e f^ -.471 =5.- ^'3^ ' ,^ ^. ^'. 

Thergppre 4.9655309 + 0.0000235 =; 4.9655544 is the Logarithm, re- 

jjuired. 

Problem XXVHI. 

B ■ .ft a * 

363^ To- find the Ij>gariibmotz ^proptr Vulgar Frafihn. 

' . ^ • • • 'EffiSion. 

Subtract the Lagarilhm of the Numera«>r from the Logarithm of* the De- 
flominafior, and prefix the Sign — to the Remainder, and it is done* , Ex. gr^ 
the Logaritim of 4 ^ Q-8450980— 0.4771213 =? — 0.3679767, 

PROBtEM XXIX. 

• • • 

364. To find the Number anfwering to a given Logarithm^ which fs not: 
ex£M5lIy contained in the Tables. 
This Problem admks of two Cafes. 

Ca/e I. 

If the CbaraSeriftick be 3 •, i. e. if the Number to- which the git^n .1^ 
garithm agrees be between leoaaod loooo.. 

EffeSiiotu 

1. Subtraft the Logarithm of the next lefler Number from* the Logarithm 
of the next greater, and alfo- from the given Logarithm. 

2. Say by the Rule of Three :. As the .former Difference is to Unity, fo isv 
the latter Difference, to the Excefe of the lumber fought above tfe'rtext 

fellei: Number nearly. - ' 

3. Add 



JrAdd tot Exoefs to the Itfrcr' Number, aridthii Sum Will be the dumber 
. *>ughu ..Q^.E, E. 
^*Zr. Lct.it be required to find, the Number anr^erihg to thei^^j- 

ftv^3.75$99g2: ; , . . '.' / . •..; 

The next crater Ugaritbm 37590632 \ ^^^^ Numbers arc X 574^ 
The next kiScr 37589875 S ^y^^^y^ **r ^ gy^^ 

The former Difference ' 0*0000757 ? 

The f ircn X^f tfrW» : 37589982 ^ . 

The next leflcr 37589875 



•^1 

I 
I 



The lefler Difference 0.0600107 • 

Then 757 : i *as 167 : ai4>>Kar/v. 
Therbfdie 5741.14 ^ ihe Number mpred.^ 

Cafe '2. ■ ■ .-..--..... 

If the Cbara£lmjifck be o, 1, or 2. i. e. if the jturhbcf to which Ae £^- 
garitbm agrees be between i and 1000, then the ,CharaSIirijtick)% to be chan- 
ged into 3 ; and the Number anfwering to fuchJC^Hii^ ibi%h^ 'f6r ^ above. 
And that Number, with one Place cut off, if th; given Gbars^eriftick was 2, 
two Places if i , three Places if o> will be th& Number Rq^irdf* 

Ex.gr. If the above g^ven Logarithm )^zd^xsxi ^7559^82, its correfpond- 
ing Nunftber would have been 574.114: if 1.75895*2, it v^uld have becrt 
57.4114: if 0.7589982^ it iWwdliave been 5.74114, 6f^. 

Problem XXX; 

365. To find die Nutriber aniwering to a ^iveh JUfgaHthmy which is grdsttcr 
tbsB. any m the Canon* 

EffiSHcn. 

r. Sbbtmft the Logarkbm of the Number lO, lob, 1000, or ibobd, fill a 
Icffer Logt&iibfh be Mt thiii the laH in the Tible. 

2. Sfeek the Number anlWerlng td that leflfer hogariihm (In. 364.) 

3. Muldply that Number by 10, 100,. looo, or loooo, and the Produft is 
the Number fought. Ci E. E. 

E». gr. Let dfe Nuihbdr be fiyught which agreft to the Logarithm 
77^9982- StibtraA ftoitt the giv^n LogariiMn 7.758^82 ^Logarithm of 
lOOoo, which is 4.0000000, and the Remainder is 375^9^82, Which by Ae laft: 
is tte Logarithm of 574X.14. Therefore 5741.14X10000 = 5741 Hoo is the 
Number fought. 

\ PROBLEM'' XXXI* 

366. To find the Number anfwering to a givto defeAive Logarithm. 

EffeSlion.. 
I. Let the Logarithm of loooo be added to the defeftive Logarithm j u e. let 
the latter confiderM as Pofirive, be fubtraftcd from the former (In. 382, 383.) 

' 2^ Seek 



H " 



C « 3 

^. Seek the Number agrttmg to die. Remainder, and dbat will be die Nume- 
rator of a Fraftion whole Denominator b lodoo. Q. E. E. 
Ex.gr. Let the Fraftion be fought agreeing to the defc6Kvc Lagariibm 
—0.3079767. Subtra6l:"+o.3 679767 from 4.0000000, and the Remaindo* 
will }^ 3.6320233 the Logarithm of 4285.71. Therefore the Fra£tion fought 

is -i^-52L= 0.428571. 

Problem XXXIL 

367. From three Numbers given to find a Fourth in Geometrical Propor- 
don (In 196.) 

"EffcEltan. 

1. Add the Logarithm of the fecond and. third Terms into one Sum. 

2. From that Sum fubtraft ^tLogaritbm of die firft Term, and die Re- 
mainder will be the Logarithm of the fourth Term required. 

Exn gr. Let the given Terms be 4, 68, and 3. 
Log. of 68 = 1.8325089 
Log. of 3 = a477i2i3 

Sum = 2.3096302 
AS"- ^f 4 ~ 0.6020600 Subtraft. 

Remains Log. of 51 =: 1.7075702. Therefore die fourth Term fought is 51. 

Scholium XVIL 

368. The firft Audiorof this moft ufeful InVendon of Logarithms was the 
Noble Lord Neper of Scotland at EJinhurgb^ A. C. 1614. But die Form of 
Logarithms which we have was afterwards iuvented by him, and communicated 
to the learned Henry Briggs Profcflfor 6f Geometry at Oxford^ by whom a 
Canon was publifhed at London^ A. C. 1624, for all Numben frcnn i to 
20000, and for eleven other Cbiliadsr vit. fnm 90000 to loiooo : For aJl 
which Numbers he calculated the Logarithms to 14 Places of Figures. 

Scholium XVHI. 

36^. The forgoing Method of treating upon Logarithms^ fixxn Prob. 26, 
is chiefly borrowed m>m the late excellent Edition of Wclfius^ endded EU- 
menta Mathefeos Umverfa. . 
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ARITHMETICAL INSTITUTIONS. 

PART III. 
Of Species Algorisnl 

C H A P. I. 
General Definitions. 

Definition I. 

370. PECIES Algorifm is the Method of handling Quanti- 

ties in Specie according to AffeSion. 

Definition II. 
371. By ^iT^iiMi of Quantity is here meant its contrary 
Procedure from Nothing, which is denoted by the Signs 
'4-P/«j or Mortj zaA — Minus or Lefs: Ex gr. If-(- a fignifics fo much 
Forwards, then — a will fignify the fame C^aniity Backwards. If -|- « 
■fignify fo much Upwards, — a will fignify the fame Downwards. If -j- a 
denote fo much Stock, — • a will be the fame in Debt, ^c. 

A Parti tion 



t»J 



Partition L 
372. Quantities in refpeft of their Jfe£lion^ are ftilcd Pofishe 2itid Defilfiv^i. 

Definition IIL 

373- Pojitive or Affirmative Quantities are known by the Sign + prefixed 
to them : as + 4, -f-^j + azy + 27. 

Difinition IV. 

374. BefeHive or iVigr^/iv^ Quantities are known by the Sigji «-r prefixed: 
to them : as — • tf, -^ i, — ^ 2, •— 27. 

Definition V. 

375. Such Quantities as are of the fame AffeSlion^ (i. e. are both Fofttivt 
or both DefeSive) are called Co-affeSled^ and fuchas are of contrary JffeSiumsy 
(i- c. the one Pofitive and the other DefeSfive) Contra'offeSicd. 

Definition VI. 

376. The Balance of two Cmtra^affeSled Quantities is that which remains, 
after the SubtraAion of the lefler from the greater, and is of the fame Af- 
fedion with the greater. Ex gr. If a Man have in Stock 7 /• and be in. 
Debt 3 /. then the Balance of his Eftate is 4/* Stock, or 4/. more than no- 
thing : If he have in Stock 5 /. and be in Debt 7 /. the Balance of his Eftate- 
is 4^ Debt, or 4/. leis than nothing. And if he have in Stock 7 L and be. 

in Debt 7 /. the Balance is nothing. ' 

• 

Postulatukt. 

377. That every Quantity may be confidered either z:^ Pofitive or Defeifhti. 

A X I O M I. 

378« If % Whole be Pbft^e or Defe^ive^ all its Parts are fo too.- 

Corollary I, 

379. Therefore no Pofitive Quantity can be a Part of a DefeSlvoe one, 
flor any DefeSlive Quantity a Part of a Pofitive one ; i. e. Cemtra-affoffed^ 
Quantities cannot be a Part one of another. 

Corollary ir. 

3S0. Therefore only Co-affefled Quantitieft- can be added into one Sum or 
Whole- Ex gr^ 



X<> 



[5 I 



To 
Add 


- 


-a 


4-7.« 

H-3« 


— a 


~7^ 


• 


— 2/» 

-3* 


Sum 1- 


-a-\'a\-\-ya-\-3a\ 


— ^ -*^ 1 — 7 ^j -* 3 ^j 1 -|- ^ -[- J 


— 2 ^— 3^ 



Or I 

mmmmmm 



2a 1+ lo 



\a*^ 2a\ 



loa l + tf-f^l — 2j — 3i> 



DEFINITIOli^ VIL 

38 1* The Sum of two C^ntra-aff^ed Quanucics ia the fame with the Ba* 
lance of thofc Qjjantities (/^ 57^*) ^^ i'"- 



To 

Add 



4-a 



H-7« 
— 3tf 



irih 



— ya 






— 2a 
+ 3* 



Sum isl + a — g |4"7o — ^gtf l-"7tf 4- 3*n-««— ^|— «» + 3^ 
Or J: o iKi Hr4« * ^-^4^ (wU4-^*J— 2<»+ 3* 

Corolla a^Y III. 

382. Hence it fs evident, Aat to fubtraA a Pojitivi Qmntiiy, is the iantr 
as to add a DefeSwe. Ex. gr. 



From 
Take 

Rem. 



Or 






^a^-^a 



+7<» 



+7<» 



— « 



» . ■ , I I « " 1 , 1 ' 1 1. 



■' .. ' ■■ 1 ' 1 I ^"W-f, i II' 
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4*3» 









+ 2^ 

+ 3* 



+ 2^— 3^ 

II 1 i I ». 



+ 2*1—3^ 



-2^ 

3* 



—2^—35 



—2^—3^ 



Corollary IV. 

383. And to fubtraft a Defiaive Quaatity, is the fame as tb add a^ P^ 
JHivc ont. Em. gr. 



From 
Take 

Rem* 



Or 






+tf+tf 



. +2tf 



4-7^ 
—3^ 



+ IOtf 



+3^ 
~7# 






+ ioa 



—7a 
—3a 



«« 






— 3<» f 
—ya 



4-* 



— 3<i--t-7d ' ^-d-4-^ 
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Corollary V, 

384. Therefore Species Suhtraaion is the fame vi\t\i Addition^ only changing 
the Signs of the Suhrabend, 

Corollary- VL 

385. Hence it appears that ^antitj has been treated of hitherto, onFy as 

AXI 0M« 



C-v] 

Axiom II. 

386. If a Pofitive Quantity, be multiplied or divided by a Pofitm Quaa- 
tity, the I?rodu6t or Quotient will be Pofitive. 

Axiom III. ^j. .. 

387. Any Wholes J, whether it ht Pofitive or DefeSive^ bears the fam« 
Ratio or Refpeft to its CthajfeHed Part ^ , i. e. ^^-ab contains or is con- 
tained in 4-tf, the fame Quantity of Times that ^--ab contains or is con- 

tarn d m — tf : or, which is all one, -\ — = and -r — i "^ -?• 



li' 



Corollary VII. . . 

388. Therefore the Quotient, which exprefles how often ont DefeStivc 
Quantity — *a is contained in another DefeSive Quanitity — /i b^ mufl: be a . 

Pofitive Quantity. For '^—-^ = ^T^ ^V ^he laft, and ^^^ = 4- * C-^^* 

Mm M ' ' 

386.) Therefore ^=~ = + * (/». 21.) 

Corollary VIII. 

389. And confequently the Produft, which is nude by multiplying one 

DrfeStive Quantity — ^ i into another DefeSive Quantity -; muft be a Po^ 

fstive Quantity. For '^ — = + J by the laft, and '^ — = — a i x — ^ 
( J». 113.) Therefore — aix — — ir'+i (/». 21.) Thus alfp — ax 

1— J =: J- tf i =s 4-4X 4- ^- 

Corollary IX. 

390. Again, if = + J (/». 388.) then — ^ J =r + *x •— j (/». 85,) 

i. r. a Pofitive Quantity multiplied into a DefeBlve one, or a DefeStive Quan- 
tity into a Pofitive one (//j. 85.) will make a DefeSive Quantity in the 
Produft, 

COROLLpiRY X. 

391. Alfo a D^Srw Quantity divided by z Pofitive 0M9 or a Pofitive 
Quantity by a De/effive one, will make a DefeSive Quantity in the Quotient. 

For — <i i = — ax -f ^ by the laft i therefore ^ , » = — « , or ^^t — 



[ 5 I 

=:: — i (In. 77.) and 4-jx-|-i= — 4X— J :(lii. gBp,) therefore ^ = ^^r 
^ : '^hsz^^a : 4^ (In. 190O -coofeqiiciidy ~t- ^ZTji^'^^^ 

Corollary XL 

392. Whence we have ihts general -Rule for Species Multiplication and 
Divifion, that Co-uffeOed Quantities give a PiftHw ProdiiA or Quoeknt, 
and Contra-affeHei Quantities a DcfaZivi one ^ Lt. 

S +X+ lan^5 -^- ? give+ JPl^dua ? i>.S'^'*''"^I!i'*^~'' V 

1^ •*p^ — — ^ 

l-fr-rn-^+tin thejQuotient^^r. ^-^ = ±^ ^ =1* 

Corollary XII. 

393. Hence every PoMper,«v4xofe Eiq3iiMnt is .an «vcn Slumber, i. e. every 
iSj^jrif, Biquadrate^ Sixth Power ^ &c. muft be Pofitive^ whether the Root be 
Pofttive or BefeHive (In. 386.) 

Cor.oli.ary Xllf. 

394. Therefore the Root of every IDtfeSlvce Square^ BiquadraU^ Sixth 
Tower^ &c. is inipoflSbk -, becaufe it fuf^fes.two iCe^affeStM Faftcrs^ give 
2JI)efe£tive ProduSl : And the Root of evdigr Def^Sivc Bpwer^ Wbcrfe fijtponem: 
K an odd Number, Q.e. of every DefeStive Cube^ Flfib^ Se:venlhj Ninth, &c. 
Power) is DefeSive. 

Definition VIII. 

395- 'Quautitics defigned by one Species are ftiled Menomes, and thofc 
dfifigned by inoce«)nnc<aed with the Signs -f- and — , Poljnomes. 

■* ■ 

Scholium I. 

396. Every Quaauty is fuppofed to be affefted with cue or other of thefc 
Signs (In. 377.; and whenever a Quantity has no Sign prefixed to it, as ge- 
nerally the leading. 2Wcmbcr in every Poljnome has not, then is that Member 
iinderftood to be -affefted with the Sign 4-. Thus Or^-^c is ^aLb~c 
b is -f^, ^=+^1 '^c. ^ ^ ' 

Definition IX. 

397. Subftitution is the putting of one Expreffion in the room of another, 
and generally the more fimplc Expreffion in the room of a Icfs fimple one. 

.. - ^ Ex. 



Ex.gr. in the Tblynome a-^b-^-zxTT + z—x^ -} — by fubftituting p 



X 



'W+2X2^' + z—x^ -{ — , we have this more fimple Expreflion tf+/, which 
is equivalent to the former, and therefore may be ufed in its ftead. 

Corollary XIV. 

398. Whence every Polyn$me by fubftituting a Lettier for all the Members 
except the firft, may be taken as a Binomial. 

Definition X. 

399. And the Ufe of this Species Arithmetic m the Inyeftigation of Theo- 
rems, and EfFeftion of Problems, is called Algebra. 



CHAP. IL 
of Multiplication and Di'vijion. 

Problem I. 

400. ^T^O multiply one P^ol'jnome into another. 
j[ EffeSfion. 

The EffeHion of this Problem in Species is direftly as in Numbers, ob* 
ferving In, 392. for the Signs, As follows. 

a* — Sab^bd x^ — x^^x — i 

a — d X'-^x 

— a^d4-3abd — bd^ x^ — x^-^x—^i 



4^— W— 3a'H'4^W— W» 



* • . 



^x-^iz r" — ti 



— 6xz — 42' 
^x^-^Sxz 



XZA 



2X 

3* 



6itz\a — b* 



32 



J— 



f 



[7] 



? — ^ ?- 



2 



ip 



2?-l^/-t^«=2J— ^/— « (In.384.) 2/J— |/?*— «= 2/)J— «*-flf. 

3Ar+ 2z \/ 3^— ^g _ 9^^— 4Z* .^^ . 

Problem IL 
401. To divide by a Polynome. 

Effe^fion. 

1. Let that Term in the Divifor which is contained in moft Terms, and 
the ofcneft in each Term, of the Dividend be put in the firfl; Place, that 
which is the next often in the fecond Place, and fo on. 

2. Let the Terms in the Dividend be ordered accordingly ; viz. Let thofe 
Terms which contain the firft Term in the Divifor ftand in the firft Place, 
thofe which contain the fecond, in the fecond Place, and fo on ; obfcrving 
in the firft Place to fct thofe Terms, which contain the firft dividing Term 
oftneft, before thofe wj;iich contain it lefs often. 

3. Set down the Divifor and the Dividend according to the Dircftions 
{In. 321) obferving {In. 392) for the Signs. Examples follow. 



— 3^*^i^3^^^ A^ — x^-\^^ — X 



abd — a'-b * ^' — 9i*' 

abd—d^b a»— a*- 



-X — X 



» 



3x4-22)9x*— 4^*(3^— 2« 32jU— ** /*M^— 6 A^ 

qx*'\-6xx ^x\a — b^ 

♦ — 6xz— 4x* * 

^—6x2; — 42^ 

— r *" 



m • 



9^ 



41'—-. 



4* J — 3 a*^4^M 



in 

g^ 3^^^ — 2g _ 3^+^g 

7F • ij— ^ ^^irpjqpgj 



(In. 1x44 



The four next fddkiwing Examples I 
$o»^ Urtherjal Arifbmetick^ p. 25, 26, 27. 



ihi-^scb 






-^a 



Mhi«A 



— 2tf^i-4-2i»V 

^ — .... ^^ — 



>} 



>*-?)/ 1^^^45>*--''*-»'^^*:-'^^(y* *^'+^+^«' 



f 






I 

I 



4 



L.,i 






— ' T"'^ «» ^j« ly/^^ 












•2tfy^-|-tf*y* ^- 

^af-^ia^y ' +3^'y 



Jb<,a- 



4^ 



»•+ 



a* 



[9l 



jr—i)** • («»4.«»4^i4.^-f-^4.j4.^eifr.or*»4-*»4-*'-K-l-«i-f»r-« 



*♦— » 



» 






• +»--J+*-*6?f.=;J^ 









Here the Quotient is an /»- 
Jf»f/^ Geometrical Series^ cither 
Dccreafing or Incrcafing, ac- 
cording as X is greater or leffer 
^ « than l/wVy, whofe firft Term is 

£ _5 x^ and common Divifor =#r. 

X — X* 



t r 



x' 6?r. ad infinitum. 



a-^b 



( 






a' 



*-|-tf^4*' 



^j Here the Quotient confifts of two Ittfi' 

— - • ffiff Series^ the Former having all its 

db dh* Terms Pofitive, whofe Hrft Term is - or 

a a * j^ 

, dS* ^ ar-^db* i and common Multiplier — or or* 

■■ } ■ ■ I * '^ aa . 

** *» i the latter having all its Terms De- 

, db* . db* feftive, whofe firft Term is --or a-^db\ 

» a* a* and common Mutiplier the fame with the 

' " " ' former. 

J- ^t' ad infinitum. 



^ jt a — b 



a 



^ ^ . Here the Quotient \% znlnfi^ 

a nUe Geometrical Series^ whofe 

^* * firft Term is ~ or a-'S% and 



a fl* 



^ common Multiplier is ^ or 



ii 



4 



£i*» db^ a^ilfi 



a» tf* 



6?r. tf^ infiniium. 



a^ 



^i J e ee eee 



In like Manner ^_^= ±^ _i4-. — i+ _£ tfr. 

a* a\a^ aa\a * aaa\a^ 

Scholium IL 

402. The Quotients of the four laft Examples to the foregoing Problem are 
ftiled Infiniiinomials \ where it may be obferved, that if ii in the fecond Ex- 
ample be put for the Numerator, and a for the Denominator Icfs r of any- 
Vulgar 



Vulgar FraAion, and 6s x, we will have all Vulgar FraAions^ except it ex- 
preued by. an In/imte Series^ thus : 

6fr. tf^: C?r. ■ Gfr. 

In like manner, if i=i ^=i, and tf= any Number greater than Unity in 
the third Example, then — r= — h -r F , +-:+-7^^* which is a con- 



ilant Law for exprefling any Vulgar Fradtion by an Infinite Series, whofe Nu- 
merator is Unity, and Denominator a lefs i . 

And, if in the fame Example, b (till equal Unity, and d be put for the 
Numerator of a Vulgar Fraction, and a for the Denominator increafed by 
Unity, then have we another univerfal Law for exprefling Vulgar Fraftions, 

as follows, 

• » 

f = j^=M-A+A+.t* ^c- therefore t=i=i+ A+A ^^• 

COROLXARY XVI. 

403. Whence it appears, that if a be put univerfaUy for any Integer, 
then 



&c. &c. &c. &c. &c. &c. 

Which gives an univerfal Law for expreffing all Integers by an Infinite 
Scries an infinite Number of Ways. 

Othcrwifc 



ife any Integer may be put into an infinite Series of Ac feme Va- 
lue, according to the laft Example of the foregoing Frobi^m^ by niiaking 
11=2, and^=i, and ^= the given Integer ^ thus, 

d A d d d d ^ J. 
a — b 2 — I 2 '^4 « 8 *^io * 32 



•-J 



CHAP. III. 
Of the Compoptton and Refolutum.tf Powers, 

I 

Problem IIL 

404. Tp ROM the Binomial Root b±e (f. e. b-\^ or i^-f) to raife any 
X; Power aflignable. 

EffeSlion. 
f. Put»i for the Exponent of the required Power, by which Means the 

m Power of b±e will be exprefled hy b±c 

2. Set down the Geometrical Scries^ ^•"* i*^* ^-^^ b^'^ IF^ 
&c- till the laft Term be 1?-=- 1 . 

3. Multiply each Term of the ft)regQing Series into each Term of this 
following one, vix. into tf°=i e^ e* t^ t^ e^ &c. and the Series that 
refults will be b'^ b^'-^e **-*tf» ^"-V i*-*^ i^^e^ &c. till the laft 
Term be***^=^ - 

4. Conncft all the Terms with the Sign -{-, if *-f-f was the Root : And 

with the Signs [ 1 [- tfr. interchangeably, if ^— r was the Root; 

thus b^ ± b^-^e^b'^ *e*± ^r- V-f*"- V ± *•- V &c. 

5. For the Coefficient of the firft Term put i, of the fecond Term ix 

=m. of the third Term ix . — x =/>, of the fourth Term ix .x 

I 2 '^ .12 

X =f jof the fifthTerm i x x x x i=r, of the fixth Term 

3 1234 

|x— — X -x X — x ^=J, £s?r. then will the required Power of 

» 2 3 4 5 ^ 

*^±beasfo]lowsj^i:^= ^^ i-x^^^V^— k ^"^'^ia-X X 

I -' * I 2 12 3 



^w-V-I^x -2^ — -X -X ?l^-^c^±-x X -r— X ^x Z^«»rV+ 

* I 3 3 4 J a 3 4 5 

~x X X ^x -^x— ^^-"M &c. = **±w^*'—V-r-/>i*-*^* ± 

123 456 

, JE. F. i. t. 



b±^e =i*±2*«4-^* 

J±7 =i«i:6i'^i siVizoK'-j-i 5*'«*i:6^r'4^ 

&C. &C. &C. &C &C. &C. &C. &C. &C. &C.&C.&C. 

Otherwife the Powers of k±e may be raifed by Muldpiication, according 
to (Ifi- 40O') as follows i 

h-e 
b—e 









b*e-\*2be*~fi» — b*e-\-2bg'''—e* 

l>*-\'Xb*e+ be"^ b*—zl>'g-\-be* 

^c« &c. 

Hence are deduced the fc^lowing CoroUaties. 

D COROI.' 
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COROLLAIIY XVI. 

405. The Square of tfie Sum of any two Quantities is equal to the Sum of 
the Squares of the faid two Quantities, together with twice the ProduA which 
arifcs by multiplying one into the other. The Cube of the Sum of any twa 
Quantities is equal to the Sum of their Cubes, together with thrice the 
Produft' which arifes by multiplying the Icffer into the Square of the great- 
er, and thrice the Produft which arifes by multiplying the greater into the 
Square of the lefTer, &r« as in the Diagrams above. 

Corollary XVII. 

406. The Square of thr Difference between any two Quantities is equal to 
the Sum of the Squares of the faid Quantities lefs twice the Produd which is 
made by multiplying one into the other. The Cube of the Diflference be- 
tween any two Quantities is equal to the Difference of their Cubes made lefs 
by the Difference between thrice the Produd of the leffer into the Square of 
the greater, and thrice the Produft of the greater into the Square of the lef- 
fer. And fo for higher Powers, as in the foregoing Diagrams. 

Corollary XVIIL 

407. Every Power raifed from a Binomial Root cQixdOiS of one Term more 
than its Exponent. 

Corollary XIX. 

408. In the Scale of Powers whofe Root is J±^, the Coefficients of 
each (which by the celebrated Mr. Ougbtred are ftiled their Undo) proceed 
thus, ly?, The Uncia of every firft Term is Unity. 2^/y, The Uncia of every 
fecondTerm is the Exponent of the Power m. ^dly^ The Uncia of every third 
Term is a Triangular Number^ whofe Root or Side is m — i. J^bly^ The Uncia 
of every fourth Term is a firft Pyramidal Triangular^ whofe Root is tn — 2. 
5/i/y, The Uncia of every fifth Term is 2ifecond Pyramidal Triangular y whofe 
Root is m — 3. 6/i&/y, The Uncia of every fixth Term is a third Pyramidal 
Triangular y whofe Root is ^1-^4, 6?^. From whence is grounded the Jaft 
Precept in the foregoing Effcftion. 

Corollary XX. 

409. The Uncia of the firft and laft Terms are the fame, alfo the Unciit 
of the fecond and laft but one, of the third and laft but two, of the fourth 
and laft but three, &fr. 

Corollary XXI, 

410. The Sum of all the Uncia of any Power raifed from a Binomial 

is equal to the Homologous Power of 2 or j-|-i. Thus, the Sum of 

the 



IM 1 

the UncU of the Square is i4-2-|-i=2* or 4 : the Sum of the Unci£ of the 
Cube is 1+3+3+^—^' ^^ ^ • ^^^ ^^"^ ^^ ^'^^ 17>?«> of the BiquadraU is 
i-4-4-|-6-f-4-4"^— ^^ or 16, 6?^. 

Corollary XXII. 

^** ^** ^* ^ 

4.11, Bccaufe^-'=r,^*^*=T;i^""'=7-3» ^^- (In. 154. ) therefore ^±^ 

^«^ ^w^» ^t^ ^^* ^"^5 

may be otherwife expreflcd by b*"±fn^ ^ ^ \ P ^Tx^i~TiT^~ri^^—j — \-i 

~ &c. If then we put P=b and ^=p fo that ^*=|:, Sit=j,^ ^=~ 

^=^l,y ^^=^6, and b ± e=P i'P^we Ihall have F±7="?±T^=P« i ~! 

^rh-x — P*^* ± -X X -P*^^-h-x x x — ^P« ^ 

'12 ^12 3 ^^'12 3 4 "^ 

d:— X X X -X -^P*^«4---X X X ^X -X—T^ 

12 3 4512345 6 

P« ^^ &c. And if again, we make P^ =A ^P" ^5 ~x^=^P* ^-C, 

—x X P'^^^D, -X X X ^xP''^*=E, -X X 

123 1234 123 

X .^x ?P*^=F,-x i-x X — ^x — -x-r^P''Q' = G, Csff. 

4 5 J^ l_^ 2 3 4 5 6 ^ 

we Ihall have b±^-P±P^J ±^^^-|.^5^± HLZlc^J^-^HZl^D^i: 

^^-g^ 1 *"7^ Fl^ii*^GQJkc. Which is caUcd Sir Ifaac Newton's 

Theorem ; this being one of the many Inventions found but by that great 
Man, and is faid to be writ upon his Tomb-ftonc in Weftminjler Abbey. 
For the better undcrftanding of which Theorem,, take the following Example 
in Numbers. 



Let 



Let it be required to raife the Binomial jfrl^y, to thc'fiftlV Pbwen 
Here m—5, b=P=4,, <f==^^3, therefore ^=fr 



tn 



'=P*= 4* = 1024 =yf 

— -^^=5xi024xJ— 3840=5 
• » 

2115^ 2x3 840xA= gy6o —C 

2 



W— 2/^/;> 



C^ ix576oxJ= 4320 =Z) 

!^ZiD^ ix432oxi= i62o=£ 

f £^= f x 1 620X J= 243 =F 



3 



4 



s 



Z^/r^^: OX 143x^=1 o=G 



Therefore 16807 =^^5+C-f.2)+£+/^ is the Fifth Pow- 
of 4-|-3=7- And fo for any other. After, the fame manner alfo may the 
Root of any Number b±e=P±P ^ht refolved by putting ^ for m \ i. e. by 

making i—m for the Square Root, i=m for the Cube, i,:^m for the Biqua- 
dwte, £s?f. 

Problem IV. 

412. To raife any Polyncme to any Power afligncd. Ex. gr. To raife the 
^mdrinomiall'\-x-\-X'\-y to the Fourth Power. 

Subftitute x+ z-|-)i=^, and inftead of ^+;v+2+y wc will have h-^ (In. 399.) 
then (In. 404.) 

^iA^i^^irf ^'^^^^"" •■^■■■■^J 

Therefore, if thefe feveral Values of if, ^, ^, and tf* be fubftituted in the FormuU 



4 



**4-4^'is4-6*V-f 4*^^+^, we ihall have ^-|-;^|^-f.y 

4-6^*x*+i2i'xz+i2/^»xy+6^*2*4-i2^*zy4-6^3'*+4^^^+i2^^ 
^^*y -y- 1 2^;^^:^ ^ 24^^i2y + 1 2^Ar/-|- 4i2'--j-i 2fe*y4"i 2izy*-4" 4^y^ 

^ -4 x'^ jf 4^6Af ' z * + 1 2 Af * Z3f+6^y 4 4;v2^+ 1 2 ^z*y4"i 2^/+ 4^^^ 
6z f \-^t^f'\-f for the Power required. 

Problem 
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PROBLZM V. 

413. To raife an IttfimtimmialJ-\-By-^C/-\-Dy^-\-Ef-{-Fyi'\-Gf-\'Hf 6?r. 
to any Power aflLgned m. 

Put /f^hy MdBy-hCf'i'Dy^'hEyHrFf^GyH-Hf l&?f. =r. 



'By 

\Cy' 



^1 






Step9x 



'5jp 



By 



4 

5 
61 

7 
8 



.. BEy^'{<Ef-hDEfiSc. 

BPf-hCFf !&c. 

BCfi^c. 



9 5*:y-+?BC:^+.t^|^-^+^f ^5*+'||^^ ^t 

^ ^ D2)]) 2DJE 



ee 



tmimmm 



10 






II 

14 



iB'E') 



• SJjD 3 
B*Ey^ 4- 2JJCE ^' &?f. 



«•«■«■•«» 
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E 



Step 



Step 15 



Stcp20xjC>^ 
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3£»£ 



3^ c i Br>/-rV 



J5CCC 






fl*j*-f-4fi»C/+ 



45^D 



+ 



65 



'JJ •} 4.B^E 



45C 



^> + Cj;* -f-2)>' t^c. 



By 
Stcp24x(Qt 



Step 27 X By 



H 



26 

;8 



fi'^'+4fl*c>*+||;g |/ eifc. 



£♦1) >» Csff. 



+" 



4^ 









By^c. 






M» 



^^eeeece 



/i';.' esff. 



"^-eeeeue 



Then if in the Foma/tf *-4-OTi-^»<+/i"-»*»-t-?>^3^-f r3*r^*^+ji--^Je* 
-4-/i*— *tf*4-'yi"-7«T £<?f. (In. 404.) for h be writ y#,- and for^, f*, V% *\ #«, 
<*, tf^, fcff. be fubftituted their Values found ;as above, we fhall have this 
Formula; for them Power of the given Infinitinomial-4+5y+C>»-hZ?>'-f£;* 



h^ 
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+ 
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CoROLtARY XXIII. 

414. The lame Fonnala will alfo ferve for raifing the m Power from the 
ItAtAttnoTaaX Ay-\-By* ■\^y*-^Df-\-Ef-\-Fy* &c, only inftead cX f* there 
will be ^", y*=if^^, y*-=zyF**, y*-=zf^z. Ex.gr. fuppofe «=2, then the 
Square oi Jy-\-By*-\-Cy*-\-D)*-\'E)*-{'Fy*'\^i' &c. will be 

2AE 2AF *^^ *^^ 
^ ^^^ DD 2DE 



Again, fuppofe «=3, then Ay-^By*'^y^-{'Dy*+Eyf4--Fy'.-{-Gy &c. 
will be 

iJ*F 6ABF 0-^3^ 
3^«C iJ^D H'J 6-<B£ 6^C£ M*^^ 

A^ y*±.iA*B y*+ iAC j*+ 6jtBG >«+ J^^ ^7+ 6^CD,»+ ^ADE y>-t- A"fy* &c 

^^° 3B»C IJ*? |5*^ laCiJ 

? car 3BDD 

The Biquadrate of ^y+^f-K>*+^>*+'5y+i^>*+G)' &c. will be 

4/PC 4^»D i2A*BD 

^V4-4/f»Bj«+ >*-!- i2yi*5C >»+ 6^»C j« &c. 

BBBB 

Corollary XXIV. 
415. Confequently if A-=^B^=C=D^= ^E^=^F=G Sec, then the Sq uare of 
^y +^y"+^y^+^/+^>^ &c. or of ^xy4 ^^+)H>^-h^Hr>^ -)->^ &c. will be 
-^*^>M'"^yM^3y^^'h4 y^^5 yM'^y^"-h7y* &c. its Cub ewill be A^x)^']-gy^J^6y^+ 
rpy^ ^T sy''-{-2 1/~ {-28>^£fff . its Biqu adrate J^xy^'f^4}^ }-^Q>^+^o>^+35/ 
:i"'56>^'f 84^ "^ &c. its fifth Power A^xy^'\- 5>^+i 5>' i-35>+^7q)''+i 26>"^+ 
210;", &c. &c. Whence it appears that the Coefficients or Uncia of 
the Powers of y in the Square are a Rank of Laterals, in the Cube a Rank 
of Triangular Numbers, in the Biquadrate a Rank of Pyramidah Trian- 
gular, in the fifth Power a Rank of fecond Pyramidals Triangular, t?r. 
Ex. gr. 

If 



I" ] 

> If J=t and y=f then the Square of the Infinite Series t+J+l+i^j 
&:c. will be i-fS+A+j^ &c.it5Cubc=:j+A+3^+64 &c. its Biquadrate 
—h+A+i%+i\% &c- its fifth Power =3^ 4-,i,+,V8+aV. &c. &c. 

Problem VI. 

416. To extraft the m Root from any Refolvend ^iwi'^V-f-zf^-Vi: 

yfc"-«tf*4-ri*-^^i:j^-V+^*"--<^if* &c. and i''from^*--f-iw^^'^+i**"*^* + 
.y*^V+r*-^tf*-f-j*«- V4^**-V &c. =r. 

^ Effeaion. 

1. Find the Root * of the firft Term*'", an^^fct it down to the Right 
iHand of the Refolvend, behind the Mark (• 

2. SttbtraA h^ from the Refolvend, and the Remainder will be 4"iw*"^*^ 
^^-•^ -fji**-V4-r^-- V+J^--V+/i»"V &c. 

3. Divide the Remainder by «^'4^**-*^4^^*~*^*-f-r^-^^ &c. and 
the <Juoticot will be -f-^» 

4* Add the Quotient "4^ to the Root -|-*, and the Sum b-\^ is the Root 
required. ^. E. E. 

Whence we have the fbUowii^ univerfal Formula for extrafting the Roots 
of all Powers in Numbersi when the Homologous Power b"^^ is aiTumed lefs 
dian jufl:. 

Subtract *- . 

\^lr-^t\'plf'-^e^ \^b^^e^ &c. 



■ <) 



From whence are deduced the following particular Formulas ; 
{ijiy For the Square Root.; {%dly^ For the Cube Root ) 

A.*+2*^f ^» (*-f<=r* *^+5**tf-f3*^4^ (H-^=r^ 



i^"* 






^ 



(3^*5^ 



[ " ] 

{^dly^ For the Biquadrate Root.) 






Secondly^ To extraft the m Root from the Rcfolvcnd ^* — w^- V-t^/J***^ 

EffeEtion. 

1. Find the Root * of the firft Term **, fetting it down as above. 

2. Subtradt the given Refolvend from ^, and the Remainder will be 
-f-w**-'^— p***-*e*-+y^«-3^5^r*«-+i?^ &€• (/». 384.) 

3. Divide that Remainder by — w*"— '4^^*— *^— ^i*— 3^^ri*-V &c. 
and the Quotient will be — e. Therefore h — e is the Root required. 

•^ *-»• xL* 

Whence we have this univerfal Formula for extrafting the Roots of all 
Powers in Numbers, when b'^ is affumed greater than juft. 

*« * • • &c. 

Subtraft *" — wA"-'^^**'-*^*— ji«-5^» &c. 



mb^'^^e — ^f i*- V-j-jf^-'^^' &c. 



From whence are deduced thefe particular Formula. 

(i/. For the Square Root.) (^dly. For the Cube Root.) 

^ — 2b(f'{^e (b^r=^r'^ b^—^b^e-^^be^-^e^ (b^r^r^ 






(3^/1 



1 2? 1 

(3^/jr> For the Biquadratc Root.) 






Scholium IIL 

417* The following particular Examples are infcrted for the Learner^s 
Pradtice. 

Example i. 
To cxtraft the Square Root from iJ*+6tf»^4.5a^i*— I2i2^3+4i* 

Subtract cfi 
2a*-|-6a*— 2W ) — 4/j***— 1 2iji5-f4i^ 



[Example 2* 



.e 



4)^+4yy 
2jy+4J^ ) *— 4>y-8H-4 

— 4jy— 8y44 



Example 



Example j. 



3<fj*4"^tf'"f*4^*) * 6^*— 4(M^ 



3^^+12^^— 24ij+ 16) * — 'i2tf*— 4?^^~f-9^^^~'64 

—12^ — 4.Sa^ -Y-96a^'64. 

* i» « ♦ 

Here, according to the foregoing Formula for the Cobe Ro<h: above^ 
3*» in the firft Divifor = 3a*, ^=2a% and ibe=6a^ : 3^ in the fecond Dm for 

==3^^*4"^^» ^=—4, and ^be^yca^^^^ax — ^4. 
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CHAP. IV. 
C^ the Arithmetic of Surds or Irrational fjumtiiies. 

Problem VII. 
418. 'TpO rtduct Sur4 Quantities to their lowcft Terms. 

EffeHitm. 
A iSf/r J ^antityy where the Root oE the Whole cannot be extraAcd, 

is performed by extrading the Root of fome Divifor of it. Thus aabc^ 

by extrafling the Root of a^ becomes a^jk^: And 48 by extrafting the 

Root of theDivifor 16 becomes 4|3*, And A^aa bc^^ by extrafti ng the 

Root of theDivifor i6aa^ becomes 441 Js^c*. And ^ ^ » ^ — I** by 

extrading the Root of its Divifor ' ■ becomes x^*. And 

^r c 



.tn^X 



/)*2* jpZ 



^?V> by extrafting the Root of the Divifor tJ!L, be- 

pz I ^ 2; 



comet 



[«5] 



am 






7S' 



comes — 6*+4jnp . And 6x i, by cxtrafting the Root of the Di- 

I 1 

ifor — becomes — x 



VI 



49 



3* 3© \6* 

— or — xp , and by yet extrafting the Root of the 



Denominator, it becomes — x6*. And A> ^ 



^ » 



or a 



— , by extrafting the 



or into ax^K 



Root of the Denominator, becomes at^. And S^^Jj^i^^i^ ^, -by extraft- 

X 

ing the Cube Root of its Kvifer 84*, becomes 2a\lh\'%4^ ^ And not un- 
like this a^x\ by extraAing the .Bi(}uadrate Root of iesrDtvilbr My becomes 
^^\Ax^y or by extrai^tng the Biqiuulrate Root of the Diriibr a*^ becomes 

Ji- . A^d fa oV^ ift changpd into a^ax^ *, or into ^^, 

^Mjr'. Vide Sir ^^^ Newtorfs Algebra, as tranllated by Mr. Ralph/on and 
Mr. Cunfij pag. 49, 50. 

Scholium IV. 

419. This RiduSion is not only of Ufe for abbreviating Radical 
Quantities, but a)fo for their Addition and Subcradioo, if they agree io 
their Roots, when they are reduced to the moft fimplc Form ; for therr 

they may be added, which otherwife cannot. Thus the Root 45*1^^7^ » 
by ReduAion becomes 4l3*+5ir* = 9l3^ And 48*— — by Rcduc- 



tioa become. 41^- ^^ = q^'. And thus |^ + ^^EESS:' 



• by extrafting what is rational in it, becomes tJai* 4- '\a^*=^ U^»\ 

c 9 c . ^ I ' 

y L f t ^_ 

And Ha^^^-ita"^ ^ — t^^zai^ ^ becomes 2a\^-^2a ^ —H^ia » = la-^x 
i-^ia^. NewUfn's jSgjAray p, 50. And in Numbers 8*+x8*=2|«'-f- 



[ .« ] 

3J2»=f|2'=l5o\ 245+«i«==2|p+3lp=5fp=(375r 50*— 18*= 

5|2»— 3[2»=2]r^=8»* 

Problem VIII. 

420. To reduce Surd ^aniiiies of different Denominations to the fame 
Denomination. 

EffeSlion. 

^ Reduce their fractional Exponents to the fame Denomination {In. loy.) 
and involve each given Quantity to the Power, which the Numerator of its 

Exponent fo. reduced, Ihall dire£t. E9c.gr. J2" and>* reduced to the fame 



nx 



mr 



%m 



Denomination become 2f^ and >"". tf*and i* becomes* and **. apf^ and 



aax^ become ax^ and aax^y or aaaxxx^ and aaaaxx^. ^» and ai^^ be- 



come a^ and ai^ or aaaa^ and aabb^ 5 8* and 



2 ^ 5 / 2 

r- become 8^' and |.| 



2 
10 



or 32768'^, and 



10 



64 



1. 
, 6* and 



|- become 6 
6 



J« andK- , 



or 1296® and 



25 



8 



— . ^ and h^ become a* ai^d jt^* or aa^ and |*^- ; 2^ and ^+1^5 be- 



cbme 2a' and i-i^za^ or Stfis^ii^ and ^-f-^^^ » 6tfW and 18^^^* become 



d^^^* and |i8tf^f », fcf^. 

Problem IX. 
4ZI. To multiply or divide one Homogeneous Surd by another. 

EffeSiion. 

1. Reduce the Exponents to the fame Denomination. (/». 107.) 

2. Add or fubtraft thefe Exponents fo reduced, according as they are to 
hi multiplied or divided {In. 153.) 

3. Set the Sum or Difference for the Exponent of the Produft or Quoti- 
ent» and it is done. 



Examples 
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Exmples in Multiplication. 






** or J. z* X z* =« * or zIT* 

Examples in Divifion. 



ns+rm • '"^■"" — « !!! I. .^^* . ,_ .* 



a "' -TcT—a 



m. m^^ or a'. b * -r*"=t . isazb—isazc 



^32|J=7^ = 54J=r'. 6aH^-r2al«»= 3*K. b^b^ ^h' . z\zi^ 



2;*=z* 



Problem X. 
422. To multiply or divide one Heterogeneous Surd by another^ 

EffeUxon. 
T Reduce them to the fame Denomination (In. 420.) , , " . , 
I Mutiply or divide the Quantities fo reduced by each other, fetting the 
common Exponent over the Produft or Quotient, and it is done. 

Epfamples in Multiplication. 

h^ J =jpx^=w^. b^ x/ =i«^x c< =** X ? =bbr*x 7^=\m^ 

5|Fx2«|7^=5|*F^x2«l^=io4^^"- ■ ^ ^'■x^*=^«xS^= 



X » ' 



4xl#=«^xF^=5^'. 4»^\3b? =4Sa'bc* . zaxb^ia' ^Sa%-\ri6a* ^^ 

i6-|-84-3^ 



8+8+34+iH-32=9« ^^^^^^ 



I »8] 

Examples in Divl/ton. 
U^-r'^^TTi bV^-TC^=fF^ or i^. iOap^^*'T2a\7^'*t=5f^of 



X, 



Aa—\3bc*. 8<»^^-hi6tf* *-rP-Ia'=2a. ac 



■'^^ r 



6<?M-r I Zabf 



^Caai** 



180^ 



=l2a4 • 



AX t X t / * J. 

') M*— 6*4-l2' U*— 2*4-2 



5 
— 6» 



5'- 2'+: 



* 4-12* 
-4-12 



Epcamples in MuUiplicaliiHy when either or both tbt FaSors are in this Form. 

^4**1 * ^^/fe^ Univerfal Surds. 

. I , 

3+i'j)<^M '=3+i*/<(a*=3F'-f t ♦ or i"?!* -f si. -H-J^* 

X*-H''=4-H*X*+5* ,*=H-'ir*+4l5**+i5'. 4+3* /K 

_:. . -«_ I ". 

% ""- — lift I 

4—3^ =4+3"/\4— 3* = 1H-4I3 •—413 '—3 =1^^ 3+i* 

1" -■ T'iXy' i~j ",■ 'i i\/ !Zi H ^1' 

3— i' =3+1* /\3— i' =3+i* /\25— i7U '-f-9l4* 



» I 



=75-8iU"^+Z7lT^+i5ii*— »7lj* •4-9l»^8* * 



Examples 
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Examples in Divi/m. 

i 



x52+« -r3+2i=24. 8+2I3 »+4l5 *+»5* r^.4+3* =2+5 

4+3* y|i6— 3 A4— 3* * 

i6+4i3^ 

— 4I3 '—3 

I 

— 4I3 '—3 



■»*Ma« 



o o 
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SCHOLIVM V. 

/ 423. The Addition and SubtraSlion of impojfthle Rooti is all one with that ot 
real onts (In. 419,) But the Mulplication and Divifion of the fame is dif- 
ferent. For every Defeftive Quantity under its radical Sign is confidercd as 
Pofitive; and therefore the Produas and Quotients made by fuch, do al- 
ways keep the fame Sign ; fince otherwife a Pofitive or real Produft would 
be raifcd from impoflible Fadlors, which would be abfurd, 

^ ExampUs 
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Examples in Addition attd Subtraction.- 



To FIp= 31-3* 1-3^^= aFT* 

Add p7^ = j^:rpr I — 162^= • 3izir^ 

Sura p~-_|.,z::p=5P7 j=:^_|,|=l6r5=5|I=i?* 

From |~»7 '= 3,-3 * 

Subtraft |— n » = zj — 3 » , 



Retnains| — ty »— | 12,* ::=;• |w-j » . 

i 

Examples in Multiplication: 



l9Pr5»-Hpio^— ioP9^— 6| -X5»— 6|— 6 »-ft| -5 »— 4I-3 

Examples in Dvvifton. 
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CHAR V. 
of the Invention of Dvvifars. 

424. fTH). fin4 the Divifors of Quantity where it admits of Divifion* 

The follpwii^ EffeSum is taken from Sir Ifaac Newtoffz Algebra, 

pag. 38, &c. 

If the Quant^y be (imple^ divide ic by its leaft Divifor, and the Quoti- 
ent by its leaft Divifpr, till ;h^re remain an indivifible Quotient, and you 
will have all the prime Divifgrs of fthat"] Quantity. Then multiply toge- 
ther e^ch Pair of thcfe Divifors, facK Ternary|[or three] of them, each Qua- 
ternary, ^c. aiid you will aUb have all the compoundod Divifors. As, if 
a^l^ the Diviforsi 0/ the Number 60 are required, divide it by 2, and the 
Quotierk( 30 by^ 2, a|id tt^e Quotient 15 by 3, and there will remain the 
indivifihic Quotient 5. Theodore the prime Divifors are i, 2, 2, 3, 5 ; 
thofe ccnnpoled of the Pairs 4, 6^ 10, 15; of the Ternaries 12, 20, 305 
and of all of them 60. Agjain, If aU th^ Divifors of the Quantity 21^2^^ 
are defiled, divide it by 3, and the Quotjent yabb by 7, and the Quotient 
abb by 4, and the Quotient bp by bj and t^ere will remain the prime Quo- 
tient B. Therefore the prince Divifors afe i, 3, 7, ^, ^, ^» and thole 
compoftd of the Pairs 21, 3^, 3^^ 7^, 7^, aby bb\ thofe compofed of 
the Ternaries 21^, 21^, 3^*, 3**, jak^ ybb^ abbi and thofe of the Qua- 
ternaries 21 /i^, iibbj ^abbj yxiib y, xjxsit of the Quinaries 2iabb. After 
the fame Way all the Divifors of 2abk — 6aac are i, 2, ^, bb — ^acy 
2tf, ibb-r^SaCj abb — ^aac^ 2abb — 6aac, 

If after a Quantity is divided by all its fimpIe-Divifo?s, it remains [ftill] 
compoui^ded, and you fulpedt it has fome-. copipounded^ Divifor, [order it 
or] difpofe it according to the Dimenfion^ of any of the Lretters in it ; and 
in the Room of that Letter fubftitute fqcceffively three or more Terms 
of this Arithmetical Progreffion, viz. 3, z, i, o, — i, — 2, and fet the 
refulting Terms together with all their Divifors, by the correfponding 
Terms of thq Progreffion, fetting down alfo the Signs of the Divifors, both 
Affirmative and Negative. Then fet alfo down the Arithmetical ProgrfT- 
fions which rup through the Divifors of all the Numbers proceeding from 
the greater Terms to the Icfs, in the Order that the Terms of the. Progref- 
fion 3, 2, I, o, — I, — 2, proceed, and whofe Terms differ either byUniry, 
or by fome Number which divides the higheft Term of the Quantity pro- 

pofcd. 
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pofed. If any Progreflion of this kind occurs, that Term of it which 
Hands in the fame Line with the Term o of the firft Progreflion, divided by 
the Difi'ereni* of the Terms, will compofe the Quantity by which you arc 
to attempt the Divifion. 

As if the Quantity be *^ — xx — iOAf+6, by fubftituting, one by one, 
the Terms of this Progreflion i. c— i, forx, there will arife the Num- 
bers — 4, 6, +14, which, together with all their Divifors, I place right 
againfl; the Terms of the Progreflion i. o. — i. after this Manner : 
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I. 2.4. 
I. 2. 3. 6. 
I. 2. 7. 14. 



+ 4- 

3- 
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Then, bccaufe the higheft Term »} is divifible by no Number but Unity, 
I fcek among the Divifors a Progreflion whofe Terms diflTer by Unity, and 
^proceeding from the higheft to the lowcft) decreafe as the Terms of the 
lateral PfogreflSon i. o. — i. And I find only one Progreflion of this Sort, 
viz. 4. 3. 2. whofe Term therefore -f- 3 I chufe, which ftands in the fame 
Line with the Term o of the firft Progrefliion 1.0. — i. and I attempt the 
Divifion by j^— 3, and [find] it fucceeds, there coming outx^^ — 4^^+^. 

Again, if the Qyantity be 6y* — 5* — 2 iyH^33hf-205 for y I fubftitute fuc- 
ceflTively i.o-— i. and the refulting Numbers 7. 20. 9. with all their Divifors, 
I place by them as follows : 
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1.2. 4. 5. 10. 20. 
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And among the Divifors I perceive there is this decreafing Arithmetical Pro- 
greflion 7. 4. I. The Difference of the Terms of this Progreflion, viz. 3 
divides the higheft Term of the Quantity 6f. Wherefore I adjoin the 
Term -{-4, which ftands [in the Row] oppofite to the Term o, divided by 
the Difference of the Terms, viz. 3. and I attempt the Divifion by j'+f , 
or, which is the fame Thing, by 3^+4, and the Bufinefs fucceeds, there 
coming out 2^^ — ^y — 3y-f-5- 

. And fo, if the Quantity be 24^^ — 50^^-49^'— i4oa*+64a-j-30, the 
Operation will be as follows : 
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1.2.3.6.7.14.21.42 
1.23 



1. 2.3. 5.6.10.15.30 
i;297|f^3.9-xi.27.33.99.297 
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— !•— 5-— 5- 
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Here 
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Here are three ProgrefliOnS, whofe Terms — t.-^S'^^S^ divided by the Dif- 
ferences of the Terms i, 4, tf, give three Divifors to be try'd a — 1» ^ — J* and 
a — ^. And the Divifion by the laft Divifor a-^^^ or 6a — 5, fuccceds, there 
coming out 4a^ — sa^'-\-^a — lotf*— 6. 

If no Divifor occur by this Method, or none that divides the Quantity 
proposed, we are to conclude, that that Quantity docs not admit a Divifor 
of one DimenHon. But perhaps it may, if it be a Quantity of more than 
three Dimenlions, admit a Divifor of two Dimenfions* And if fo, that Di- 
vifor will be found by this Method. Subftitute in that Quantity for the 
Letter [or Species] as before, four or more Terms of this Progrcffion 3, 2, 
I. o. — I.— 2. — 3. Add and fubtrad fingly all the Divifors of the Numbers 
that refult to or from the Squares, 6f the corrcfpDndent Terms of that 
Progreflion, mulriply'd into feme Numeral Divifor of the higheft Term of 
the Quantity proposed, add place right againft the Progreffion the Sums and 
Differences, Then note all the collateral Progreflions which run through 
thofe Sums and difference. Then fuppofe^ C to be a Term of fuch a prime 
Progreffion, and w B the Difference which arifes by fubdufting :f C fr<5m 
the next fuperior Ternr ^hich ftands againft the Term i of the firft Pro- 
greffion, and A to be the aforefaid Numeral Divifor of the higheft Term, 
and / [to bcl a Letter which is in the proposed Quantity, -then A//*B/±C 
will be the Divifor to be try'd. 

Thus fuppofe the proposed Quantity to be ^— x* — 59C9c-^i 2^^— 6, for x I 
write fucceffively 3, z, 1,0,— i, and the Numbers that come out 39.6.1. — 6. 
-^zi.— 16. I difpofe [or place] together with their Divifors in another Co- 
lumn in the fame Line with them, and I^dd and fubtra£): the Divifors to and 
from the Squares of the Terms of the firft Progreffion, multiply'd by the 
Numeral Divifor of the Term x\ which is Unity, viz. to and from the 
Terms 9.4.1.0.1^, and I difpofe likewife the Sums and Differences on the 
Side. Then I write, as follows, the Progreffions which occur among the 
fame. Then I makeufe of the Terms of thefe Progreffions z and —3, which 
ftand oppofite to the Term o in that Ptogrcffion, which is in the firft Co- 
lumn, fucceffively 
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for T C, and I make ufc of the Differences that arife by fubtrafting thefe 
Terms from the fuperior Terms o and o, viz. — z and :\*i refpedively for 
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:f B. Alfo Ilpity for A ; and :( for /. And To in the Room of A / /± B /± C, 
I have thefc two Divifors to try, viz. xx-\^zx — 2, and xx — 3^+3» ^7 ^^^^ 
of which the Bufinefs fuccceds. 

Again, if the Quantity 3>^— 6j^4iy^ — ^yy — i4>'+H be propofcd, the 
Operation will be as follows. Firft, I attempt the Bufinefs by adding and 
fubtrafting to and from the Squares of the Terms of the Progreffion i.o.^ 
;— I, making ufe of i firft, but the Bufinefs does notfucceed. 
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Wherefore, in the Room of A, I make ufe of 3, the other Divifor of the highcft 
Term ; and thefe Squares being multiply 'd by 3, I add and fubtradt the 
Divifors to and from the Produfts, viz. 12.3.0.3. and I find thefc two Pro- 
grefllons in the refulting Terms, — 7. — 7. — 7. — 7, and 1 1. 5. — i. — 7. For 
Expedition fake, I had negledted the Divifors of the outermoft Terms 17a 
and 190. Wherefore, the Progreffions being continued upwards and down- 
wards, I take the next Terms, viz. — 7 and 1 7 at the Top, and — 7 and 
—13 at Bottom, and I try if thefe being fubdufted from the Numbers 27 
and 12, which ftand againft them in the 4th Column, [their] Differences di- 
vide thofe [Numbers] 170 and 190, which ftand againft them in the fecond 
Column. And the Difference between 27 and — 7, that is, 34, divides 170; 
and the Difference of 12 and — 7, that is, 19, divides 190. Alfo the Dif- 
ference between 27 and 17, that is, 10, divides 170, but the Difference be- 
tween 12 and — 13, that is, 25, does not divide 190. Wherefore I rejeft the 
latter Progreffion. According to the former, q= C is — 7, and q: B is no- 
thing-, the Terms of the Progreffion having no Difference. Wherefore the 
Divifor to be try'd A//±B/±C will be J)'y+7. And the Divifion fuc- 
ceeds, there coming out >• — lyy — 2y-\-i. 

If after this Way, there can be found no Divifor which fucceeds, we are 
to conclude, that the .proposed Quantity will not admit of a Divifor of 
two Dimenfions. The fame Method may be extended to the Inrentioa of 
Divifors of more Dimenfions, by feeking in the aforefaid Terms and Dif- 
ferences, not Arithmetical Progreffions, but fome others, the firft, fecond, 
and third Differences of whofe Terms are in Arithmetical Progreffion : But 
the Learner ought not to be detained about them. 

Where there are two Letters in the proposed Quantity, and all its Term* 
afceod to equally high Dimenfions > put Unity for one of thofe Letters,. 

then 



then, by the preceding Rules, feck a Divifor, and conipleaftthe deficient 
Dimcnfions of this Divifor, by reftoring that Letter for Unity* » As if the 
Quantity be 6>* — cy^ — ticcyy-^'^c^f-^oc^ where all the Terms are of four 
Dimenfions, forV I put i, and the Quantity becomes 6j*— ;;* — ziyyjf^^yj^ 
20, whofe Divifor, as above, is 3^-|-4 ; and having compleated the deficient 
Dimenfion of the laft Term by a [correfipondent] Dimenfion of ^, you have 
3j^+4i: [for] the Divifor fought. So, it the Quantity be *♦— ^*^— 5^^!?;^ 
I zb^x — 6i*, putting I for ^, and having found xx^zx — z the Divifor of 
the refulting Quantity *♦ — x^ — 5^^+.i 1^^— 6, I compleat its deficient Di- 
menfions by [rdpedlive] Dimenfions of b^ and fo I have xx'\-zbx-\'tbb the 
Divifor fought. 

Where there are three or more Letters in the Quantity proposed, and all 
its Terms afcend to the fame Dimenfions, the Divifor may be found by the 
precedent Rules ; but more expeditioufly aftef this Way : Seek all the Di- 
vifors of all the Terms in which fome [one] of the Letters is not, and alfo 
of all the Terms in which fome other of the Letters is not; as alfp of all the 
Terms in which a third, fourth and fifth Letter is not, if there are fo many 
Letters ; and fo run over all the Letters : And in the fame Line with thole 
Letters place the Divifors refpedively. Then fee if in any Series of Divi- 
fors going through all the Letters, all the Parts involving, only one Letter 
can be as often found as there are Letters (ejfcepting only one) in the Quan- 
tity proposM ; and [likewife] if the Parts involving two Letters [may be 
found] as often as there are Letters (excepting two) in the Quantity pro- 
posed. If fo, all thofe Parts taken together under their [proper} Signs will 
be the Divifor fought. 

As if there were proposed the Quantity iix^ — x^Bxx-^gcxx — izbbx— 
Sbcx-^-Sccx-^Sl* — i2bbc — ^hcc-^-Sc^ \ the Divifors of one Dimenfion of the 
Terms 8^' — izbbc'^^cC'\-6c^ ; in which x is not found out (by the preceding 
Rules) will be zi — 3^, and ^ — 6c \ and of the Terms i ix* -f-9^x^+8rrx-j- 
6c^^ in which b is not, there will be only one Divifor 4^-f-3<^ ; and of 
the Terms iia» — i^xx — izhbx-^-U^^ in which there is not r, there will be 
the Divifors 2x — b and ^ — zb. 1 difpofe thefe Divifors in the fame Lines 
with the Letters Xj by c^ as you here lee ; 

X I zb — ^c. 4^ — 6c. 

c j zx — b. ^"^zb. 

Since there are three Letters, and each of the Parts of the Divifors only in- 
volve one of the Letters, thofe Parts ought to be found twice in the Series of 
Divifors. . But the Parrs 4*, 6r, 2Xyb of the Divifors 4h—6c and zx — t, on- 
ly occur once, and are hot found any where out of thofe Divifors whereof 

they 
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they are Parts. Wherefore I negledt thofe Divifors, There remain only 
three Divifors ib — 3^, 4JC-]-3^j and 4X — ib. Thefe are in the Series going 
through all the Letters Xj by r, and each of the Parts 2^, jr, 4^, are found 
in them twice as ought to be, and that with the fame Signs, if only the 
Signs of the Divifor zb — ^c be changed^ and in its place you write — 1^+ 
2c. For you may change the Signs of any Divifor. I take therefore all 
the Parts of thefe, viz. zby 3^, jyc once [apiece] under their [proper] Signs, 
and the Aggregate — 2i'-f"3^+4^ will be the Divifor which was to be found. 
For if by this you divide the proposed Quantity, there will come out ^xx — 
zhx-^tcc — 4ib. 

Again, if the Quantity be 12** — loax^ — 9^a* — z6a*x^'\'i2abx^ j-dW*'-f- 
24fl'jfx — Haabxx — Sabbxx — z^^xx^^^^bx-^-Saabbx—^izal^x-jriSl^x -J- litf** 
'^^zaab^ — iii*, I place the Divifors of the Terms in which x is not, by x ; 
and thofe Terms in which a is not, by ^i ; and thofe in which b is not, by h^ 
as you here fee. Then I perceive that all thofe that arebut of one Dimenfion are 



X 

a 
b 



b. zb. 4^^ aa-^^bb. zaa-\^b. j^aa-^iibb. 

bb*^^aa. zbb—Saa.^bb — izaa. 
^x — ^bx^ibb. izxx — zbx'\'6bb. 
X. 2x. 3x— 4ii. 6x — 8a. ^xx — ^x. Bxx-^Sax* 

zxx-^x — ^aa. 4xx^zax'^6aa. 



to be rcjeftcd, becaufe the Simple ones, b. zb. 4*. x. zjt, and the Parts of the 
compounded ones, ^x — ^4^. 6x — Sa^ are found but once in all the Divifors • 
but there are three. Letters in the propos*d Quantity, and thofe Parrs in- 
volve but one, and fo ought to be found twice. In like Manner, the Di- 
vifors of two DimenGons, aa^^bb. zaa-\Sbb. ^aa -}-i zbb. bb — '^aa. and 4W 
— izaa I rcjeft, becaufe their Parts aa. laa. 4aa. bb. and 4*^. involving 
only one Letter a or bj arc not found more than once. But the Parts zbb 
and 6aa of the Divifor zbb^-^Gaa^ which is the only remaining one in the 
Line with Xy and which likewife involve only one Letter, arc found again 
[or twice], viz. the Part zbb in the Divifor ^xx — xbx-\-zbby and the Part 
6aa in the Divifor j^x^zax-^^Saa. Moreover, thefe three Divifors are in 
a Series (landing in the fame Lines with the three Letters Xy a^ b *, and all 
their Parts ibby Caa^ 4xXy which involve only one Letter, are found twice 
in them, and that under their proper Signs ; but the Parts ^bxy zaxy which 
involve two Letters, occur but once in them. Wherefore, all the divers 
Parts of thefe three Divifors, zbby Saa^ ^Xy ^bxy zaxy connefted under 
their proper Signs, will make the Divifors fought, viz. zbb^^6aa'{-4xx — ^bx 
-\-zax. I theretore divide the Quantity proposed by this [Divifor] and there 
arifcs 3*' — jyixx-^zaab — 6bK . 

K If 
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If all the Terms of any Qoantity are not equally high, the deficient Di- 
menfidns muft be filled up by the Dimenfions of any affumed Letter 5 then 
having found a Divifor by the precedent RuJes, the affumed Letter is to be 
blotted out. As if the Quantity be lix^ — ij^hxx'\^sx — iMx — Sbx-^Sx^ 
8*3— .l2^^— 4*-f-6 ; affume any Letter, as c, and fill up the Dimenfions- of 
die Quantity proposed by its Dimenfions,- after this Manner, iiAt'— ■i4iArjr 
-4-9^^^ — iti^X'^6bcx-^S€cx-\Sb^'^itth — 4bcC'^c^. Then having found 
out its Divifor 4JP — 1^+3^, blot out r, and youMl have the Divifor required, 
v«B.4»— ii-f-3. 

Sometimes Divifors aiay be found more eafily than by thefe Rules. As if 
fome Letter in the proposed Quantity be of only one Dimenfion, you may 
feek for the greatefl common Divifor of the Terms in which that Letter b 
found, and of the remaining Terms in which it is not found ; for that Di- 
vifor will divide the whole. And if there is no fuch common Divifor, there 
will be no Divifor of the whole. For example : If there be proposed the 
Quantity x* — ^ax^^^Saaxx-^iSa^X'^cx^-^-acxx-^-Saacx — 6^'^— 8tj*, let therp 
be fought the common Divifor of the Terms — co^-^acxx^taacX'^Sahj in 
which c is only of one Dimenfion, and of the remaining Terms x^—^ax^ — 
ZaaxX"\-iia^x — 8^*, and that Divifor, viz. xx-f-i^^— w^, will divide the 
whole Quantity. 

But the greateft: common Divifor of two Numbers, if it is not known [or 
does not appear] at firft Sight, is found by a perpetual Subtraction of the 
Jefs from the greater, and of the Remainder from the [lafl: Quantity] fub- 
trafted i and that will be the fought Divifor, which leaves nothing. Thus^ 
to find the greatelt common .Divifor of the Numbers ^03 and 66y^ fubtraft 
thrice 2a3 from 667, and the Remainder 58 thrice from 103, and the Re- 
mainder 19 twice from 58, and there will remain nothing; which fliews, that 
2p is the Divifor fought. 

After the fame Mannnr the common Divifor in Species, when it is com- 
pounded, is found, by fubtrafting either Quantity, or its Multiple, from. 
the other ) if thofe Quantities and the Remainder be ordered [or raaged] 
according to the Dimenfions of any Letter, as is Ihewn in Divifion, and be 
each Time managed by dividing them by all their Divifors, which are either 
Simple, or divide each of its Terms as if it were a Simple one. Thus, tb 
find the greateft common Divifor of the Numerator and Denominator of 

,. ^ r.- x^^iax^ — Zaaxx-\-iZahc—ia^ ,, , , tx ' • . 

this FVaftion x^ ^axx—Uax^a^ » multiply the Denominator by », 

that its firft Term may become the fame with the firft Term of the Numerator. 
Then fubtra^l ity-and there will remain - — iax^-\-iia}x — 8^^ which, being 
jightly ordered by dividing by — 2<j,. becomes a^— 6^wf*-jr*4i2^. Suhtraft 
this from the Denominator, and there will remain — axx — laax-^-^za} ; which 
«^gain divided by —a becomes xx-^-ia^c — taa. Multiply this by x, that its 

firft 
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firft Term may become .fbQ fame with the firft Term pf tfce lafl: febtraifled 
Quantity x* — 6aax^4a\ from which it is to be [likewife] IubtraAjd| and 
there will remain •^ft«^i'-^4^<2^4-4^S which ^ividl^d by -^^W, becomes slICc^ 
xx-^iax — laa. And fince this is the fame with the former Remainder, and 
confequently being fubtra^ed from it, will leave nothings it will be the 
Divifor fought i by which tlie proposed Fraftion, by dividing bqth the Nu- 
merator and Deaominator by it, may be r«ducf4 tp a m^jrc: Sj^iple ppe, viz, fix 

x—3^a 
And fo, if you have the Fradtion • 

its Terms muft be firft abbreviated, by dividing the Nurjfif rjMi9f by 4rtf j and 
the Denominator by 3*; Then fubtrafting twice %a^ — 9(^ac — Ztfcr--|-6t'' 

from 6a*-f^i 5^ tf ^— 4^ ^r — lohcc^ there will remain i ^g^ ^^ iic* ' 

Which being ordered, by dividing each Tfcrm by ^lt\^c after the fame 
Way as if 5M-6C was a fimple Quantity, it becomes 3/?^— 2^^. This be- 
ing multiply'd by a^ fubtradt it from J^^ — 9aac — zacc-hic^ and there 
will remain — 9aac+6c^: which being again ordered by a Divifion by — 3^ ,. 
becomes ^iHh ^aa^—iccj as before. Wherefore ^aa — icc is the Divifor fought. 
Which being found, divide by it the PariB of the propos'd Fradion,. and 

,,, , za^^^aab 
you 11 have • — -. — =-r— • 

3^^ — 9bc 

Now» if a common Pivifor. cai>Q0t be found after ^i«"Way, it is certain 
there is none at al>; uiile6« perhaps, it be aae of the Terms that abbreviate 
the Numerator and Denominator of die Fradion : As, if you have the Frac- 

aadd — ccdd—aacc-4* c^ j^j-rr-rr^ j- l 

tion — j;;;^ — JZIT — L^ ' "^ 'a ajid 19 difpofe i£s Terms, according to the 

Dimenfions of the d^ that the Ntjmf ritor may become d^ TT ^ , andl 

the Denominator ^^d "T ^3 This muft firft be abbreviated, by diviw 

ding each Term of the Numerator by aa — cc^ and each of the Denominator 
by 14— ir, juft as Jf aa^^cc and la^^ic were fimple Quantities ; and fo, in 
Room of the Numerator there will come out dd — re, and in Room of the 
the Denominator lad^^cc^ from which, thus prepared, no common Divifor 
can be obtained. But, out of the Terms aa — cc and 2a — 2^, by which both* 
tbc Numerator and Denominator are abbreviated, there comes out a Di- 
vifor, viz. a—Cy by which the Fradlion may be reduced to this, vi%. 

add-\;- 



[4oJ 



— 1^ ■ /^ . Now, if neither the Terms aa — cc and w — if had 

not had a common Divifor, the propos'd Fraftion would have been irre- 
ducible. 

And this is a general Method of finding common Divifors; but molt: 
commonly they are more expedi:ioufly found by fceking all the prime Di- 
vifors of cither of the Quantities ; that is, fuch as cannot be divided By 
others, and then by trying if any of them will divide the other without a. 

Remainder. Thus, to reduce ll__ to the leaft Terms, you 

aa — aff ^ * 

moft find the DivifoTs of the Quantity aa — ah-, viz. a and a— J i then you 
mud try whether cither u, or a— ^, will alfo divide a'—aab-^-abk^—li* with- 
out any Remainder. 



The End of the third "9 ART. 
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•ARITHMETICAL INSTITUTIONS. 

P A R T IV. 

Of the Do6l:rine of Eq_uations. 



^m 



C H A P. I. 

Of Equations in Generah 

Definition I. 

415; A N Equation is the Expreflion of the Equality between two or more 
jT^ Quantities, whereof one or more is unknown. 

Definition II. 
42,6. The Regiftring an Equation is the noting down in the Margin how it 
is formed from one or more preceding ones ; as in the following Procefs : 
where note, that if any Number be infcrted in the Regifter which is not the 
Number of fome foregoing Step, it is diftinguiftied by a Line drawn over 
its Head, as the Number 5 in the 9th Step following. 



Regifter. 


1 Steps. 


1 Procefs. 


1 Explana-tion. 


I — 2 
1x2 


I 

2 

3 
4 
5 


ar=i2^ 

^ = 8 

a — ^=16 • 
ae-^ 192 


• The firfl: Step. 
The fecond Step. 
I ft Step added to the Second. 
2d Step fubtraftcd from the Firft. 
I ft Step multiplied into the Second; 


l-f2 


6 


a 

7~ 3 


I ft Step divided by the Second. 


»©'' 


7 


ee— 64 


2d Step fquared. 


4 l«»*^ 
*— 5 


8 
9 


a — e * =4 


The Square Root of the 4th Step, 
zd Step lefs 5 


6, 9, 


19- 


a 

7=^-5 


6th Step compared with the pth. 


r 


■ 


A • And 



TJ- [ « ] 

^And this Method of Regiftring Operations was firfl introduced by the uw 
geiiious Dr. J^bn Pell. 

Definition III. 

457. ReduEHon of Eptations is the bringing an unknown Quantity to 
one fide, that its Value may be difcovered ; and is performed fix feveral 
Ways, viz. by Additiony SnbtraSm^ MuUipUcationy Dtvifian^ Involution^ 
and Evolution. 

D E F I N I T I O N IV. 

4£8. ReduSien by Addition is the tranfpofing or removii^ a Dcfeftirc 
Quantity to the contrary fide of the given Equation, with the Sign + before 
it. Ex. gr. 

If ' 

then becaufe 

!• 3 I a—z-^-x (In. 60, 6%.) 

.Definition V. 

429. ReduUion by SultraSion^ is the removing a Pofitive Quantity to 
the contrary fide of the Equation, with the Sign — before it. Ex.gr. 




If 


I 


a'\-x'==-% 


then becaufe 


2 


x^x 


• 


3 


a—z — X (In 63, 68.) 



Corollary I, 

430. Hence it is plain that any Quantity may be tranfpofcd to the con^ 
trary fide by only changing its Sign.. 

C O R O L- L A R r 11. 

431. And if the fame Quantity be afFcfted with the fame Sign on both 
fides an Equation, or with different Signs on the fame fide, it deftroys it 
felf. Ex. gr. If ^ir=H"y, then by fubtrafting b from both fides oi the 
Equation, zc=y : So if y — a'=^r — a by adding a to both fides, y=r. 

Corollary III. 

432. If all the Terms in an Equation be tranfpofed to the fame fide, 
they will equal o. Ex. gr. If ^=x — Zy then a — ^Ar-j-i6=:a \{ aa^iba^bb 
then aa — iba — bb^^-o (In. 64.) 

Definitioj^ 



DSFINITION VI. 

433* ReduSion hy Multiplication^ is the bringing an Equation out of 
Fradlions, by multiplying their Denominator* into every Term of the 
Equation,. En. gr. 





I 


a dd ad 

b ir Tb 


ixh 


2 


^^ dd _ ad ,. 

" - 7 -" X (In- 71.) 


zxc 


5 


w= </i — -~ (In. 71. 


oxh 


4 \bca = idd — acd 


5* 


^ri» 4" ^ri .= *^. (In. 4^ 



DlFjNITION VII. 

434. ReduHim By Divifion is performed by dividing the higheft Powe*" 
of the unknown Quantity by every Faftor kito which it ii multiplied> 
and every Term in the Equation oy every Fa£tor which can be found 
in them alL 

Example i. 
i^a* — hca=^d — h 
ha*' — €0=4^^1 (In. yy.) 

^'— ■j^=-^(In.77-) 




Example 2. 



2-r^ — c 



1 

2 



b*a'-'—bc(f^ 
ba^'^ea*^=^ 

til 



a^— 



Definition VIII. 
435. ReduSliop by Imsolution is the bringing an Equation out of Surds by 
tranipofing the Sura Quantity to one fide, and then involving each fide as the 
fractional Exponent fliall direA» 



Example 



[4] 



Suppofc 



I — pe 



«©-' 



3 



I 



Example i. 

a*x-\'2axx'—x* *=^ — jf 

<»**-j-2<»Af* — ;*'=a^ — ^a*x-{'^ax^'-^x^ (In. 146.) 

Example 2, 









I 

2 

3 

4 

5 
6 

7 



y=|<lj»4-yy— tf()'tf— ;r^ a 



yy='»rb3'— «!^«— yy* (in- 146.) 

I 



a\ya—yy ^=ay, or y/»— >» » = y (In. 434.) 
ytf — ^y*— 7' (In. 1 46. J 

tf=2y 



Definition, IX. 

436. Redu^ion by Evolution is performed by bringing all the Powers of the 
Quantity fought to one fide of the Equation, and then extracting the Root, 
as the higheit Exponent of the unknown Quantity fhali dire(^. 



Suppofc 
3—^ 



I 
2 

3 

4 

I. 



I'ui;* 



E:c ample i* 

# 
aa'\-2ac-\'CC'='hb 

a-^c^b (In. 146.) 

Examples Z. 

a=^^^ (In. 146 & 158.) 



i. 
.3 



Example 



t5] 

^M ample 3« 



Suppofe 


I 


Or 


z 


c 


3 




S—a 


4 


4®-"- 


5 
(5 

7 




8 
9 




lO 



H**— 3tf*4-z^a* + -J —J (In. 4i«.) 



^^—3 ^*H-2^tf *-+ a^=^c 



^=r — za 



^— * 



^^=- 



Partition I; 
438. The prime Diftbaion oi Equations is into FtnaUnA Mixtdi 



i ii^» 



»-■ »w 



CHAP. ir. 

of Vinal Equations in General.. 

- DefinitionX. 
437. A Final Equation is cluit which contains it but one unknown Quantity. 
jf\ of which kind are all tlu; Examples hitherto brought. 

Definitiok XI. 
439, In every Equation v/htr& ever a known Quantity is multiplied into an 
unknown one, the former is called the Coefficiint oi the latter: as the Qjjan- 
tides », fj, in the Equations a^-^-na^-^-pa^q. 



B 



DWINITION' 



in 

Depiniti on Xn. 

440. Final Equations are faid to be of One^ ^wo^ Three^ &c. Dmenftons^ 
according as the highcfl; Poxvefs of their unknown Quantities are of One^ 
Tivoj Three J &c. Dimenfions : Thus a-f-^=r is an Equation of One Dimenjion^ 
sa-\-a—b an Equation oi Two Dimcnjions 5 a^-^a^^b of Threes a!^'=-b — c of 

Partition 11. 

441 . And thofe Equations^which are only of one Dimenfion are termed Simple^ 
ihe^reft Compound. 

Definition XIII. 

442. That Compound Equation is faid to be ^uadraticy where the higheft 
Dimenfion of the unknown Quantity is a Square ; that Cubic^ where it is a 
Cube h that Biquadratic^ where it is a Biquadrate ; &c. 

Definition XIV. 

443. The Root or firft Power of the unknown Quantity is called the Root 
of the Equation. 

DEFINITIt>N XV. 

444. And the Sumof all the known Quantities, which are not multiplied 
into the Root or any Power of it under their proper Signs, is called the jibjilute 
Number. 

Partition III. 

445. Compound Equations are either InadfeSled or JdfcSled. 

Definition XVI. 

446. A Compound InadfeSed Equation is that which has its unknown 
Quantity of the fame Dimenfion in every Term where it occurs 5 as in thefe 

#* — b~Cy xa} — %a^=jd or ^\^=dy ^c. 

Corollary IV. 

447. Therefore the Management of Compound InadfeSled Equations is di- 
tcftly 2is 'Simple Equations^ only extracting the Root befides, at the End of 
^he AeduifUonj according as the Exponent Ihall dired. 

Definition 



I 7 ] 

Definition XVII; 

448. An Adfelted Equation is that which has its unknown Quantity indif- 
ferent Dimcnfions. 

Partition IV. 

449. JdfeScd Equations arc ckhcr ComplcAt oxincompleat. 

Definition XVIII. 

450. A Compleat AdfeSed Elation has all the inferior Powers to the highefl: 
of thetinknown Quantity compleat> as in thefe 2^^=16 — 14J, 4d'-4^=22+ 

D'E F I NIT I ON XIX. 

451. In all AdfeSUd Equations let the Terms be difpofed to the fame fide of 
the Equation, according to the Dimcnfions of the unknown Quantity, Wz. 
let the higheft Dimeiifions be placed the firft to the Lett-hand, the next 
higheft the fecond, and fo on, in fnch fort that the ^^7&/»/^ Number be always 
the laft Term, and if the firft Term have a Coefficient, divide all by that. 
And this I c2Xi\Preparing an Equation \ Ex. gr. the Equation 4^^-1-^=224-3^* 
by due Preparation becomes a^ — itf*4-4^=-*=V'> or a^ — i^'TT+^j — V-=o 
(In. 43 2.) So ttf ^ — 3a*-[-6^' — a*4"^ =62 becomes a^ — \a^ + 3a' — Ja* -^ 
til— 31=0. 

Scholium I* 

452. And note (in this Preparation) if the higheft Dimenfion of the un- 
known Quantity be defeftive, all the Terms arc to be tranfpofed to the contrary 
fide ; Ex. gr. the Equation, 16— 2^^=14^, becomes a'^+ja — 8=0. Or if you 
pleafe the Ahfolute Number may be fuppofcd to be multiplied into i»°=i 
(In. 154.) thus a*+7a*— Stf^'^^o. 

Corollary V, 

4f 3. Whence every Compleat AdfeSled Equation is of one Term more 
than the Number of its Dimcnfions (In. 407.) 

Definition XX. 

454. An Incompleat AdfeSled Equation^ is that which wants fome of the 
inferior Powers otits unknown Quantity to render it Compleat ; as the Equa- 
tions tf'— *tf=io or «'— ^ — i0i2*'==o, where the fecond Term a* is wanting: 

And 



And 34*= 1915-^2^1^ or by. Preparation a*-ff^*^— 641^=0, where the IE- 
cood Term tf* and the fourth Term a^ are wanting, 

COROLLART VI. 

455. Whence 'an Inampleat J^adratic Etpiation cannot be AdfeStcd. 

Scholium IL 

45*. Every Compound Equation may be confidered as a Compleat AdfeSed 
one, by fupplying the Term or Terms which are wanting with a Cypher 
before them, thus, /i*— W:=o is ^ *4^^* — iha^^-o^ a^ — tf*— ioa"=oistf'-|-o/i*' 

•7-^^=0 is a^^oc^-Y^a" — />^=o, ^c. 

Corollary VII. 

457. If therefore /« be put for the Root, m for the Exponent of its higheft Po- 
wer ; n for the Sum of all the Coefficients of ij*— ' under their proper Signs 5 p 
for the Sum of all the Coefficients of /j*^* ; y of /»*— 3 ; r of ^"-*, 6f^. then all 
Compound Equations whatever, after due Preparation, will be univerfally 
reprefcnted by tf* ± «tf*— * ±/itf*— * ± ya*^3 ± ra""-^ ± sa^"^^ 6f^. =0 /• e. all 
Quadratic Equations by a^±na^±pa!*'=x> ; all Cubics by tf'± na\kpa^±qa^^=^: 
all Biquadratics by a^±na^±pa^±qa^^a^^Oy ^c. according as 191 is put for 

U i, 3» ^> ^^• 

Pa RTITION V. 

458. Prepared Equations in regard to their Roots, may be diftinguiftied- 
into Explicable^ and Inexplicable* 



m0mmmmmmm.^mmmmmttmtmimm^9mm^^iii^m''m0im^tmtmtmmttm*9mmmm/mm 



C H A P: III. 
of ExpUcahU Equations,. 



DeFI WITION XXL 

459, \ N Ex f Usable Equation^ is that which confifts of as many Roots as 

y^Dimenfions, Ex. gr. Suppofe the unknown Quantity a to have 

two values, vi^. a=±by and tf=^±^;. whence a^=o and a^c^=^Oj then the 

Produft: 
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^ ^ *k 

Produft of j^^=:oX^T^=o will compofe an univerfal Quadratic Equationt 
4^'^ba'^a^b4r=io or a^ a^c=o '(In, 457.) whofc Roots are ±* and * r, 

aiid If J:fr=:?:« and ^hc=^p. 

^uppoTe ii again to have a third Value, viz. a^=^±Jy whendfc ^^=i%/=o, then ' 
this inulciplied into the Quadratic Equation will compbfe ao uniTerfal Cubic 

b be 

Elquation, tf^;f c a^:f bda^^bcd^o (In. 457.) whofc Roots are *&, ±r aqd 

J cd 
±^, and zflKJ^a^dzru^n^ ^bc^bd^cd-=3irpy and q^ifissrpf. 

Again, fuppofc a to have a fourth Value, txiz. tf=i/, whence tft^^sro,. 
-then this multiplied into the Cubic Equation will compofe an univerfal Bi* 

i W • , /« 

quadratic Equation ^^4= r/j»^= bf a^^ ^ Uf ^^^f^^ ^^' 457*) ^^^^ 

d cd ^ jf> 

/ 4 '^^ 

Hoots are ii, dbr, ±J, and d/; zn6r^(pbtfc^(rd:^pf==3(^nj ^c:^bd^bj^cd^f:=:^p^ - 
^€d^cf^bdf^-cdf=^y and ^bcdif=^r. 

And thus by fuppofing 12 to have a fifth, fixth, feVenth, iic. Value may • 
univerfal Equations be raifed of five, fix, feven, tSc. Dimenfions, Ana 
all Equations thus compofed are^ termed EpcplicabU. 

Corollary VIII. 

460. Hence in every Explicable Equation the Co-efficient n of the fecond 
Term is equal to the Sum of the Roots al&ded with the contrary Signs ; 
the Co-efficient of the third cTt^ni p is. equal to the Sum of the f rodufts of 
evcrv two Roots ; the Co-efficicnt. of the fourth Term q to the Sum of the;- 
Produ<fls of every three Roots ; the Co-effici6nc of the fifth Term r to thq* 
Sum of the Produdls of every four Roots, tfr. jo the laft Term* or ab- 
folute Number, which is equal to the Produ<^ of all the Roots multiplied 
one into another. • * ' 

For the Uluftration of which take the following Examples : , ^ 



lExampft 



1 X -4^r 



3+4 



5^- 



I 







[ • o I 

Example l;<^ 



^ ca '^^ he 
. » - a — bc=zo (In. Ti») 



_^ < 



-•r 



rt — bca 






7~r 



a 



-cv 



,-/// 



^--[-/^^ 



5)xa 



1,1 + 12 



^ r: 






-b -he 
- ci -^id 



7 -+/— O 



1 -' 



■i*- 



i; 



13 



— ^ — ^.' -^ 
a* -f-ca^ '^da' Jfhcda - 

+/»' 4</«* -\-hdf a-^bcdf 
-^df —cdf 



—he' 

Jf4d -^-bcd 

+/ -+< 



-^/ 



—cdf 



ExampU 2» 



• 



«=— * 



ixa 

txh 






irttafr 



:x-b 




7+8 



2 1 tf-{-^=CX 

a—h=^o 



7 
8 






t « 



»• 



• 
• f 






If 



D1 



3 hd-i-bcf-^-bdf- 

4 bcdf-{-bcdg^bt:j 
&c. &c. 

6 b*-W-\-d*-^ 



'ubic 
ation 
Loots 

:qpal 



ivide 
ower. 
>und, 
11 be 
again 



1' 

i 



if the 
roper 



im of 

Jl the 



>1IUM 



[ .0 I 



1 X -\^c 



3+4 

7 ~t ^' ' 

« 
S,xf 



I 




JEpcampfe i;^ 



*JL,, ^— *^=o (lo, 7i4 ' 



— J-o 



_ / 



M + J2 









- d —id 



T ) 



13 



~i> —b: ^ 
«* -j-fa' '\^da* -^-hcda « 
-i . --red:' • 

— 4^ — cdf 



I 



—if' 

J^d '\4tcd: 

Examplt 2, 



I * 



». 



V « 

I » 



I '3 



• 



r=—b 



I 
2 




<j-+-*=^o 



IXO 



3 

4 



a*— la 
~^-ba — bb 



4-i-4. 

41= 



5X — h 



a — ^^o 



7 
8 



tf*— ^tff— i*<I-J-i'=JO 



If 



D \ 



4 tcdf+hcdg4.kCj 
Sec. &c. 

5 ^•V4-'^'4-J 

8 i4 j^4 _f- J44^ 



'ubic 
ation 
toots 



ivide 
ower. 

II be 
again 



I 



:^ if. 



f the 
roper 



4^1 
im of 

11 Che 



yiivu , 







1 X -4- 
3+4 

5x- ^ 



7 r " 



^=^ — 



S>xf 



1,1+ »' 




\* 






a* — |^fl«— i»^-|-^J— ^ 



If 



{ 1 1. ] ^ 

If in the firft Example above 4-*=4-2, — r= — 3, -f<f =+4, — /= 
U-. 5^ then the Quadratic £quati<m:(S(ep 5 A will be a •-t"^'*~^=<^ • the Cubic 
EquiitJon (Step 9.) witt be n^ — ^af*— 10^+24=0 : the Biquadratic Equation 
(Step I \) will be «^itf*— 25a*---26ii-{-i2.o=o. And cath of thefe Roots 
or Values of ^2 fubfticuced in the laft £quatipp wiU make thje whole eq^al 
to nothing. 



CbHOLLARY 

461. Hence whenever one Roior of any. Eqvatioq is. fennd, if wc divide 
by that Root, the Equation will ftUl be reduccd-iBa^ofte Dimenfion lower. 

Ek. gr. in. the Equation «*^4""*"^5f'"^^^» ^^ ^^ ^^^ ^"^ ^^^^ founds 
v/z, tf= — I, ora+i=o, then dividing by a4-i=o, the Quotient will be 
ii'+/i— 6^0 the Cubic Equation redu<ied tOc a^ Qjiadracic. And if again 
this lajttcr is^itati^n be divided by 0=2 or tf-T-2=o, the RefUt will be ^-^3. 
?=o, or /?=— 3 the Quadratic Equation reduced to a Simple one;. 



P R o, B L £ M. L 

462. In any Exflirahle Equation i»* ± «d"^' *^a!^* i: S^2i**-3 dj rd*-* 6?r. 
=^ofrortT the given Goefficic«ts ii, ji, j, r, x, &;c. to find the Sum of the 
Squ^es^ CuU's, Biquadratcs, 6ff. ot their Roots,- under their proper 
Signs. • '' ' '• - * i • .-^' - . 

EfffSHon. . 

For n put ^ = the Sum of all the Roots under its contrary Sign (In. 461.) 
and mjike B = the Sum 9! the Squares of the faid Roots* G=t the Sum of 
all the Cubes, Z) — the Sum of all the Biquadrates, £= the Sum of all the 
Fifth Powers, &?r. then I fay that mt — ifps:^^ ©c »^— 2/^4 nB^Ar\-'^q^ 
=C, nC^fB^A^if^D; nD^r^^pf^&v'r^ijf^E, fife-, , 

¥ott. haw d)^ DemoQfti:4ti9a.Qf thi^ v^ thp annexed Scheme^ . 



o r'> 



» r 

i 



ScHOtlUM . 



t 

Scholium III. 

46}^ But note, that becaufe -^ the Sum of all the ift Po.^frers is here take» 
tinder the contrary Sign (In. 461.) therefore the Sums of all the odd Powers, 
i/iz. Cy E^ G, /, (^c. (or the 3d, 5th, 7th, 9th, 6?r. Powers) arc by the 
foregoing Problem always exhibited under their contrary Signs. 

Ex.gr. SuppofetheEquation;^*— ?^^*r-i3^*7t:?4<;*-i-^4=o> whofc Rooti 

• • • 

tire — ^i^-i— 3+4='^*==4-*»conieq[uentty J9=i4'^'**'^'+9~i"^ ^^"HSO' C=-- 
1+8—17+64=4-44, 2)=:+i+i 64-81+256=4-354. £=1+32— X43+; 
ioi4=+8i2, i===+i+64+729+4op6=+4890, G?f. But by the Co- 
efficients ^=*=— 2, 7>=— rg, f=+i4» r=+i4» whence S-nJ—zp^ 



J— axi:^— I— 26=+4+26=+30(ln. 383, 392.) C=«5-j>^+3f= |-^* 

xqp^BI— P13X+2I +42= —60 —26+42 = —44 : S^HC—fB-\-qA—4r 
= pH^xIZ^l ^ jZIT^x+^l — p:=74'<— a] — 96 = + 88 + 390— 28 —96 

=+354: £=»D-#C+}J?-c^^+5^h-i^354— I— 13*^— 44 + ^4^iO 
—1+24X^^4-5x0=— 708— 5714-420+48=— 812: i5==«£— pD+?C— r5 . 

+<^— 6/= |=ax=8lll — \~3^-¥2^\ + IT^'^-Sl — 24x}o=i6l4+ 

4601— 61 6— 72o=+4890 : 6ff. 

Again fuppofe the Equation fl»+itf-T-5tf— 6=0 whofc Roots are — i+i 

and —3, whence -<*=— 2, -S3=+r4» C=— 20, ,i)— +98, 6?<:. But by the 

Coefficients, ^=rjr=+2< /=--5» f==— ^» whence <jB=+ 14, C=+20, Z)= 

+98, 6?f. 

Laftly fuppofe the Equation ««-i^i9tf+30=;0, or d»+oo»-^i9«+3ei=i> 

whofe Roots are +2+3—5. whence ^f=o, £=30, €=—90, r)=:722, 6?f- 
But by the Coefficients ^*=i»=o, ^=38, C=90, ©=722, fcff. 

Corollary X. 
464. Hence we may learn a Method to find the Roots of ExpUcahU Equa- 
tlons nearly, as follows. All 2d, 4th, 6th, 8 th, fc?f. Powers are Pofitiiw 
Qaantities, Whether their Roots be Pofitive or Dcfedive (In. 393.) confequent- 
!y the Terms B, D, F, /?, 6ff . found as above, are every one greater than the 
rcfpeftive Homologous Powers raifed from the greateft Root of the given 
Equation, whether that Root be Pofitive or Dcfedtive : Or, which is the 

fame things* D* F^ Hf ^(, arc every one greater than the faid greateft 

' Root 



■ ['J ] 

Root (In. 22.) But D* is nearer equal toitthan £*, F* than D*, H^ than 

i^*,iir**than H%£s?r, ad infinitum: Whence it ij cafy to conceive, how 
the greateft Root of any given Equation may be approached to> nearer and 
nearer. £x. gr. Suppofe the Equation a* — za^— i}tf'-|"^4^"f'P4— o were 
given to be rcfolvcd. Here -5=30, i)=554, -^=4890, H^yi^s^^ ^c. 

therefore 5 '=5. 4 fcf f . D*= 4. j j 6f r. F^ —^.(Sg fcfr. // •=4.04 6?^. and 
confcquetny if the Root bean Integer it cannot exccted ±4. I try therefore 
by fubftitutfng -fH- ^^^ ^^^ Root which does not fucceed, but — 4 fuccceeds^ 
And the Equation being divided by ^4^4=0 is reduced to this Cubic 009 
a^-^ia^ — 5a — 6=0. 

P R O B L B M IT. 

465. In a given Explicable Equation^ to find how many of its Roots are 

Pofitive, and how many Defective. 

» 

EffeStion. 

When the Equation is prepared, as is direAed above, begin at the Left* 
hand, ^nd rouM tiow Changes there are in theSigns from ^ to — and from — 
to ^, and as tnany~ Changes as there are, fo many are the Pofitive Roots ; and 
as many Succefiionsas there are of the fame Sign without Change, fo many are 
the Dcfeftive Roots. Ex.gr. In the Equation a^-^-ia^ — 25^* — i6a-\-i2,oizo 

the Signs are +-{ 4"> which (hews that there are two Pofitive Roots, 

becaufe there are two Changes of the Signs, viz. fi*om -j- to — , and from — 
again into 4* > ^^fo two Dcfeftive ones, becaufe there are two Succefiions -of 
theiame Sign; viz. -f--f-and— ^ — : Again, in the Equation /2^— iga^J- 
244i9* — 576^=0, or ^-f<)^* — ^9^* — oa^-{-i^4a''-^a-^5y6^0y the Signs 

arc -4"-p — j--4 , which ftiews that there are three Pofitive Roots and 

three Defeftive ones, becaufe there are three Changes of « he Signs, and three 
Succcfiions of the fame Sign. Where note, that in this Cafe the Signs of the 
infignificant Terms, or thofe which are taken to fill iip the Equation, as the 
Terms oa', o^', oa above, muft always be of the fame AffcAion with the 
fignificant Term immediately foregoing. 

Corollary XL 

466. If therefore the Roots of a given Equation be Rational, they may hi- 
difcovered by feeking what two Fa(5tors, if the Equation be Quadratic; 
what three, if it be Cubic ; what four, if it be Biquadratic, 6fr. do make a 
Produft equal to the lafl: Term, and a Sum equal to the Cocflicient of the 
fecond Term with its contrary Sign : The Fadors thus found arc the Roots 
fought, and by fubfi:ituting each in the Equation, will make the Whole equal 
to nothing. 

D ExamfU 
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t • 

« 

Example i. 

Let it be required to find the Roots of the Eqaation a^-^a^i^^o. 
Here the Number of the Roots are two (In, 459.) the one Pofitive and the 
other ttefeftive (In. 465.) then all the Divifors in the Abfolote Number 16 
are i, 2, 4, 8, .16, among which I atn to find two, whofe Sam will tnake— ^ 
the Coefficient of the fecond Term with its contrary Sign (In. 463.) but 
tiiere are no other twe «moi^ them of contrary Afiedions whofe Sum 
will miJce —6, ahd Produft —16, but -|-* *«* -^S, therefore 4-^1 and —4 

are the Root^ required t for /i— i=oxs4:*=^— **+ ^^ "^' 6=0. And if 
4-2. and ---*8 be each fubftituted for n, it will be. 



In the fotmer Cale. 



I 

t 

3 



= +z^ = 



—1 6 =— 1<5 =*- 




4 
16 



t 

t 



* In the latter Cafe. 

tf »=— 8x— 8=+ 64 
+6tf=4.6x— 8= —48 



a^-^^a-^ 1 6=0=0 



mm 



a*-\-6ar^ i(j = 



Mxample 2, 

' Let it be required to find the Roots of the Equatioa «*— 4 *— 1 74— ijsEOk 
Here the Number of Roots are three (In. 4590 oae Peficive and two Dtf 
ftetive (In. 465.) then be<aufe 15=1x3x5, and — .i—3-|..5=r^-i the Co- 
cffldentof the feoond Term with its contrary Sign j chensTore — j, -—3, and 

4-5 arc 



e the Roots required for a-\-i=oya-ii^^^oXi^gi:zo. i=s» — a^^-^iya 
. And if —J, —3, +5 be each fabltitotcd for a, h will be 






— 1»= 

-Fix. 



i»/r=— 17X— 1 = 



15= 



I 

15' 



— 1 
—I 

=+17 
-15 



+*»•=- 



■«»=■ 



— 17«= 



3'^ _ 

— 17X— 3 
—15 



•»7 




=—15 



^«M»d>»i 7<i— .15^ ^^ 



o _ a'— /»■— i7<j— 15= 

-|-tf«==+5»= +ia5 

— 17«= -*i7'xT5== •'~85- 
—15=— 15= , —15 

iit^a>»»x 7^—15= o 



= o 



Scholium 



Senoii VM IV. 

467. Thetnain of what is delivered in this and the two following Chapters^ 
^ -IS fiiA invented by that great Improver of Modern Algebra, a»id Honour 
to his Country » the celebrated Mr. fbomas Harrief % w<io, at Or. JTatiif in- 
fer ens tis, died Anno 1611, aged about €0 Y^arSj and was interred in 
St. Cbriftopbcr^t Church London. 



CHAP. IIL 
On ImxpVtcdile Efuatrans. 

Definition XXII* 
4.69. T NenpluaUe Equations are fudi as have not to nsany Roots as Di- 



meniionsy 



Pahtitioji VL 

469. And thefe are either ToiiU or Psrtial. 

^ DE9iviTion XXm. 

470. An Equadon Tiftally ImnfUcdble is that which has iio fesfl tir pol&ble 
Roots in Nature, either Pofitive or Defeftive, but only fiicfa as are ifuppofed 
to be extra^ed from a Defedive Square, Biquadrate, iixth Power, &r. 
which is tmpoffible (In. 394.) therefore the Roots of fuch Equations are 
called impoflible or imaginary ; whdfe Compofition is as follows. Suppofe 

^=J — j— z • and tf =^4l— ^ *> or which is the fame thing ^+|— 2 * — ^ 



t=o, and ^f— ( — z •— ^r= o^ then the ProduA of thefe two fimple Equations 
wiM cmpde the <5«adratk: Equation a'-zaJ+^^^o 



1 1. 



Again, Suppofe tf=r|— 2 *— ^ and 4= — 4— z * •, or ar^ — z • + ^ =:a 
and 0+1—2 * H* ^=^0, the Produd of thefe will compolc the Quadratic 
Equation d*+i^*X^ ^ =<>• 

471. There- 
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CaRrOLLARY XII. 

471. Therefore all Quadratic Equationsof this Form tf:F2j^-4-w=o.f.^. 
all which have the abfoluce Number Poficive, and greater than the Square 
of t the Co-efficicnF of the fecond Term (or fuch as have p greater 
'ti)SLn i nn) are inexplicable. 

Scholium V. 

472. Put d5=sM4^2^9> then all Inexplicable Quadratic Equations will fail 
under one of thefe Forms, a^-\^2ab'\'BB'=^o^ or a* — tab-\^B B'=^Oj and 
from the Multiplication of thefe together, or the Involution of each fepa- 
rately» all Inexplicable Biquadratic J^qu^tionS will be reprefented by 

i»*±4*tf» "^^f ^* ±4*55^+£*=o 

All Inexplicable Elquations of fix Dimenfions by 

Corollary XIII. 

473. Htnce Equations Mally In^xplicaHe^ can only be fuch as »re of an 
even Number of Dimenfions (In. 394.) 

Devinitiqn XXIV. 

474. An Equation Explicable in Part/ is that which is compofed of an 
Explicable 'Equatiofn, multiplied into an Inexplicable one ^ or it is that 
which has at leaft one poffible Root. 

C o R o L > A R V XI V. • 

475. All Equations which confift of an odd Number of Dimenfions have 
at leaft one poflible Root. 

Problem JIL 

476. To know in general how many Roots of any given Equation are 
impoflible. Newton^ ^ Algebra y p. 197. 

EffeSion. 
I. If the Equation teincom pleat, compieat it (In 456.) 
2« Make a Series of Fractions whofe Denominators are Numbers in this 
Progrcffion i, 2,. 3, 4, 5, fcfr. going on to the Number which Ihall be the 

fame 



r 



fame as that of the Dimenfions of the Equation"; and the Numerators the . 
feme Scries ot Numbers in a contrary Order. 
5, Divide each of the latter Fraftions by each of the former, 

4. Place the FraSions that come out on the middle Terms of the Equation. 

5. Under the firft and laft Terms place the Sign -^^ 

6. Under every one of the middle Terms, if its, Saiiare multiplied into the 
Fradllon Handing over its Head be greater tnan the Produft of the 
Terms on both Sides, place the Sign.4^ ; but if it be lefs, the Sign — . 

7. Count how many Changes there are in the Series of the underwritten 
Signs, from + to — , and — to *+- j and fo niany will be the Number 
of impoflible Roots. \^ 

Ex. gr. In the Equation a^'j-paar\-3ppa'-r'r=Oj J. divide the fecond of the 
Fraftions of this Series |, f, f, viz. J by the firft f, and the third f by the 
fecond f, and I place the Fratlions that come out, viz. j and f upon the 
mean Terms of the Equation, as follows : 



i J. 

3. 3 



a' +pad-\'ippa —r 

Then becaufe the Sqitare of the fecond Term paa multiplied into the Frac-^ 

tion over its Head f, viz. ^-^ — is lefs than ^ppa^j the Produft of the firft 

' ' 3 - ' 

Ttrm a} and third ippa^ I place the Sign — under the Term pda. But 

becaufe ^p^a* (the Square ofthe third Term 3/>/>ij) multiplied into theFraftion 

over Its Head f is greater than nothing, and therefore much' greater than the 

negative Produfl; of the fecond Term paa and the fourth — r, I place the 

Sign + under that third Term. Then under the firft Term a^ and the 

laft — r, I place the Sign -^ \ and the two Changes of the underwritten Signs, 

which are in this Series -j j- -|-, the one from -4- into — , and the other 

from — into + 'hew that there arc two impofilble Roots. 

And thus the Equation a'-^4^^-|-4ii— 6=0 has two impofiible Root». 

tf *— 4a ' -f-44 — 0= o 
+ + - + 
Alfo the Equation a*— 6a*— jj — 2=0 has two \ 

i ^ i 

tf*+oa*^ — oa* — 311 — i=o 

+ + + -- -*- 
For this Series of Fraftions f , i 5 1 > i > t>y dividing the fecond by the firft, 
and the third bv the fecond, and the fourth by the third, gives this Series 
f 9 $ ) « to be placed upon €he middle Terms of the Equation. Then the 

£ / Square 



,^ tre oT VHc ftc6nd Verrti whrch Is here nothing, taurtfiplied fiiltb thfc IPrtac- 
tion over head, viz. i produces nothing, which b yet greater than the De- 
feftivc Produd — 64^ contained under the Terms a!^ and — 6as. Wherefof e 
under the Txirm that is wanthig I write 4- » ^^ the reft 1 go on as in the 
former Exarppk ; and tlicrfc corncs out this Series of the underwrkten Sighs 

^-[--j 4-, where two Changes Ihew thefe are two irtipoffiUle Roots. 

And after the fanie Way in th^ Equation ^*— 4^^-4-4^*— 2^a — 5a — ^4=0 arc 
difcQVtrcd two imf)offible Roots, as fallows : * 

AX A A 

tf * — ^^ -{-4^* — 2a* — 5^—4=0 
4- 4" "^ "I" 4* "i" 

Scholium VL 
45^7. Where two or more Terms are at once wanting, under the ISrft oiT 
the deficient Terms you muft write the 8ign — , under thc^fecond the Signr 
-{-, under the third the Sign •— , and fo ony always varying the Signs, ex- 
cept that under the laft of the deficient Terms you mUu always place -4*^ 
where the Terms hent on both S\dts the deficient Terms h»ve coiitrlr^ 
Signa. As in the Equations 



And 



ml^ ,A^ .^«. .J^ -.-« J^ 

•t* 4^ """ "^h "f "t* 



Rbocs^ 



7 5» 5 T ^ T 

•f- — — -^ — *^ — * T" "-f* 

has Gx impofllble Roots. Nei)ot&n^ JUj^hra^ page 198, 199*' 

C a R* O^L L A n Y XV. 

478. Hence alfo may be known wheflier tjie jmpoffible Roots are among: 
the Pofitive or DcfcAive ones.. -For the^igtis -cif the Terms over head of the- 
fubfcribed changing Terms fhew, that there -are as many impofliUe Pofitive 
Roots, as there are Variations of tliem^ and as many^DeteAiveeneiy *as tlKie 
are ^ucceiEons without "Variation. Thus, in the Equatioa 

+ + — !+.++ ^ ^ 

oecaulc 



f>9l 

becaufe by the Signs writ underneath that are changeabfe, viz. 4"— -^-j 
by which it is fliewn there two impoflifale &oots, the Terms over-head — ^4^* 

r-fi^a*— na»^ have the Signs 1- — , which by xwo VariatixMW Ihew xhcrc arc 

c^wto 'P&ficive Roots ; rthenefoi'e there will be two inapofllble Kooits among the 
•Peffidve cues* Stace tbcreibre the Sigus x»f all the Terms of the Equation 

•+--— 4-~" ^V ^^^^ Variations Aew that Acre are three Pofitlvc 

<R:oois, and thaft tbe-iHrher two ase X>efe6bive, and xhac among the Pondve 
GBies ibere Me two ia»poi]ibde Anes 4 it iollows that there are« one ^ue 
-Pioficive Root, two Oefedivc ones, and two impofllble Does. Now if the 
£quation had been 

^S — 4^ *— iuj4^— 524** — §il — 4?=o, 

+ + ~ ~ + 4" 

then the Terms over-head ctfx!heiiibfcribedftrnwTT«im -{--—, v^^ —4a*— 
4/2^, by their Signs that don't change — and — Ihew 'that one of theDe- 
fcftive Roots is inipoflible ; and the Terms over the foregoing underwritten 

varying Terms j-*, viz. —2aa — 5i>, by then- Terms not varying, — and 

— , (hew that one of the l)dfcftive Roots is inrpofli ble. Wherefore, finee 

the Signs of the Equation -\ • by .one Variation fhew there is 

one Pofitive Root, and that the other four are Defefkive, it follows there is 
one 5*ofitive, two Defeftive, and two impoffible ones. And this is fo where 
there are not more impoffible Roots than what are difcovered by the Rjiie 
preceding. For there may be more,- tho* it feldom happens. Newfon'^ 
AJtgebra. Pag. 159,. too. 
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CHAP. V. 
of theStanfimttatim of E^uathm. 

Dl-FLNI*r;IOK ,XXV. 

479. T) Y Tranfmotation-iof lEquations is meant the changing rhem mtso^ 



other F^ons,. hy ineans whereof their Refolution is ofcentinacs. 
facilitated. 

480. To change the Pofftive Roots of an Equation mto Dcfeftive oncsi> 
»d the Dcfcftivc Roots into Pofuivt ones. ^ ^ . 



F 
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EffeStion. 

Change the Sign of every other Term, i. e. of the fecond, fourth, and 
fixth, Qc. Terms, and it is done. Ex.gr. the Equation a*-h3 a* — 23^*-^ 
5ij*-j-94tf-j-i2,o=o, by changing the alternate Signs, becomes ^*— 30* — 
23a'-|-5 1 tf*'+-94<J^-i 20=0 i the former Equation conlifts of two Pofitirc 
and three Defcftive Roots, and the latter of three Pofitive, and two De- 
JFeiflive Roots (In. 465.) viz. the Roots of the former are +2-, +4> — ^> 
—3, —5, of the latter -f-i, ^-3, 4"5> — ^9 — 4> ('"• 466.) In like Man* 
ner the Equation a^-^ia^ — 25a*— 26^4"^ ^^~o whofc Roots are -f-^i 4-4» 
— 3, — 5, becomes a^-^ia^ — t5a^-\-z6a-^itO'=o whofe Roots are -f-j, -f-5, 
— 2, —4. Again in the Equation d^^^^a^-^-^^ — za^ — 5tf-j-4=o (In. 478.^ 
the three Po^cive Roots will be changed into Defedlive ones, and the two 
Defedlive ones into Pofitive, by changing the given Equation into d^+^a*-^ 
4^5-4-2 tf^ — 5^-J.4=o, where the twoimpoffible Roots, which lay hid in the 
former Equation among the Pofitive ones, lie hid in this latter among the 
Defcftive ones ; fo that ther^ remains but one Root truly Defe(5live. 

Problem V. 

481. To augment or dixniniih the Roots of a given Equation by a given 
-Quantity. 

EffeSlioff. 

I. For the Quaintity, by which the Roots are to be augmented or dimi- 
ni(hed, put 2. 
••2. Subftitutey — % every where in the given Equation for the Root, if it 
be augmented ; or y-^-z if it be to be diminilhed, and it is done. 

' -Example i. . 

Let it be required to augment the Root^ of the Equation a^ — 3a* — ia» 
^-^24=0 by *— 2. ■ . • - 

Make a-^-zzszy or ^=yp— 2, whence <z*=y*—4y-f-4, ij'rry— 6y*4^i2jf— 8, 

thm 

.3 



I 

z 

3 
4 



«+2+34-4 1 5 



— I ii^=H-^— 6jr* +1 2y— 8= y — z 



— 3^*= ~ay»+iiy— xi=— 3xy— 2 

+24= 



— I oy4^20=^r-i oxjf-^r 
+24 



a»— 3tf»— iCMi-{-X4==;^— ^»4-i4y^Z4=:o an Equation 

whcrc>=a+z 

Exam^U 



'k 



Let it be required todiminifli the Root a of the Equation 4*— 34*— io<i+ 

24=^0 by ^=3. 

Make «— 3=y or a-j^^, whence tf'=:=/+6H^> a^=y*+9>*+i7)r+i7. 

Then 



i t 



r+i+3+4 



I 
2 

31 

4 



— 34*='- 

1 Gilts 

+2^4= 



--3^*-^i8y~;i7 
•-*-iqy-^30 



a^^a^ — io<i-^^4==:j*+6j*— ^63±o an Equation 
where j'=tf — 3. ^ - • • ; 



Co ROLL A ICY XVI. 

481. While the Pofitive Roots of an Equation are. augmented, the De- 
fective ones are diminifhed, and vice verfr^ while the DefcAive Roots arc 
augmented, the Pofitive ones are diminilhed. Ea. gr. in the Equation a^-— 
3^*— 10^+^4=0, whofe Roots arc+j, -f-4, —3* if 3^ — i be fubftitutcd 
for ar then in fhe refulting Equation :^^~9}/^4-i4H-M=P the Roots will be 
Jl^^^ 1|,6, — I; and if j^-+"3 DC fubftitutcd tor a in the refulting Equa- 
tion >'+6y — y^6—0y the Rootswill be— I, +1, —6. 



COI^OLLARY XVII. 

« 

485. If the Roots of any Equation be augmented by a C^antity greater than 
its greatcft Defeftive Root, the Dcfcftive Roots will become Pofitive ; and on 
the contrary, if the Rootis be diminilhcd by a Quantity greater than the 
greateft Pofitive Root, the Pofitive Roots will become Defcdiive. 

Corollary XVIII. 
484* From this laft Problem we alfo learn to com pleat an Equation, 
wherein any of the Terms arc wanting, by augmenting or diminilhing the 
Root by a given Quantity. Ex. gr. fuppofe the Equation a^-\-5a—io^o 
were to be complcatcd. Makca^j^— i, then 

— 10 






4t^5^--2o=y— 3/4-8^— z6=o a compleat Equation 
wherein jf=^+^. 



Corollary 






\ 



Corollary XIX. 

485. Hence again we learn to transform any gii^en Equation wherein the 
abfolute Number admits of many Divifors, into another Ecjuation^ who(e 
abfolute Number has fewer Divilbrs ; which is done by fubftitutingtf=-f-i 
or — I, tf=4-i or — Zj 4=-f-3 or — '^, ii=+4or ^-4, &?^. fucceffively } 
and obferving which of thefe fubftituted Values produces a Number that has 
fewer Divifors than the abfolute Number of the ^iven Equation : And if the 
Root of the given Equation be augmented or diminilhed by that Number, 
the Equation refulting will be one which has an abfolute Number of fewer 
Divifors than the foregoing one. E^c, ^/v ia the Equation a^^3a^^^ioa-{* 
24;=09 make ats:-^!^ then will 

— 3«*= — 3 
— 104=*» 10 

+a4=-fi4 

whofe Sum is 4"'^ 

Since therefore xi has fewer Divifors than 14* make a=y^i whence 

— ioa= — loj — 10 

^3 — 3^*— iotf-j-24=y — i3y+i2.=so> an Equation whereb 
r=tf — I. 



Problem VI. 

486. To multiply or divide the R'oot a of any given Equation a* ±iia*^' 
:kpa'"r'^±qa'^^ tfr. =0, by a given Quantity z. 

EffeSion. 

1. Multiply or divide the Coefficient of the firft Term of the given Equa- 
3ion viz. I by i ; of the Second, viz. n by the given Quantity z ; of the 
third Term, viz. phyzz\ of the Fourth, viz. q by zzZt of the Fifth, viz. 
r by 2?22, fc?r. 

2. For a fubftituce j. Then I fay thaty, the Root of the new Equation, will 

be equal to za or •— according as the Coefficients of the given Equation 

z^ 

are multiplied or divided by z. Ex. gr. fuppofe the Root ^ be to be mul- 
tiplied by 5=2 in the given Equation u^ — a*^^i'/a—i$—o : Here if }^=y, 

we 



M^c fhall have this new Equation >' — 3x^>**— 9x17^ — 27x15=0, or y' — 3y*— • 
1 53J^ — 405=0, confequently if the Root ^ be to divided by 3=2: in the ^ua- 

tion a^ — 3«*— r53«*-405=o, by putting ^=jr wc Ihall have the Equation 



t>' 



37 



•^J-^)*— V>^)f'*=o or j^— >* — I7y — 15=0. 



Demonjiratiott. 

* 

In the Equation a^ db^d**'±f tf*— *i:j<i*— 5±ra"r-* 6f^. taro j if 
I 









r^l 



And 



4x2;" 



r^^I 












^c. =0 



Again if 

ixz 

"Whence 

And 



A^7i^ 



Whence _ 

an univerfal Equation wherein >=^z. 






Confequently, 

^ 2 "^ 22"' 222 " 2222 "^ 

an Equation wherein jc= — 

Corollary XX* 

487. Hence i$ learned to free an Equation out of Fradions, bv multi« 
plying the Root either by the Produdt of all the Denominators, or by fome 
Number which meafuresor is.meafurcd by all the Denominators, as follows. 



Examples 



—oa 



I «4l 

• 

Examples. 



I, 6, 36, 2i6, 
^'— 3y * +24y— 8 64=0 






,^.=^a 



16, 



—5=0 



=?a 



^ Si 



9» ^7^81, , 



i^i^ 



=E15« 



y'4-o>'— ?y*+i 8j'— 8 1=0 

I. Iff 3*5. 4875. 

jS-J-OJf*-^! 30/— 1350=0 



Corollary XXL 

488. Alfo hence we may Ical-n the manner of freeing an Equation out of 
Surds. 



rrrtfXz 



Examples. 









=0 



y^ -j- *j* — 6^ — 10 = o 



v 






—7=0 



} 



A 
J 



17 



JL 



or 



J. 

»3 



i 



rfik 






5,«-{-63iX3 »— 3r=o,or 

5y* + t8y — f=o 



•^ 



1 



t »i ] 



t « 



y= 



a 

2* 



- ^1 



or 



A 






a*. 






5X2*=a 



>*-fo/— / 



> — 5=o 



CorollAry XXII. 

489. And hence laftly is learned to diftributc a given Equation into Pe« 
rsods, by looking upon the Co*efficicn t df the fecond Term as a Lateral, of 
the third Term as a Square, of the fourth as a Cube, of the fifth as a Bi- 
quadrate, C^c. and the abfolute Number as a Power of the fame Denomi* 
nation with the given Equation Ex.gr^ the Equation. a^^2a''4^i268«'«^ 
x4593ii*f-ioooooo==Or is- thus diftribut a d in c o F c r i o ds ^ ^ 



d*— 72a'4-i 2684 »— M 4593^^*1 



• {•'* t-Tt •> 



And If any Co-efficient have not fo many Periods as the abfolute Number, 
it may be fupplied with Cyphers to the left Hand for Integers and the righc 
for Fra&ionsi as k thcfe, 

ii*+oi«*— 0720— 30755=0 • 

^ — 3 •0^0* — 0.8125=0 

P R O ft L 2 M VII. 

490. To take away the fecond Term na'^' in any given Equation. 

I. Divide the Co-efficient of the fecond Term n by the Number of the 
Dimenfions of the Equation m« 

X. Augment or dimlnifh the Root a by die Qttotient - according as the 

fecond Term »tf^-» is Pofitivc or Defective, and the Equation refusing will 
want its fecond Term. Q^E. E. 

s 

Demdnfiratiou. 

Suppofe, £x. gr. the fecond Term were to be taken avray from the Cubic 

G Equation 



* 

Equation «*— 6a*-}"* 7*""3 8^=^» **"* «*—»»•+ 1 7'*— 3 8=9' Make rf=. 
"Whence 



•3'' 



} 



4-1 7a= . 177—17* 

— 3&= • r-3« 

If then in fumming up the above-written Values of tf, the Terms •—3^7* 
— »>•, or — 3if— «=o. Whence —3^= +», or +3^=— ». Therefore 

6 



=— — rr = — 2 5 confequentl^ ar^-yA^x^ 

3 . * 

: — (?^» = — 6y» — 24;^ — 24 

4-f7a = +J 7^+34 

-38 = . -38 



tf^— 6tf*4-i7/>— 38 = >' +5y —20=0, an Equation 
wanting the fccond Term, wherein y=4— a. 

• And if the fecond Term of the given Equation had been +»a*, $ would 

have been equal to 4 ■ or -f-^, and coniequently for ^ in fuch Cafe mighc 

3 ■ 

be fubftituted>— 2, 

Thus alfb in a Quadratrc Equation e will be found = i: — , in a Biquadratic 



e=^iz — J in an Equation of five Dimenfions e=^± — , in anEquatioa of fix 

4 5 

AS 

Dunenfions ^=±-f-» ^^* ^ ^' •^• 



COROLtARY XXIir. . 

49 1 . Hence it is plain that . if the fecond Term p be taken away from any 
Quadratic Equation^ it will be reduced to an Inadfedtcd one, and may be 
rdplved as fuch* E^- gr. fuppofe j*'-f^— 6=0, a given Quadratic Equation, 
confiiting of a Pofitive and a Defective Roots make 4=/ — ^, whence 



+a^=s 



—6 = 



'-J 



] 



J7 — ^i^Oj or j^y=6.i5, confcquently y = i'5 
(In. 146.) aoid «=y— f = I the Pofitivc Value of a. Then ■ "^ - ■ = 
tf-}-3=:o» therefore •0=— 5 the Defedhre Value of a. 

Corollary XXIV. 

492, Alfoby taking away the fecond Teri9> all Adfefted Cubic Equations 
may be reduced to three Forms, viz. 



a' 



i^^a — f=op A^'"^^^^^^ 
^-\-pa — ^f=oS or *2a^pa=^ 




or 






Problem VIII. 

49;. To take 'away the third Term jtf'"'^ lii a given Equation ^Ex.gr, 
Suppofe the Equation a^ — 3a^-\'3aa — 5a — 1=0, and make a=y — e^ then 



tf4= y* — ^4g^^6^y»— .;j^»j^.-j-^ 

—3^'= —3/4-90^— 9^;^+3^ 



% = 



— 2 



^tt^mmmm^ 



tf*— 3^'+3<^5^»— 2=3r ^^ >* 



6^^ 
3 



'Aeee 

■5 +5^ 
^ — 2 



=0 



Becaufethe third Term in this Equation is +^^^"h9H^» therefore make 
6e^-|-9f4-3=6, which divided by o becomes ee-^\e-^\=o. Make^=«— J 
then 



€r^= ««— 









And ««--iV=o, or ««=j'«, whence «=i and confcquently ^=4— 

4 — 



4=— i, and ^=y4-j. And if for a ii) the gnreo &^i»tmn be wrote y+J, 
there will arife this ^uation wanting the third T^m >♦— 5?' — ^^y — fJr=o 

PrO«)L£ M IX. 

4.94. To ukc away the Uft Tcrpi but one ^ out of an. Equation, wiie^e th^ 
fecond Term is wanting. 

This is performed by o^ly fubftituting th^ laft Tecnv diirtdied by jr for the 
Root fought. 

E^. gr. Let it be required to take away the lafl: Term but one from the 

Equation ^^+5^-10=0. Make a=^, aien^M-5«-20=i^ii2?- 

20=0; which laft' Equation multiplied byyyy becomes. 8ooo"]-.i oo^;y— 
20 3/y3/=o, and that agaitv divided by zo becomes 400^5^ yr'-yyyzzo^ oryyy 

ao 

— 5yy — ^400=0 i an Equation wherein y=— ; -^ £. £. 



CHAP, VI. 

of the Limits of Equations, 

495- Tp H E, Limits of an AdfiaSted Equation are two Qaanttties, between 
X which all \t% Roots are contained : or. according to others, they 
Are two Quantities, between which the greatcfl: Eafitive Root is conuined. 

I 

Problem X« 
496. To find the Lrimits of an Equation* 

EffeStion from Sir Ifaac New torn '^ 

Multiply every Term of the Equation by the Number ofjts Dimenfions, 
and divide the Produft by the Root of the Equation 5 then again multiplv 
«very one of the Terms that comes out, by a Number Jcfs by Unity than 
before, and divide the Produft by the Root of the Equation.; and fo 
go on, alway a. multiplying by. Numbers Icfs, by Unity than b^ore, and 
.dividing the * Product by the Root, till at length all the Terms arc 

deftroyed^ 



[ *9 ] 

deltroyed, whofc Signs aredificrent from the Sign of fhe firft or higheft Term, 
except the laft, and that Number will be greater thah any Affirmative *Rooc ; 
ivhich being writ in the Terms that come out in the Room of the Root, 
makes the Aggregate (or Sum) of thofe which were each Time produced by 
Multiplication to have always the Sign with the firft or highefl: Term of 
the Equation. As if there was propofed the Equation a^ — la^ — ioa'-p3^*+ 

5 4 3 » I o * 

63^—110=0, I firft multiply it thus, a^ — m* — ioa^^$a^-^2a'^i20'=o. 
Then I again multiply the Terms that come out divided by a^ thusy 

5i»^ — 8^^— 30/j4-6o^-f !^3* And dividing theTerms which come out again by a^ 
there conies out, 20a' — 24^1'— 60^+60, which, to leffcn them, I divide by 
the greateft common Divifor 4, and you have 5a* — 6a* — 15^+15. Thefe 
being again multiplied by the Progrelfion 3, 2, i, o, and divided bya^ become 
Sa^ — ^"^5* And thefe multiplied by the Progreflion z, i, o, and divided 
by 2a become 5a — z. Now fince the'high^ft Term of the Equation a^ is 
Pofitivc, I try what Number wrote in thefe Produfts, for a will caufc them 
alJ to be Pofitive. And by trying i, you have fa — 1=+3 Pofitive ; but 
5tf*— 4ii— 5=— 4 Defeftive. Wherefore the Limit will be greater than i< 
I therefore try fome greater Number, as 2, and fubftituting t in each for a^ 
they become 

5<i— 1 =+08 

S^ — 8fl* — }Otf*-f-6o<i-4-63 =4"79 

^^— itf*— 1 oa'+30tf *+63^ — ^ 20=4-46 

Wherefore fince the Numbers that come out 8. 7/ i. 79. 46. arc all 
Pofitive, the Number 1 will be greater than the greateft Pofitive Root. 

In like manner, if I would find the Limit of the Defeftive Roots, I try 
DefeAive Numbers. Or which is all one, I change the Signs of every other 
Term, and try Pofitive oner. But having changed the Signs of every 
other Term, the Quantities in which the Numbers are to be fubftituted, 
will become 

9 

t r "it 

put of thefe I chufe fome Quantity wherein the Pefeftiye Tcrow, fcem 
moift prevalent '5 fuppofe 54^-H8A*-t*-30<i*r-6^^4-^^ and here fuljftitu ting for 

H a thp 



[ »o 

a the Numbers i and i, th^re come out the Negative Nnmben — 14» ^i 
— J J- Whence the Limit wH! be greater than— 2* But fubftituuog the 
Number 3, there comes out the Affirmative Number t%^. And in like man- 
ner in the other Quantities, by fubftituting the Number j there comes out al- 
ways an Affirmative Number, which may befecn by bare Infpedlion. Where- 
fore the Number -^3 is greater than all the Negative Roots. Ar>d fo you have 
the Limits -^ and —3 5 between which arc all the Roots. Newt. Alg. 
f. 268^ 209. 

School i um VH. 

497. The Invention ef Limits is of Ufe botK in the RednAion of 
£quation8 by Rational Roots, and in the Extradion of Sard Roots out of 
them ; left wc might fbmetimes go about to look for the Root beyond 
tihefe Limits. Thus, in the ia(l ^nation, if I would find the Ratioiiai 
•Roon:s, if perhaps it has any ; from what we have faid it is certain 
they can be no other than the Divifors of the laft Term of the Equa- 
tion which here is i'i(x Then tiying all its Divifors, if none of them wcwe 
M the. Equation Ibr u will inake all the Terms raniffi, iit Is certain', "iIImc 
the Equation will admit of no Rootl)ut what is Surd. But there are ffiamy 
Divifors of the laft Term 120, viz. -j"i, — i, 4-*> — ^> +3^ ""^Jj ^^ 
— 4i ^-S* — 5» +^> .— tf, +8, —8, +10, —10, -j-ii, —12, +15, 
— 15» +^o. — ^» +24, —24, +30, —30, -fsfo, —40, +60, —60y 
-|-i 10, —no. To try all thefe Divifore wotild tie teo todious : But it being 
known that the ^oots arc between -j-l and— ^, we ure freed from that 
Labour. For now there will be no need to trrthe Diwfors, unlefs thofc 
only that arc within thefe Limits, viz. the Divifors -j-i, — i, and — 2. 
Fot if none oi thele'be the Root, it is cernm dntthe £quat20i|.bas no ftoot 
but what is Surd. Newt. Alg. ibid. Orberwile rthe Ltmis of Equations may 
be foUhd, as follows. 

Problem XI. 

498. To dtft^rmhe *the Place of the higheft ^Figune of ohe Pofitire .fi4)ot 
which firft refults in the Refolution of a given AdfeAed Equation. 

EffeElion, 

1 . Make the Abfolute Number a DefeAiveX^'ntity, if it be not io already 
(In 480.) 

2. Diftribute the given 'Coefficients, (vizy'n^f^ j,:r, 6?r.) into Periods 
(In. 48P.) 

2- See which 6f thefe Nunlbeft («s j>% q^^ r\ ^O'^onfifts'Of.theJbigheft 
: JPla-ccsttf Pl^itif 1 or (whtehli aJl-ehc) fee whi«h'<>f the Cflcfficicnte con- 



t M ] 

lifts of the high^ Period above or below Unity. And if no Coefficient 
confifts <3? higher Periods thamt'Hft Abfolute Number, t«e are to conclude 
that the Wghcflt "Figure of the Pofitive Root required (if the Equation ad- 
mit of a Pofitive Root) is the fame Number of Places above or below* 
Unity with that of the Homologous Root pf the Abfokite Number. But 
if any of the Coefficients coniift of higher Periods than the higheft of 
the Abfolute Nuniber. 

SubfticHte for the Root of the Equation rothe one of tke $f umbers i, lo, 
loo, ipop. tfr; o.r, o.oi, coch, ^c. viz. fuch as /h^ i)e one Place 
higher than the pr^er Root of the intermediate Coefficient^ or Coeffi* 
cients, of the the higheft Period*, which in this Cafe (if the Equation have z 
Pofitive Ro^) will always make a Pofitive Refult, tfce firft Term being 
Pofitivie i and a Dcfi^ive Refult iJic fijrfl Terip^ being Defeijtiwc. 
Subftitttte fiicoelBvely every nest lower of. the aboice jnentioned Num* 
bcrs I, FO, ifoo, tooo, 6?r. o.i, .o.o*,' o.ooi, (^c. 'till tJnp Befult be 
equal to -or lefsthao nothing, if the firft Teiynlbe Pofiijve^ ^md equal to or 
more iSian nothing, if the firft Tenia he DefeAjve : Or -ff in (|be former Cafe 
the Refolt be aiwsys Pofitive, and iothe latter^ilways Defe^ve, then mark 
that Number vriiiohinab«p theflefuk cieaaeft equal to not^Htjg; And I fay» 
in the forrmer Cafe, the IsTumber wjii^h m^kes the Refult nealreft equal to 
or lefs than .nothing ; and in the latter. Cal];, tjb( Nuiftber -whiph makes 
the Re&lt neareft ^qual to or greater than 4)othieg, will be of' the fame 
Place wSth the higheft Figure of itl^ B^aot Tequir^. ^ E. E. 



T hos ia xhe Equatbn a^ — 1 7 a*^-^ 063 s — 3 361 5=0 5 and — 4j^^— z a^ + 



i5^*-^i6^— :5Uo=«i' becaufe die<}i>effiderits of the former are e^h of two 
Periods f^mlilDity, and the latter ^:Ofie,cthcrefore by Pnc. 3. the firft Pofi- 
tive Root of the former Equation wiH confift of two integral Rkces ; and 
the firft Root of;tbe latter of one ; uie. ithe QLoot of the former is fome Num^ 
ber be:)we?n ro and i^oo, and tfee JKopt of the latter between i and to. 



In the Elation 
fubftiby Pre. 4,^1=1 



'OSao/i I 3 



I 

1 



-Ux^n^e 3j 

tf* — o.o3a*^4ra(^5^ — 1=0 
I— 0.034-O.O75P-P-J =r-|-o.o45>o 
o.oooi-*--OiOoo3-fo.oo75 — i =- 
Whcnci 4^jU;fo(ne\Number between i "aQ^'o.i 



• ■• 



^amfk 






Hiiiiiil'l 



UTi 



'^1 



o-8l 
81 il 






gyv 



I 
i 

o 

I 

9 






1 



+ ^s 

^11113. 
i p p p o ri 

J, o o o b 3 

gsssssa 

'mill 
■ ' ti? 

>S 10 M Id ^ 

,AVvy\<- 

O O O O 



?+ . 






io 
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r 

In the Equation 
Subftit. 4=10 



11=0.1 



E 
2 

3 

4 



Example 7. . . 

-iSj — 24=0 ^ 

1 80— 14=— 844 <:;o 

18— Z4=-T 7 , <:o ., . 

.001+ 1,8 — 24— — 2i.2ok;o 
Therefore a isfomc Nmnber between xo and i. 



~ a^ 
— 1 000 
— t 



Scholium VIII. 
499;The Reafon Of thefe Operations will appear plainly to the Learner 
from a little Tradice. And he will readily difcern when feveral of the firft 
Sttbftitutions niay be omitted, as m the firft Example; 

'.' Scholium IX. 

500. If die Eqaatloh have no Pbfitive Roots, then all the Defective Roota 
may be changed into Politiye ones (In. 480O After which proceed as above* 

;. ; i I; i ii J.. . . Proble'M' XII. 

501. To find the firft Figure of the firft Pofitive Root in a given Adfeded 
Equation. -f 

EfftSum^ 

• • • 

1 . Find the Limits -df the Root by the laft Problem. 

2. Rejc^ if you pleafe all the Figures of the inferior Periods 5it every Term 
beneath the higneft of the Abfolute Number. 

3. Subfticute 5 for the Root between the Limits «lrtady found/ which will 
difcover whether the Root fought be between that and theJefier Limtt) or 
that and the greater. 

4. If the former be the Cafe» iubftitate fucceflively^) 3, and ^'; ifthelat* 
ter, fubftitute 6, 7, 8, 9, and that Number which makes the R#!fult next 
lefler than nothing, if the firft. Term trf the Equation Jbd^ ^fitiyie; or 
next greater, if the firft Term be Dcfcftive, will be . tj^ firft Figure re- 
quired! * i 



Exarftph i» ' J ' { 

1 a* — 18.25^'— 91.75^—52.5— o or a^ — il^-HpZij— 6o=fl 
(Pre- t.^w h o fe Limi t s a^e^o, loatln; 498I) 

2 125000 — 70000 — '46007- 6o=-j-5034o:>oV * ' I 

3 64000— 44800— 3680— :6o— 4"* 54^^^^^ ^^^^ 
41 £7000 — 25100— 27*60— ^= — iozo<ioj' 

Therpforc 3 is the; firft Figure of the Root r^quircdf or it tt fomc Num- 
ber between 30 and 40. / ' • ... 

1- Ex a 



In the Equation 
make ^2=^50 



m-? 



fai the Equation 
make a=5 
0=6 



I 

2 
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fl*-f-^a*— a3(si— j-7o=o, whofe Limits are i^ lo 
125-4-50— 115 — 70= — io<:o 
z 1 o^YTt — 13 8 — 70=4^0^6 



Therefore the Root fe bctVreen 5 antl 6. 



In the 

Equa- 
tion, O) 

4i=5" 

a=2o 



Exampkj 

— 4*4-8otf' — i998»*4^i49374— 5ooaE=o, or ♦ 

—a^^So^^ — loootf* 4*^ 5000a— 5000=0 near, whofi^ Linttt are 

10. 100 
—6250000^-1000000—50000004-750000 — 5000=— p5050oo<o 

- 160000 -f* 640000 — 8000004*360000—5060=—* i5ooo<^o 

- ioooa4- 80000 — 'iooooo-^isoooo-^soooss-f* t500o>o 
Therciorc tbe Root required is fome Number between 10 aad U>* . 

Problem Xni. 

502* To determine the BtA two FigiMies if the greateft Pofitire ftoot m 

f ^ven Adfcftcd Equatiott. ^ , . . . , . 

Effe&ion, 

1. Find the firft Figure of the Root by the Iaft» and call it h. 

2. Put e for the remaining Part of the Root. 

3. Sul)ftitute >-^ for the Root of the given EquatiOA. 

4. Rcjedt aU the Powiers of above the firft. 

5. Find i to the firft or fecond Figure in the new Equation (Jitu 43^.) 

6. Add # fo found to ^ asd the Sum wiU^be nearly the fiift twqor three 
JPigurci required. 

Example t. . 

' I^ itfac'reqBiredtofiiiddiefirlttwoFigvra of t^ 

Here *=/ (In. 501.) or 5 -f^rs^, therefore 

1 1 -{- tf»= 1 25-4-75^4-1 f^-f^^ 

2 +2 -a*= 5o4-iOtf4" 2^* 
J ~13^=— 115— «3^ 

14 — >o =~ 70 



i+i+3 f 4 
Preji 

7+5 



5 



4^ 



^»mm^ 



ipawi^M**^ 



*ip-«>-4-"7^*=o, or 16=73^ 

f*=r/=Ori3, ate. 

•54^.t3,l9^. =5.13, the'thiee-firft^PJgures^f the 
Root required. 

Exampk 



[55 1 

It is required to find the firft two Figures of the greateft Fofitive Ropt in 
die Equation —tf^8o<i'—i598tf*-4*^4937— 5^)0=0. Here * =io, i. €. 
ix>-\-es=^a\ therefore 

i 

3 

4 
5 



1+^+3+4+5 
or 



7—50^3 

O* 'I * 



6 
7 
(8 



^8o4i' = ^80000 4**4ooa# £^r. 

— i998a*= —199800 — $9^6oe fcf/. 

+i4937-» *=^ +U9370 +J4937^ 

— 50CO =s — 5003 



iPi«MnpMm«Vi 



ipiiV 



4-14570 -^5oi3# K^. i=o" 
»457^ =i?»y 

^ =.=2.8 <if..: 

^-f^sr»o-f^.8=t2.8 tke ffarec firft Figpres 
required Root» ncurlj. 



Scholium X. 
503. And this is the fame with Mh Ralpbfm^s Method of Agproximatioa 
in his Univerfal Anal'jfis. 



I »■ ■!■ 






C H A P. Vfl. 



Of the Refikaiim^ hhtdfeBti Compotmd Efuathns. 

504. nr* ^ refelve any Inadfcded O)mpound Eqaation a* 3=r j or, which is 
J, the Suaae thing} to extraft the m Kooc trom any giKrea Reiblvend r. 

1. irairibate Ae given Refolvend ioio Beniedf <io. j2€, «!890 , 
». Seek the neareft homologous Power to the higbeft Period, which call 
**<!«• 349* 350') *^ "®** whether it be greater or kffer than yi&t whofe 



ttooc ^ is the firft Pan of r^ the Root requirtd 



J. Pot 



[»<] 



I — 

3. Put ^= the remaining Part of the R©6t unknown, i. ^ make *4-r=f^^ 



if * be aflumed Icfler than juft, and h^e=f^ if greater. So that inllead 
of ^ = r we have ** ± ot**^'^ 4-/>*"'^4f*i:j^- V &c- =r (In. 404,) ac- 
cording as i is taken greater or Icflcr Chan Juft. 
4. R^ed all the. Pollers of e above the Square by reafon of their Small- 
aefi (In. i^o^ i6u) xkipa 



If ^ be taken kfler than juft. 






I 

2 



3-r-H^ 



4+» 









.= £tl 



m 






H*= *-{- 



I . • 



"■""■^•■■'■"^ iSZI f^^ SwI 

7^+*- — 



Whence 



I 
2 



It ^ be taken greaeer ^an<jiift> > 
mi^'e—pi^'* ^=4f -../=«/ (In. 430.) • • 






» 



— •g=g~. *^ =: r" ^ a 



«4 



— * — ^* 



• ' •» 



Therefore the Root a of any given Power «* = r wiU be found nearly 
equal (in the Square tf* exadly equal) to * !i i. ^•. «• t 



^± 



01 , 



, the Theorem (In. i^\.) 



1 



' I. k 



•)-. 



• 4 



^ <M 



But 



But a yet more exaft Method may be invented for extrafting the 
Roots from all Povrers above the Square by reuining the Cube of * in the 
Refolvend, as follows. , 



Cafe I. with I left than juft. 



r — lF 
Subllit. 



I 



J 




X. 6. 

« 



JZ 



qd 



9*rP*?rJ» ^»r-i?W^^'+« 



8 



r=i« 4-m*"-' H-?*"-* ^-W^' «* 
d=r—lr =mh^* ^-j-/>*— » <»4^i*- 3 <» ' 
d=ml^-^ rhpJf-* c* from the laft. 



</ — **^~'X— > 



7 J=OT*— ' Hf ^*="* ^+ '^ *^^ 

^ _ pm . . I'^ 



''I ty 



^» — am p^ — Jfw|A*— * 



e+ee 




""p* — ^mb^ 






= « 



»«-t» 



II 



*+ 



p* — jw **^* 



^ 



£ 




=*-isr=r 






X 



Gt/? 



**— I 

Subfticute 

2. 6. 

jxpb 



[ ^8 ] 

Cafe t. with b aflumed greater than juft, 

d=mb''-^ e—pb^--* e^ from the laft *• 
mb^-^^ e '^d'=^pb^r^ e* 
mb'^'^^e — d 



=C' 



^— ^ = jJ«-3 ^ 

^^^^^i._^^.:..^..| qml^--e^-qde ^ 

pmb» ^— ?* A*-^f » -f^fw^--' ^ » '^de^pbi^ 
Ipmb'^e— qdc — j^TZI^jw-i^a 



Whence proceeding as above.wc have 



*— 



pw 



pd 



— *— 




M 



p^'-qm ^»— jjBJ^r 



Scholium XF. . . 

fof^ The former of thefe Theorems is th«» fam- ».vu u * 
Formula of M. de Lagney (who folwS^hc Sgenk,S%!Zi P f^^ ^"l^^ 
and is applied by the celebrated Dr. EdnrnJ^aS^J^^i^t^r^ ^■^•^') 
forts of^ Adfefted Equations, as ihall S^ ^n f09) "°" °^ '" 



CHAP. VIIL 
^ Of the IR^folutkn of Mfe&ed E^uatms. 

Problem XV. 
'""• T Va- " " ^'^"'"' QS'^'tic E,„.d0B by «,mp,„t,ng the 

EffeShn 



t 3 9 ] 



EffeSion. 
z. Bring the Abfolute Number to one fide of the Equation (In. 431.) 

2. Add % the Square of the Coefficient of the fecond Term to both fides of 
the Equation. 

3. Extraft the Square Root from both fides, 

4. Add or fubtrad one half the faid Coemcient to or from both fides, and 
it is done. 

Example i. 

Refolve the Equation 'fl*-V-4tf— -77=0, or tf*-|"4^=77 ^^ its confticuenc 
Roots, which are one Pofitive^ and the other Defedkive. 



3ttt>* 
4—2 



I 



I 

3 

4 
5 



tf»4-4a=77 
tf»-f-4»-f 4=81 



(In. 406.) 



a+2= 81 * =9 

<j=p — 2=7^ the Pofitive Root. 



^3— ;j— =is-{-ii=o, I. e. a=>itrii the Dc 



fe^ve Root (In. 511.] 



Example 2. 
Refolve a' — t^a — 37^=0, or a'— *3'*=374' 
a»— 23/1=374 



14- '3' 



I 



5 



4 4 

4 4 

^^i3_45 

68 



^= — =34 the Pofitive Root. 

a^'-^zia — 274.^0 . 

T~i~r^a+ii:s:o, i. e. <i±&^ii, the Dcfcdivc 

/2— 2J.— O "^ • - • — ' — 



tf— 34=0 
Root. 



Example 







Subftitute 

2. 

yxpj 



Ci^ i. with ^ aflij 



t-. ■* 







Root 






(^ ' Example 4. 

2./ zir 



^f 



./&/rif 



^+7'*"* 7=^ 




2/ f __ 2J 8jJ 

'"~7r-7~p3 



Sitf 






i 



t 



id-\^^ 



Eds+dd—^l-^ 



Problem X VT. 

f 07. Ta extraft the Root fsom an Ad&£ted Cubip Equation by Approxt- 
matioB, according to In. 3 f 4. 

Ejtampk X. 

Let it be required to extraft the Root from the Adfcfted Cubit Equation 
0^ — z8.25>t*— 9i.7f^— 6.i.p=o i which Confifts of one Pofitivc and two 
Defeftive Roots (In. 46) •) And the Pofitive Root is fome Nlimber be- 
tween 30 and 40 (In. for.) therefore make ^=30 Icfs than juft, i. e. 304^ 
or *+r=tf 

♦^^=-|-Z7ooo -{*i7oo^4"9^*+^ ! 

— 28.25^*=— 254^5 — 1 695^—2 &. 25^* 

— 9i-75« ^^-^rs^-f— 9i-2f* 
— 62.5 = — 62.5 



i«F 



•••^ 



r— i24o4^i3.i5^-4"^i.75^*+^'==^^ 



Thca 



[41] 



Then putting <i=ia40, i=9 13.25, t==6i.ySt we haveth« Eqaation 
-4-jH-/«-f^**=o, or, 



^d 



Or 

i+5=i 
6x/ 



8-rft— J 



ts 




9-r//— i+f 



z 
3 

F 4 

5 

6 

7 
8 



10 



se-\-fge-\-eer=d 
ie-f4ef=^ re)efting «• 
tee=^ — se 
d — se 



t 

de-^iee 



. . debtee 
ie-\-tte-\- ' =• 



fse-^it(e-{-de—se(P= td^ or 

ts -f- d\e-\'tt^4te=td 
ts-{^ , td 

td 

* // — J 1^.4051 



Whence M-*=3 1. »5007=fl true to the feventh Figure at the firft OpeN 
ation, ox a=zi.tf yc&i then ^ ^^/g^ ' ^ ■ = a«-f 3/»+2;i=o 

And the two Roots of <i»^-3tf-i-t=o are — i and — z, Therefore all the 
Roots of the given Equation arc +3 1. 25, — i and — ». 

Example i. 
Refdve the Equation tf5--64*+^4iJ— 20059=0. 

The grcatcft Pofitire Root in this Equauioo is between 20 and ja(In, 501 .) 
but nearer the latter, therefore affume }o=* mpre than juft, i. r. *--#=j 

*-J- /»*s=-|^27C)oo — 2700^-1-90^/^^^^ 
— 6i»*= — 5400-j- 360^— 6(e 
-j-i4a=+ 720 — X4^ 
—20039=— 20019 



128 1— 2364f4'84^'-^'=^ 
L 



I /^ 



E+n 



4x<? 
6x/ 



1 ' * i^ • 



8-r //—J 






9 

b — lo 



2 

3 
4 

5 
6 

7 
8 



10 



II 



se^-^tee^d rejcfting eti 
se — d-^tee 
se — d 



see — de 



-rzeee 
see^^de 



-d 



se — /(?*-[- 

ste — ttee-^ee — de'=^td or 
St — d\e — // — s] ee—td 



st—d 

n — i 



e — ee^=^ 
td 



ti 



tt—s 



, .\..J. f^. _. =1^00006 &?r. 



// — J ^ 

J/— ^ _. . 4i.i{5,6i04 tfr. -^e 



U—s 



■ ; I 

ightih Fii 



^—^=28.999994=^ true to the eightlh Figure at the 
firft Operation, or ^j= igexaft for the firft Root Pofitive. Then 

a^^6a^-^24a^zoo39~9 ^^x j ^j^^^gT=o. whence 
a — 29=0 



1+ 



ilw 



2-?? 



^*^i3^i3i.25=+i32.i5'^69i=~55875 



I 

2 



^J-j I. ^=-[-1— 558,75 * which is impoflible. 



3—11-5 I 4 I ^r=+ h558-75 *' — ^-5 the fecond Root 

which is impoffible (In. 470.) And the Rcafon you fee is, becaufe the Square 

of one half the Coefficient of the fecond Term, i. e. the Square of -— is lefs 
than the Abfolute Number 691. 

Laftly, ^^^^3^4 : 62i_ ^^^^ \r=pj^,. Whence .=-|-=7^~i 

^— I— 558.75+11-5 
the third Root impolTible. . 

Scholium XII. 

508. In the foregoing Examples I have purpofely omitted affuming any 
more than the firft Figure of the Root \ but if niote can be affumed, the 

firft 



[ 4J ] 

iirft Operation will feldom or never mifs of bringing forth quintuple the 
Figures at leaft) but generally more, as may be feen. but this Method fails 
in all Adfcfted Equations of above three Dimenfions : And therefore for 
the Refolution of thefe, we muft have Recourfe to the following Method of 
Dr. HaHy^ which, I believe, by Ux exceeds all the Methods- that ever have 
been hitherto invented for the like Purpofe. 

Problem XVII. 
509. To extraft the Roots from all kind of Equations by Approximation* 

Example i. 

Let it be required to refolvethe Equation — ^'+330^* — iSooa — 8i25=o» 
The greateft Pofitive Root of this Equation is fome Nifmber between '320 and 
330 (In. 50^.) therefore aflume ^=g2o lefs than juA, i. e. 320-J"^^^ 



»4» = 



— i6ootf: 

—8125 : 



—3^768000—307200^ — g6oe€'^cee 
:-f-337Piooo+zi I zootf-+-3 ^oie 

: — 512000— 1600^ 

:— 8125 



t. #• 



I 503875^ gy6ooe — 630^^ — eee^=^o 
d — s e '^ tee ■— ^^ = 



i-r/ 



^^\7^ 



I Ise '■^tee ^=: d-^ tee 
s , d eee 

d eee 

t t 



3 






-J+tf — -H 



Then rejefting eee upon account of its Smallnefs 
d 



i= 



~ isl^9Zo6 f^e= 5-00119, from which if wc fubtraft 



T *^ 



tee 

T 



7+^ 



P'^f ^ . = o.ooizo (Step, 3.) wc fliajl have e= 

I 64,9-1-^ ^ MT ^ ^ 



4-9P99P 



[44l 



4.^99^9 6t tkthtt e=:f c»ft ; trhcnce ^-4-^=r^=3 15 juft, which is focttd by this 
Method true to the eighth Figure at the firft Operation^ by means of the 

eee 

Corredfon r ■ o. The other Roots aic +8*09017, G?r. and — j .090 17* 



i-W 



;*' Example 1. 

Let it be required to txtrzA the Root from the Equation. 

d*— 8ofl^+i998d* — 1 49 3 7/1-4-5000=0 or 
— ii*-|-8oa' — 1998^*+ 14937^-^5000=0 

The firft three Figui^ of this Equation are tt.7 ^In. 501O 

— a*s= — x6oi4.464i«!- 8i93.5}t4^-*967.74^ — 5o.8^^«--/^/r 
+8od'=4*i63870.€4+38709.6oo^3048«oo^f-{-8o.oi)^ 
—1998^*= — 32225741— 50749.^oo^^i9p8«oo^ 
4-14937^ =+ 189699.9+1 493 7.00W 
•—5000 =— 5000. 



^taldM 



+ 



198.6559 — 5296.132^ -\^t.z6ee-{*2^.uti'^eeee 



i+v^ 



2-r/ 



2— fi 



If 







dWbM^ 



J 

7 






Then re^ Aing all the Powers o^ t above «r 

.= -JU ^ ?>^3o6j?35764 ^0.05644080331 6?.- 

^4.3828349 1 J— ^ 



J 



which 
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t 

whteh bckig coit6ft«d by the Addition of — ^ (Step 4.; := 

-I /^ ^ — =0.00000009x17 becomes 0.05644179448 ^c. Whence az=z 

64.2699 yy ' ^ T y 

J -{-^=11.71*6441 79448 C^c. true to the fouiteeilth FTgore at thclifft Opcr- 
ation» by help of the Corrcftion ■ ' And the Work will be yet 

farther correffed, if the laft Value of e be ftfbltitaiRrin the Equation e'— 

» 

' (Step. 4.) = 0.0^644179448074402, which gives a = 

1 2. 7f 644 1 79448074402 i^c. cxaft to the twentieth Figure. Ahd if mor« Fi- 
gures be yet defired, let the lafl: Value of ^ be again fubftituted iti the fame 
Equation, and that again in the fame, by which Means the Root niay be car- 
ried to any alligned £xa£tnefs, without varying the Coefficientb ot c. 

Scholium XIII. 

510. In the EfFedlion of the lafl; Problem, note, 
J. That every Repetition of the Calculus, at lekft, tr^)efi the Figures af- 

fumed (In. )5i.) 
z. That the Gorreftiohs are of naUfe, but When thief ftrft two Figures, of 

the Root, of a Number nea(r1y e^\ial tb the &rfk two Figured, is aflumed ; 

and the nearer the aflumed Number is to juft« ftill the more jull will be 

the Corredlions. ' " 

3» That theDiviibr — ±€ in the firft Correftion muft always be the fame 
with the latter Divifor, which is ufed in finding the firft Value of e 

Problem XVIIL 

51.U To refolve an Equation with the firft Term multiplied into a known * 
Quantity. 

Ex. gr. Suppofe the Biquadratic Equation — 201 8^<atftf+ 125409^' — 
24642 jo.Z5a*4-35468307a—z 741 83922,25=0. Ward^% Introd. f. 336. 

M The 



[4*1 

The Root of this Equation is fome Number between lO and 20 : For if the 

Equation be divided by 2018, the Refult will be — a^-\^t.i iSc a^ — lizi.i ^c 

ia*4"'7575-9 ^^ ^ — 135869. i ^c =0. Whence are found the Limits 10, 
160. Makei>=io X. ^. io-[-^=tf. 

Then — 2oi8^j* =::— 20180000 — 8072000^ — iiioSooff fc?^. 

-|-i25409a* =-j-i25409ooo-|-376i27oo^+37^^^7^^^'^^' 
— 24642 jo.2f<z*= — 246423025 — 49284605^ — 2464230.25^^ 

+35468307 ^ =+354683070+35468307^ 
—274183922.25 =—274183922.25 

Whofe Sum — 60694877. tf-]- i57J440i*-}-87i39.7f^r fcff. =0 

— d -\' s e -^ tee =0 



Or 



s-r-i 



2-r 



t4- 



I 

2 






£ 
/ 



— +^ 



= ^=3-7 t?^- 



i^j-^ I 4 1 io+r=^ii=i3.7 6?r. the firft three Figures of the Root 
required. 

Whence, and from the Principles already delivered, I prefume the Learner 
will eafily perceive how to carry the Root to any afligned Place; 

Problem XIX. 
512. To extraft the Root from a Compound Irrational Quantity. 



I • » 



Example 



[47] 



Example i 
ILet it be required to extract the Square Root from the Equation aa 



=^*+ 



Put 

make 
make 

6—5 
8+y 

3— y 

9. lO 

1510;* 

l6-f;I4 



' or to find the Value of <»= \b + 4*^ •— 4^ * 



I s 



J-j- ^f f — 4f f f f * =r^u|-^s 



2 

3 

4 

5 
6 

7 
8 

9 
10 

II 

II 

13 

15 
16 

17 






X 



2e\y *=^ j^c*- — \cccc 
4^^=4i^* — Ajcccc 

^ — -y =ri— It* 

^-r2<rr4-j'=^— J'j or — 2rr-f-y=— > 
2y=2rr 

e^—h — zr*+r*=i — c^^ becaufe r*=7 

J. r 

^4-y*=*— r^ »4-r=a(StCp. i.) 



18 



a or 



I » 



\ 



*+ 4*^^:— 4^^^^ * = b--cc * 4-^ 



EKampU 
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Example 2. 
. Let be required to extraft the Square Root from the &qtHlti9tnr*ss^ 

^cf — 4ff« *, or which is the fame, from A*=J««-2f |i— ft » 



Put 

make 
make 

•5-6 

3 — y 

9. 10 

9» »3 
i5(i«* 

164-14 



2 
4 

r 

6 

7 
8 

9 
10 

II 

12 

13 

14 

»5 

16 

»7 






te \y *:=.2c\b — cc * 
4^ *y=4jccb — 4jCCcc 

^*=J — icc-^ 

^*— ^— y 

* — 2rr-f-y=*— 7, or —- irr-4-jr=— y 
2y=2rtf 
= cc 



^ 1 



A 
r=^ 



e* =:A — ic^J^^^b-^cc 



e = ^ — ^r 



^ — y zziikr-'^c * — r= 



Let it be required ta extraft the Cube Root from the £qOatron tf»^=:2o+ 

1 

392 • > or bring a = zo+39^ * to a more fimple Expreffion. 



Put 



Put 

le-* 

Make 
Make 



5—6 
3*9> 



Subft. 

i«, 13. 
9,14. 

I5la»* 
144-16 



[49] 



2 

4 

5 
6 

7 
8 

9 

o 



«■» 



= ^0+392* = e^y^ 
^-f^*>+9^ V* =^o* =400 



2 

3 

4 
5 



^-J.3id&=4^— 6r=2 o 
, . ^ 20 

4 4 
^_. \ li, ' (fn. 487I 



2 



NiM«l 



J J 



^f:^ * =2 + 2» = 20 + 392 • the Root required (Step is) 



Scholium XIV. 

513. To which may' be referred what Sir Ifaac Newton teaches concerning 
the Redudion of Radical Qu^nuties to more fimple Radicals. Page 51 of 
his Book of Univerfal Arithmetic^ 

Problem XX. 

> 

514. To ektraft the Root jr from the InfimtinomUi ■^^H"^y*~H^y'+^i* 

EfftBkn. 
U Forj» fubftitutci7r4-/r'+Xr'4-L;'»-fAir'4-M? &c. then by In. 41 j. 



N 



r= 



[5o] 

,rk«. .Aim 

*^ ^ KK 






>♦= 



i 

6?f. fcPr. '* . 



+^y=-|-^^'' +^/ +^Jr 4--*!. -MAf -f^jy 



. . 4"40^Jf 

3. Divide the M Equation by r (h. 486.) uA make each of the Coefficient 
, V r ^, r», f* ef.. equal to nothing, (becaufe the Who^e is fo) « SSS 



xk 



ift Coeffiaent 
whence 
Jtd Coefficient 3 
' iHiencQ' 4 
5d Coefficient 5 

i 

whence! 6 
4th Coefficient 

whence 

5th Coefficient 

whence 



6A Coefficient 



whence 



I 



8 

9 
10 

II 

It 



for/. 



Jl^H*=o or A^=^BHH 

fcr-^ 'fobftiniting -2 for H (Srtp." 2 .) - ► 

A=-r-^ — '* w*^'*""* ;^" ft"" 2r, and — jj 
Z,= ■ » ■ ■ ■ I, " ' • I' — nbftitutiag ^2f— =J5r. 

- -6DH • / ' -{■4DIi*K^fEH*I-i-FH*=:o 

r r" * ' I - I . . 



4. Sobfthate ckeft Values of H^ /, A, X» M JV; &r. in the Equation 
fir4rft*+J>4-£«*-M*^4'^'* ^^. =y a»d you will have the Root Ibughc, 



•^•^" 



tiB!*-^ v\At^C-^A*BD^A*C*-~A^E 

A* 



Ai 
r&'r. adinfinitmn. 



f^^ 



ScnaLicis XV. 

51 f. The ingenious Mr* Mr. DeMmre^ is t{ie Author of dieEfieAioa 
of the Iftft Frobfemv 



CHAP- 



l5VL 



CHAP. IX. 



Of the RedtMioH of Efuatiim «f fmr» (be, ^bi» Ulh &c. 

DimenfianSi hy Swd Vrvifirs -i Or the Mttiad\ if dividmt 

^Equatkms ef this Sort mH tvnjkch tpkil Parts that ibe 

RxHft my he extr40ed Ota if each. Bnm Sir Uaac Ncwtoa. 

I . ■ 

t 

fx€. np O redQce an fiquaition of four Dimenfioiif . 

M 



EffeSion. I | 

Suppofe ^♦4^Ap'4' jAr*+W'+i;=o/ wh^ s jdeitt>ce the knowa 

Quanues of the Terms of the Equation affisftcd with their proper Signs. Make 



s-% 



Then pot for n fome common Integral Divifor of the Terms p and 2^» 
that is not a Square, - and which ought to be odd, and divided by 4 to 
leave Unity, if either of the Terms p and r be oddL Put alio hv k fome 

- ft * 

Diviforof die Quantity"— if J bc«ven; or half t>f the odd DivUbr, if^be 

odd \ or nothing, if the Dividual fb be nothing. Take die Quotient from fpl^ 

• ' x^^^ii " ' - - 

and call the half of the Remander /• Then for ^put **-^ , and try if s 

divides ^^^h and the Root of the Quotient.be rational and equal to /; 
which if ithappen, «dd to each Part of the Equation nkkxx-{^z nk Ix^ 
nils an^ extraft the Root on both Sides, there coming ot)t ^cx-^^px^ 

^=«^ into kx-j-l. 

Ex.gr. Suppofe the Equation jt* — zaifl2^^xx^^za^x^a^:i=io. By 

fiibftituting ^^tdy zaa — cc^ — ta^ and+tf* for p, f , f-, and j, rc- 
fpcftivcly, you obtain aa — 4rr = «, — ace — tf^ = P>, and ia^-^^faacc 
— { (C^ = ^. The common Divifor of the Quantities /& and 2I is aa^c^ 

which then will be ^ ^ and — or— 4, has the Divifors i and a. But be- 

caufe 



r 1 



ca\ife« is of t\*ro Dinwirfton^ and k]7^ ought t6 be of no more than onf* 
therefore k will be of none, anfl confcquently cannot be a. Let therefore k 

= I, and — being divided by-*y-tal« the Quotient — a from ipkcr — a^ and 



^ « 



there' will remain nothing far /. Morepver — ^ — ,or aa is ^, and ^.^i, 'or 




Equation proposV 
aaxx-^ccxjx^ that fhe Root may be extracted on both Sides ; and by that Ex- 



•^ *j^- *- 



traftion there will come out 9cx-\-ipx^^= n xkx-i-l, that is, xx—ax-}^ 
aa~^x \aa'-^c *. And the Root being again extrafted, youMl have^=*77 



±faa-^cc • ordb Ja — -J-^tfi-a^Xtftf-i-^^ ' See Ncwicn^s Algebra p. 214. 

Problem XXJI. 
517. To reduce an Equation of fix Dimenfions. 

EffeSfion. ' 
Suppofe the Eqimtion x^J^px^'\'qx^'\'rx^7hsxX'^tX'\-V'=iO^ and make 

^6 — Jhh =\. 

Then take for n OfUt of the Terms x^, h, z6, fome common Integer Divifor, 
that is not a Square, and that likewife is not divifible by a Square Number, 
and which alfo divided by the Number 4 fliall leave Unity ; if but any one 
of the Terms\p, r, t be odd; For * take fonrc Int^er Divifor of the Quanf- 

K 

tity if^ be even i or the half of an odd Divifor if i> be odd j' or o if A be <y 

For ^ [take] the Quantity J«-f ^nkk. For / fome Divifor of the Quantity 

■■ ■ '^^'''^-^ ■ if ^be an Integer ; or the half of an odd Divifor, if ^ be 

a Fradion that has for its Denominator the Number 2 ; or o, if the Divi- 

dual [or the Quantity] ^^ =~-^ be nothmg. And for R the Quantity 

t'^^^t^,? '^ nkl. Then.try if RR — v can .be divided by », and the Root of 
the Quotient extra£tedj and befides^ if that Root be equal as well to the 

- ■ * o . ... Qij^% 



^Antity ^ — T-^ as to the <^antity r^^Trr — i; if all thcfc hap*- 

pen, call the Root m ; and in room of the Exiuation propos'd, write thus, 

^^ -]- i p ^ ^'^'^'f -^R^^n'x kxx-f-lX'j-m . For this Equation, by 
fquaring its Parts, and taking from both Sides the Terms on the Right- 
Hand, will produce the £c|aation proposed! But if all thefe Things do 
not happen in the Cafe propos'd, the Keduftion will be impollible, if it ap- 
pears beforehand chat the Equation cannot be reducM by a rational Divifor. 
For Example, let there be proposM the Equation 

and by writing -^2a, ^^ziby -{-tabbf -^laabb-i^xa^b — ^al^i a< and ^aah^ 
— a'^bb for py y, r, j, /, and v refpeftively, there will come out 2bk — da=^a. 
^abb — ^tf ^=^. za^b^iaabb — 4^^ — a^'==y. — b^-^ta^b^iaab^-^^b* — %a^ 
=C' -^"^tf^+S^'W — ^ab-srm^ and — aah^-^^bb — ^<i*=d. And the common 
Divifor of the Terms 2^, 19, 3Bd^a6, is aa — ibb^ or ibb — aa^ accordmg as 
4a or zbb is the greater. But let ^ be greater than M^ and aa^^zU will be n. 

For » muft always be Affirmative. Moreover, — is — J aa^ia *+ } *, 

If 9 ' ^ t mf 

— is^ iaH-lak^i and — is — ^4*4- iaabb, and confequently -^ x — — -5 — or 

— , isftf^ — ia^b^-ia^bb+\aH^^^jiaab\ the Divifors whereof are i, 41, 

X t 

4i€ ; but becaufe n* x k cannot be of more than one Dimenfion, and n * is 
of one, ther^re k wOl be of none $ and confequently can cmly be a Nuo^ber. 
Wherefore, reje&ing a and aa^ there remains only i for i. Befides, f ac-|- 

4 nik gives o for ^ and '^'VT p is alfo nothing j and confequently 4 

5ilitch ought to be its Divifor, will be nothiqg. Laftjy, ir^ip^-^^nkl 
teives abb for R. And RR — v is — r^^ ^4"^^**» which may be 
divided by n^ or a a-^tbb^ and the Root of the (Rodent aabhht 
extracted, and that Root taken negatively, viz. — ab^ is not unec^l to 

the indefinite Qu^titq^ ' ^ or — , but equal to the definite Quantity 

S^-hpR—nll^s 

, Wherefore that Root — ab will be iw, and in the 

2nk J. 

room of the Equation proposed, there may be writ x^-^ I pxx-\-J^jc^R= «*' 

^kxx-^^x-^j that is, x^^axx-\^bb= aa-^zbb* Xxxr-ab The Truth of 

which 






ifs ] 

which Condufion you may prove by fquaring the Parts of the Equation found, 
and taking away the Terms on the Right Hand from both Sides. For from 
chat Operation will be producM the Equation x^ — zax^-^bhx^-i^tahbx^*^ 
20abt9cx^ia^kifx^^^*xjit^$aai^ — a^U^o^ which was to be reduced 

Problsm XXIII. 
f i8. To reduce an Equation of eight, ten, twelve, (^c. Dimcnfions. 

EffeShn. 

If the Equation is of eight Dimenfions, let it be A*-j-^*^-(-f^+''*''j"^^* 
'\'ix*'hvxX'^wx-\<:=09 and make q — 4//=*- r — ^poL=fb. s — J/ji — 
Aaa=:y. / — ^ty — i«p»=^. v — foty — tP>jfc=€. w— aP>>=?» and z-— 
^yyz=z^^ And teek a common Divifor of the Terms 2.^, 2f, 2^, 8n, that 
ihall be an Integer, and neither a Square Number ; nor divifible by a Square 
Number ; and which alfo divided by 4 ihall leave Unity, if any of the alter- 
nate Terms/, r, /, fe; be odd, if there be no fuch common Divifor, it is cer- 
tain, that the Eauation cannot be reduced by the Excraftion of a Quadratic 
Surd Root, and if it cannot be fo reduced, there will fcarce be found a common 
Divifor of all thofe four Quantities. The Operation therefore hitherto is a 
Sort of an Examination, whether the Equation be reducible or not ; and con- 
fequently, fince that Sort of Redudions are feldom poffible, it will moft 
commonly end the Work. 

And, by a like Reafon, if the Equation be of ten, twelve, or more Di- 
menfions, the Impoffibilitv of its ReduAion may be known. As if it be x^^^^ 
/**-f-j3f*-f-r;r^-^i;(p*4-/x^-4n;x*4^ you muft make j— t/!? 

And feek foch a common Diviibr to the five Terms, zc, a{, 8h, 46, 811, aS 
isaalnceger, and not a Square, but which ihall leave i when divided by 4, 
if any one of the Terms />, r,. ;, a, (be odd. See N€fpten*% Alg. p. 218. 

Problsm XXIV. 
51^ To refolve a Cubic Equation, where the fecond Term is wanting* 

EffeHion. 

Let there be fft'OposM the Cubic Equation x*#H^>^''=o ; the fecond 
Term whereof is wanting : For that every Cubic Ex}uat]on may be reduce 
to this Form, is evident from what we have faid above. Let x be fupposM 
=tf-+-*. Then will a^'-^aalh^iabb^^ (that is *') =y*4-r=o. Let ^aa^ 
4-3^** (that is, 10AX) 4^x=b, and then will tf'-f*''+r=o. By the for- 

mer 



[ 5*1 

mcr Equation h is = — • -^, and cubically i* "^'^ -~. Therefore by the 
lajcter, tf* ^-7 4t==o, or a*-f-r^»= -2- , and by the Extraftion of the 



Mkmvi^^ 



and ]rou*ll have <x. And above, you had — ^=^, and a~j-i=x Therefore 



adfcdcd Qiiadratic Root, «'=— i r± i rr-^ * • Extraft the Cubio Root 

■ 

4[ ^ is the Root of the Equation proposM. 

For Example, let there be proposM the Equation y— 6jif4-6y-{-i2=^o, 
To take away the fccond Term or this Equation, make ^-j-2=y, and there 

will arife ^'*— 6;H*8=o. Where g is =—6, r:=.^y \rr='\^^ .1—=— 8, 



4*=— 4i;8*t tf— — =x, and.^+^'—J^j that is» x-f*— 4±8 * + 



t«MiB«i 



—'S 



Scholium XVI. 
5ia And after this Way the Roots of all" Cubital Equatibns may be eic- 
traded wherein f is Affirmative; or alfo wherein y is Negative, and 

— not greater than %rr^ that is, wh^e two of the Rooca of the EqaatioD are 

impbffible. But where j is Negative, and* — a& the faoic time greater than \rr^ 

27 



i a 



A rr%^ %L * becomes an impoflible Quantity, and fo the Root of the Equa- 

'* 27 

tion X or y will in this Cafe be impoflible, vf%. in this Cafe there arc 

thpec poflTible Roots, which all of them are alike wi|;h refpcft., to the 

Terms' of the Equation ; and r, and are indijferently denptec} by 

«ke Letter x and y, and confequently all them may be extra&ed by the fame 

Method, and expref^'d the lame Way as any one is exc-ra(3:edor exprefled ; but 

it is impoflible CO cxprefs all three by the Law aforefaid, . The Quantity a — 
q 
— whereby x is denoted, cannot be manyfold, and for that Reafon the Sup- 

pofition 



t 57 1 

pofidontbatx, in this Cafe where it is triple, may be equal to the Binomial 
a — — , or «+*, the Cubes pi iprhofe Terms f^-W* are together =r, and 

the triple ReAangle 3^6 is =; ^ is plainly impoffible ; and it is no Wonder 
chat froadCan iitipoifible'Kypothefls, an inipoflible Condufion (hould foUov. 

. »: , S€H01*.IUM XVII. 

521. There is, moreover, another Way of exprefling^ thefe Roots, t?fe. 
from ij*4^*-{^, -that is> from nothing take 



» 1 



^3 -j- y^ or i r± J r r-f i- \ and there will remain **= 

27 



• >'• 



J r * J rr-f^— • Therefore 

/ 



41 = -- fr-f t^^+^ 



» » 



« 5 



1^ 



.1 » • ' 



4=»-lr— irr4-^* 



. TT-i ' and coofequeiith <he Sum 



■ ■ -^* 



J » 



3 * 



ofthcfe— tH-i'■'■"^"|7 
■J will be x\ 



Problz m 'XXV. 

511. To reduce a Biqwadratic Equation «i"+'j**Hh''*-H=«>> wanting the 
fecobd Term tQ a Cubic one ^ \g^^^^ 



EffeSiioM. 

Stfppofe this Eqtjatidnib te gfenerat6d By the ISfdleijaicitJofi of Adc two 

' ;■ ■ ■ — « 

2]J H"^^?, and comparilig the Tertm'^ou*liWe/-f^-7-<^==j,^— -^r, 
andA=f. Wherefore j-H^/4u, T'^-/* ' ' "- ' g '^ <^ 



==K> 2.- -V» 



^^ ■'*'*••* 



— (=/^ =5, and by the ReduaSop^f'H'^fe* — 4i 

For « write y, and you'll have y'+ifyy ^^ r'^'^o* * Cubic Equation, 



whofc fecond Term may be taken away, aiid Thctrdir Root extraAed either 
by the precedent Rule or otherwifc. Then that !Rt»i -Ijeiwfe "haa, ^ou muft 

go back again, by putting j''=^, TT" '^^ , • .ji^ > . — ?»• *°^ ** 

two Equations *»+tf*4-/=° » ^^^ *f— /r*-hj=0' ^^eir Roots being extrac- 
ted, will give the four Roots of thu ■UiquaduLu^Eyuaiioii -t^-^-qxx-^x-^-s 

=0, viz. *=— 4 ftfci *<—/*'. and x= \ ftb-jf *f -^»-^ WJ»ef» 5|ote, that 
if the four Roots of the Biquadratic Equation are pofllble, the three Roots 

of theCuWc Equatj^B J?4^S Z?? y rr ^ ^o will UpofflETe alfo, and con- 

fcquently cannot be extraftcd by the prccedeftfRufe- ^^Aiia lIiiH;* iFiheafFcftcd 
Roots of an Equation of five or aiore Dimenfions arc converted into Roots 
that are not afFcfted, the middle Terms oT tTirT , q uatidn "being taken away, 
that Expreffion of the Roots will be always iijipofllhle^ w>crc -^ore than 
one Root in an Equation of odd Dimertfions are ^offible, or more than two 
in an Equation of even Dimenfioi^s^ wh*dli cannot^be^ redu^^^^ bj the Exy 
traftion of the Surd Quadratic koot, hy the Myh e d l iuH ^own abovc> 

Scholium XVIH- * *^ 

523. Monfieur Des Caries ttprfit bow tp r^cc a Biquadratic Equation by 
the Ra^ laft dplivgr'd. £. g. Xet there be proposed the Equation reduced 
above, *—Jf'-^5*H^^^-^^- ' ^^t ^m^ ^^^fSkftoA (Emr^ 



t 5»] 

v-\-i for x^ and there will arifc v^—'^^vv-h^^^v—i^i—o. To takeaway 
the Fraftions, write Jz tor v, and there will arife z* — 86224-6002— 851 =:o, 

•Here— ^6s=y, 6oo=r^ and — 851=^, and confequently /4-^?)iy _ ^'''' 

r=ro^ and fubftituting what is equivalent, you'll have j*— i72yy-j'*Q8oo>' — 
36oooo=:=o. Where trying all the Divifors of the lail Term i, — i, z— • 
Zy 3, — 3, 4, —4, 5, — f , and fo* onwards to 100, you'll fiild at length y^=^ 
100. Which yet may be found far naore expeditioufly by our Method above 

delivered. Then having got j', its Root 10 will be ^, and ^ , . 

^^ or —2 J, will be/, and ^ * ^ 

2 , or 37 will be gj and 

copfequcfttly the Equations ^#f-|^^-f/=^> «ind atv — ex-^g^no^ writing 
z for Xj and fubftituting jsquivalent Quantities^ will bpcome 22-|-io2 
—23=0, and 22— io;p+37=o. Keftore v in the room of Jjt, and there 
wrli arifc *i7t;-|-2*t;-^ f^^o, vfid vv— i^v-j- -f |— o. Rcftpre, mweover, • 
M-Ji*^ for V and there will come out xx^^zx — 1=20, and ^*— 3J»f4"3— ^» ^^^ 

Equations ; the four Roots whereof ;?:= — j^ 3% and x=i* :f — ^ * ," are 
the fame with the four'Roots of the Biquadratic Equation proposed at the 
fireginniflg, x^—x^ — fxx-|-i2.^ — 6=0. But thefe might l^vc beep rtore 
eafily found by the Method of finding Divifors^ explain'd bdfor^. 

C H A P. X. 

1 ' 

of Mixed Equations. 

Definition XXVII, 
5'24. A Mixed Equation is that which contains in it more unknown Quan- 
tities than one : as the Equation 2^a-j-a^=i— <x, or — f-7 — b. 

Definition XXVIII. 

f25. The Extermination of an unknown Quantity out of an Equation, is 
the bringing it to one Side in two or more given Equations, fo that one or 
more new Equations may be had without that unknown Quantity. 

Corollary 



v 



(«<•! 



COROLLART, 

516. Whence it follows, that there muft be at leaft as many given Equa^ 
tions as unknown Quantities, before the Value of all the unknown Quanti- 
ties can 'be found or exterminated. 

Problem XXVL 
527. To exterminate an unknown Quantity by an Eqaality of^ its Values. 

Ex am fie i. 
a— 



From the 
Equations 



7-Mi 

lo-j-** 
ii"r~4 

i4+4_ 

p. 
4. 



I 



3 

4 

5 
6 

7 
8 

9 
o 

I 

1 



4 

5 
6 

7 
8 



— - find a, ^, y. 



___ Frpm whence we have two new Equacioos widi 
^ J[^l7^ y exterminated. 

tf+i— ^=i^— 2tf (In. 2 1.) the firft Equation with y extermi- 
«+'-H=i« (naied. 

za — le (In. 1 u) the fecond Equation with y exter- 
= 3a (tmnatBd. 

~ T 

^_j:^ if (In. 11.^ the kft Equaekm widi jf aad ^ artiemi- 
4 (nated from the 9th and 12th Seeps. 

4^=3^+4 
tf=4 

=tf— 1=3 




Examfh 



r 



From the 
given Equa- 
tJou. 



ixb 

4^ cc'-'by 

2xd 
6 — by) 

7-Tdc 






ExampU 2« 




*/^4" 



d 



=2W 



to find « and jp 



■>» 




11^* 



} cca — bc}—bifc-\-bay 
\sca — bay^bbc^cy 
^ I _ bbc-{'bcy 

f 111 — — — —L-p-/ 

y d€a=^2dbk--'byy 

9. — ~Lr= — 2 — ^ an Equation with a exterminated. 

lo b^(^d'\^bc^dy=jJi^f'd-4cy'—ib'dy+h^y^ 



12 



1 1 \l^y^—bc^y^--'2b^dy—b(^dj+b^c^d=o 

c^ *ib^drX-€^d 
}■— T^j* y^ >-j-^ri=o, a Cubic Equation whofe 

Root y may be found as is taught (In. f f 4 or 556.) and thence from Step the 
5th or 8th will be had the Value oi a. 



Problem XXVir 
f i8. To exterminate an unknown Quantity by fuUlituting its Value 



for it* 



From 



Sub.— —Step 2. 

4xa 
f+bh-^c 



X 

r2 



f 

6 



7 



Example ly 
, vtofindtf and e * 

^*= - which fubftitute for if Step %, 
hb — cc 



d^^^b-\^c:=zbca 

a^^^ca=bb^^c which refolved will give the Value of 4. 



e= 



TT^i 



cc 



Exampii 



From 



2-rV^ 



3®** 



he 



Sub. — T Step I. 
#— ^^ 

or 



'0<n 

. Example %. 

I ', , p to nad ^ and e 
2\ae — ba'=^be S 



5 

6 

7 
8 



^:= 



be 



e—b 
~ ee — ihe^b 



which fubHitute for ^ afid ^i*/ Step 
the firft. • 



From 



' 



X X 2 

4lu>» T 
Sub. c-=.a Step i. 



Example 5. 
, > to find a and t 



■•haMMi 






^•=^» 



3^r 

b 



ii 



P R O B L K.M XXIX. 

529. To exterminate an unknown Quantity of fevcijal Pimenfions in each 
given Equation. 



Front. 

1—6*' 

2— 6jtf 

3. 4» 

6-r6 



''''"*"^S'/ >«*^«»«0'. 



a* = 12^ — be* 



whence' 



4 tf*=i8— 6tf<? 

5 1 2a — 6ee=^i8 — 6^e 
4 iiai^Bae^iS-^Oet 

^"tr^g > to be fi|DlHti|ted in Step i - 



7 
8 



10 



112 



r^-j-^ 



c|^6ir^-f-i?*-|-24^»+24<?'-H^*=7^+^4^'+3^H"^ ^^* 
7^+12^^4-6^* — 36^—63=0. Whence ^ may be 

found by (In. 509.) Example 



From 



r « t T: 



i/'= -r^i-iJ' 




2a 



4au* 

t— 2flf 

8tu>* 



2 «*=2<l^^ 



find <i and ^. 



I 



bb 



2aa 




7 
8 



12 

14 



7 



'^^H-^=«*+~ 






^—tae=s, '^ 



k* 



#*— i<i^4^*=a»-:4r ar 






X 



4, ffff • (In. 506.) 



9+4 10 ^ -»+^ 



aaaa * _L|, 






a' 



^^a 



From 



I— ^ 



t ^ 



44-H =ao 



find # and 



i/xt 



^^ 



3©' 


4 


4 " 


5 


2, 5 


6 


6^ lo 

• 
• 


7 
8 

9 



From 



<!j*-|V+ -J- =400— 40tf 

140— 400— 40tf 

14=40 — 4^. : 
4^=40 — 14=^16 

e=^ ~ =6J to be fubftituted in the firft Step, 6?r. 

: + - . - 

Example 4. 



%-^ae 

"* "^ 4 

4Ju;» 



5+^i 



I 

3 
4 



Sub. the Value of i 
into the firft Step. 



• , , Cfind tf and ^ 

^tf— ^^-f» — :rzaa-^ rS'^ — ' H"r 




5*7- 6-4-2^* 



8 



^3_^. p? 4.3 * +ta'=3 [Iff +3 "^li 




11^4 



i4-r4 
Subftitute 

Then 
i6iw* 



10 
II 

l2Ji 

14 

16I 

17 



X 



+J 



4^i^+i4a*+3* ~ 4 ."^^ ' 

%-i^,»:;4 ■ =^-^'+x» (I". "5.; 

4^<>— 6otf^ — I o8tf * = 1 08 



I18 tf=;^ » 



£xiJ»/Jf 



From 

^+? 

Make 

then 

# 

9©-» 
9©> 

Snb.(br4mtlK 
ift Stepdivi- 

■i4-|,6>»^+ 
Sab. for jr 



8 
9 
o 



(<5l 

244— .g^ftf-j-3tf»^»--24^»-f^— 37=0 
24>^*— tfgi^i tf— 15=0 



to find a and # 



<!—*(•= 



ii*-\^6e--\2o * 



i6^« 



<*+96< 



»_L^» 



4 
5 

6 
7 
8 



4* 
^4.p6<-f I to=>», • or |tf*-t-96f-^i 20 »==; ' 

— y"H^ 64<f^gy-f-64g* 

** 4* " 256^* 

4<y^-4'T 2tf»y*+i 2tf*y-t-4f* 
^ig. igg^ 

ij*— 1 2y»/ — 843r/»+i 58«*— 947*«*==o 

J*— 6y V— 42j:/«4-79«*-~"473 6^=Q 
>*+79''— 4736«*=6)'»«' ■f-4V«V 

>*+79g*— 4737<* ^j 

8o^.4-i9i^^|4»6^4-9ai6<»-|-i^O40»4-<440O -.^ 

■ 48^+576«'+7iO''; 

/;<*+ 1 2<«— 18 i<*4 -576<* +i440<+ 99g =y 

3^+36<*4-45^ 



• ' I 



* 



lfi.'*^ii og'»-i8io." rS9 04^'^7656f!18l9^!l£li3i^: 
--i8gVf2*»-78768oc»-i7402'4^^i65888o^3iiO+oo'*+ 

oo*-^-8 






'-^-3140^' 



•»9 



» 



Whence 



io iftf'*-l- iid^'*-r- aSi o^'*+f 904^*^-1- 76f6^> -f- 
879^|A+ij8z4/'— i89ifii^^^78768oc<-i-i740z4^ 
-j- i6f888o^-f-3^*^^^*+^r9*^o^^+8ioooo= 

^442.ftf* -j- 114416^' -f- 465f6otf*+ yl32oo^»-|- 
145 000^*. 
11 1x6^'* — 9(Jo^'^ — 4i5oi" — 16128^'° — :47424i»-[- 
f Jf36d* — iiof92r' — 7f57^^^^ — iJ7o88o«« 
— 417024/*+ i6f 8880^ 4'3^'^4^^^'4'^f92ooo^ 
-|-8 1 0000=0, 

^••^5o^»»— x6o^ — 1 008^'*^ — ^964^^^ 4. 3345e* — 
69 1 le^ — ^472 3 2^**— 8rtf 80^5 — 26064^*+ 103 680^+ 

An Equation of fixtcca Dimeufians» whofe Root e will be found to be r 

(In. f09.) whence a— t^^96e^l^o''^^ ^y (Step. 7thi) 

4^ 

Scholium XIX. 
f30. Hither rpay be referred Sir I/aac NeuOof^s Rules for the Bxtermina- 
tion of unknown Quantities.in adfefted Equations. VkL Ne^tpn*^ Algebra, 
p. 6f , or in the htitLatin Edition, p. 7 }. 



21 



-rFB 



22 
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CHAP. XI. 

Of hinging fj^fi(ms kifoEfttati^f^. 

Partition VP. 

531. A Z.geiraical ^ifiions are of two Sorts, D^krwHatezoA fndftjcrtfiinaie^ 
jf\ according to the Nu<nber fii ]£qijations and unknown Terms 
whereof theyconfift. 

Definition, XXIX. 

5^ 2. A Deierminatt ^eJUon i$ that which confifts of as many indepciv^c 
Equations, as UDkoown Q«autiticfi : As if it were required to find what 



two Numbers thofe are« a and. e^ whereof ^ — 14 and 



s 



6. Or 



to find what three Numbers thofe are, whereof ^-j^=25,.tf-4">=*8, r-|-y== 
31. Which kind of Qucftions are called Z)^/^rwi«tf/i?, becaufe they admit 
of no more Anfwers than the Number of the Dimcnfions of the laft Quantity 

Defini tion 



fought. 



I <7 ] 

Defikitiow XXX. 

533. An Indeterminate Quejlion \^ that which confifts of more unknown 
Quantities than Equations : As if it were required to find what two Numbers 
thofe are, a and e^ whereof ^^=24 : -Or to find what three Numbers thofe 
arc, whereof ^^-{-^^=25, and tf+yrriS: Which Sort of .Queftions are called 
Indelerminate^ becaufe they admit each of innumerable Anfwers. Ex.gr. 
Any two Numbers whofe Produdl is 14 will anfwer the former, and in anfwer- 
ing the latter, any Number lefs than 15 may be afTumed for one of the un- 
known Quantities. 

Scholium XX. 

534. If in any Qucftion the Number ot Equations be greater than the 
Number of unknown Quantities ; it is odds but fortic of the Equations are 
concradiflory, and confequently the Solutk>n of fucli Qucftion is impofiible. 

Partition Vllf. 

535* ^&^^^ Algebraical Queftions may be divided into General and 
Particular. 

Dc F I N I T I o N XXXI. 

536. A General Queftion is one exprefled in general Terms^ the Solution of 
which affords Theorems for particular Cafes ; as when it is required to invefti- 
gate SI Theorem for Determining any three Numbers or Quantities <x, tf, y from 
the Sums of every two of them given, viz. a-^-^b^ /j^-^mr, e-hyi^d^ where 
fpr h^ Cj and dy may be aiSumed any three Nambers at Pleafure. 

Definition XXXIl 

f37. A Purticular Si^efiion is cxpreflcd in particular Terms ; as when it is 
required to find three Numbers a^ e^ jf, on thefe Conditions that a-^-ezzit^^ 
414-^=18, and^+jf=3i. 

Problbm XXX. 
53 S. To bring a Queftion to an Equation. 

EffeSiion. 

The whole Art of bringing Queftions into Equations confifts in a due £x- 
preflion of all their Quantities by proper Species, (the known Qiiantities by 
Confonants (or Numbers) and the unknown ones by Vowels (In. f 30.) which is 
to be learned by Example rather than Precept. 

Example 1. A Lady feeing divers poor Perfons at her Door was willing to 
diftribute fome Money among them, but when ftie Numbered them, (he 
found that ftie wanted Six-pence to give Four-pence a piece to them ; (he 
therefore gave to each Three-pence, and had Two- pence remaining: What was 
the NunaUx of poor Peopky and wliat Money had ihe in her Pocket ? 

A Lay . 



[ <58 ] 

the ^eJiioHs in fTords. The fame in Smiiu 

A Lady feeing divers poor Porfons 
at her Door for whofc Numbers put a 

was willing to diftribute fome Money 
among them, for the Quantity of 
which put i 

But when fhe NumberM them (he wan- 
ted Six-pence t6 give them Four-pence 

a-picce, i. e. 4^_^4.g.^ 

She therefore gave to each Three- 
pence, and had Two-pence remain- 
ing, i. ^' , 5^=f 

The Queftion then confifts of two Equations, and two unknown Quantitici 
tf, c. Whence by (lnfzy.)a will be found = 8 Pence and ^=26 Pence or 

Example t. One bought a Horfe, and Sold it again for eleven Pounds, io 
the felling it gained as much per. Cent, as the Horfe coft-him. What did he 
give for the Horfe ? 

Tie ^uejiions in fTords. The fame in Species. 

One bought a Horfe whofc Price 
was . a ' 

And fold it again for 1 1 /. 6r k 

So that his Gain was t-^if 

In the felling of which he gainM as 
much by the 100/. or e 

As the Horfe coft him, 1. e. a:b — a^ca 

Whence we have this Equation aa:=ihc — ac(JxL i8p.) which by due Redac- 
tions gives a^^'-^'* ~^= 10/. (In. 50Q 

2 

pxampU^. A Father and his Son went to the Wood for each a Burthen of 
Sticks, and in their return Home the Son complained that he was over-loaded ;. 
to whom the Father replied, if I take ten of your Sticks, thenihalll have 
twice the Number of Sticks that you have, and if you take ten of mine we 
Ihall have an equal Number. It is required to find the Number of Sticks that 
each had. 

Here if a be put to reprefent the Number of Sticks which the Father hady 
and e the Number of Sticks which the Son had ; and i/ for la be put is then 
witl the Queftion be expr^fled by thefe two Equations : 

r ^-j-^=2x^ — brrzie-^ib 
1 a — b^=^e-\^k 

Whence by due Reduftion, it will be found that ^=5^=50 and a'=^e-\-7i^ 
f=:jiz=:yo. (In. 527.) ExampU 



I 

X 

3 
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Example 4. A Man had three Horfes wboTe Values were ts follows. If ele^ 
ven Guineas were added to the Value of the worfts it would equal the Value 
of both the others ; if eleven Guineas were added to the fecond, it would 
equal twice the Value of the two others ; and if eleven Guineas were added 
to the Value bf the beft^ it would equal thrice the Value of the other two. 
What was the Value of each ? 

Put a for the Value of the worft^.r for the Value of the fecond, and y for 
the Value of theheft^ then make ^ii, and the Queftion will be exprefied 
by three Equations as follows. 

Therefore by due Rcduftion y=— =7 Guineas, ^=3*-*4}^7: — f ^"^* 

II ^' 

ncas» andis=# \ji < g== — ^i Guinea. 

II 

Example 5. A Shepherd being asked the Price of his hundred Sheep, made 
Anfwcr ; I have not a hundred, but if I bad as many, half as many, two and 
a half, then fhou'd I have juft a hundred. What was the Number of his 
Sheep ? 

Here putting a for the Number of Sheep the Qucftion is expreffed by this 

one Equation JH-tf"^ — ^+2^=100. Whence ^i= 39. 

Example 6. One being asked what a- Clock it was, made Anfwer, that the 
Time then paft from Noon was equal to two fifths of the Time remaining to 
Midnagbt What was (he Hour after Noon i 

Pu£*=riz, and let a reprefent the Hours from Noon, and cottfcqucntly 
Che Time to Midnight. Then 

tf = ,by the Queftion. 

5 

^= — =2^ Hours afterNoon. 

7 7 
Example J. 'Tisrequiredto<lividei=iCO,twice into two Parts, fo that the 

Major Part ot the firft Divifion is double the Minor Part of the fecond 
Divifion ; and the Major Part of the fecond Divifion wanting one, if to Che 
Minor Part of the firft Divifion as 9 to 4. . , , ^ir- 

Put tf= theMajor Part of the firft Divifion, then will b^a equal ihe MmOr 
Part of the fame Divifion j and bythc Queftion the Minor Part of thii fe- 
cond Divifion will be t a, and confequently the Major Part of the fame Dm- 



Whenct'a 



fion ^— J a ^, 

* * S . Then 



Then 
Or (by In) 

Whence 



I 

2 



5 
6 



tf= 



*— i^— i: *— tf=9: 4 by thcQueftion. 
4^ — itf — 4=9^— 9^ 

"^—72 thcMajorL„of the firft Divifion. 
*•— ^=2.8 the Minor ) 

— =36 the Minor -^ 

*-^=64 the Major j"^*" °^ *^ ^^^*'°*^ ^'''^^°°- 



Example 8« A Gentleman hired a Servant for a Year for 1 20 Shillings to- 
gether with a Riding Coat at a certain Price ; but when feven Months were 
expired) the Matter falling at variance with -the Servant puts him away, and 
gives him the Riding Coat with 50 Shillings, which was full SatisfaAion for 
the Time. What was the Value of the Riding Coat? 

Put ^=120, ^=7, and J=50, and for the Price of the Riding Coat put a 



Then 



i-rii 



2XC 



Whence 



I j *4-tf = his Wages for xhe Year 
-^3IL=his Wages for a Month 



3 



12 

cb^a_ 



his Wages fo r feven Months 



11 

c 



ii-f-i by the Queftion 



iiii 



tf= 



12 — c 



=48 Shillings, the Price of the Coat. 



Example g. A General having fet his Soldiers in a Square Battalion had 
==^50 o Soldiers to fpare ; but to encreafe theSquare, fo that its Side might 
^onfift of r=i Soldier more than itdid before, he wanted ^=Z9 Soldiers. How 
many Soldiers were in the whole Army. 

For the Number of Soldiers in the Side of the firft Square put a 
Then i <j-j-^= the Soldiers in the Side of the fecond Square 

1 aa-\'h= the whole Army 

3 aa'\'b-\'d=a*'^2ca'\<*hy thcQut&ioti 

4 4-j-J= 2ca"\^c 

c bA-'d — cc ^ 
^ tf=-J =164. 

'6'tftf-{-*=70396, the Number of Soldiers in the Army.. 

Example fO. A Man playing at Hazard won the firft Throw, juft fomuch 

Money as he had in his Pocket, the fecond Throw he won the Square Root of 

what he then had, and b'=s^' more ; the third Throw he won the^ Square of 

All he then had^ after which his whole Sum was ^=1156;. . It is required to 

find 



3— tfa 
Whence 



f 



[ 7. ] 

find what Money he had in his Pocket, when he began to play, ff^ard'slntro- 
audtion, p. 225. « r / 



Make 
1x2 

Subft, 

5+6 

8ttu* 

II— 5 

I3^ 



16 



ij^Jtm * 



J. 

4 



16®-* 
lyxz 



I 
3 

4 

f 
6 

7 
8 

9 
10 

II 
iz 

13 
14 

If 
16 



ij/i= the firft Sum he had in his Pocket 
4^a— the Sum after the firft Throw 
la-^S— the winning at the-fecond Throw 
4^«4-z^-4-5= the Sum after the fccond Throw. 
4aa'^ta+5—e 



= the winning of the third Throw 
ee+e=zzf6 Shillings by the Queftion 
^H^+o.2£=iif 6.if (In. f 06^ 



4aa-4^ta+f=47 
4aa'^za=4Z 
aa-{-}a= lo. f 



a+i 



x_n 



13 



I£ 



=3 



4 4 

ly aar=9 Shillings 

1 8 ztf «= 1 8 Shillings, the Sum he had firft in his Pocket. 

SCHOI^IUM XXI« 

f 39* From thelaft Example belonging to the foregoing Problem it appears 
of how much Confequence a convenient Hypothefis is for anfwering any 
Queftion : For if the firft Sum had been reprefented by a or aa^ the Equa- 
tion, which exprefles the Queftion, wou*d have been encumbered with Surds ; 
becaufe the Sum after the firft Throw could not have its Root exprefled in 
rational Terms, as the Queftion requires ^ but this is remedied by putting taa 
for that Sum as above. 

Definition XXXIIL 

f 40. The Equations by which Indeterminate Queftions or Problems are 
exprefled, may be diftinguifhed by'theName of Equalities \ .thofe which are 
exprefled by one Equation by the Name of/wgle Equalities \ thofe which arc 
exprefled by two Equations by double Equalitiesi by three Equations, Triple 
Equalities^ &c. 

Pa RTITION IX. 

5*41. And thofe again may be divided into Homologous ^ znd Heterologous. 

Definition 



[7»1 
Dzriiri-rioii XXXIV. 

54.Z. By Homolcgpus Equalities are meant fuch as have all their unknown 
Quantities of the iame DimenficMis t aa >a4-f)r=/a — ir, ad— M=i, a*-4-e*=^»» 

Dl»TNITION XXXV, 

f4;. Bjr HeteroUgous Equalities zrcmtini fuchashavetheirunkaownQuan- 
titicsof differeniDimenfions: as «*—<=*, »"-J-#'^**, &?(■ 

Partit'iok X. 
f44. LaAIy, Homologous Equalities xmy bedlTtdcd into Lateral, Sigadratk^ 
Cubic, &c. according as their unknown Quannties are of one, two; three* 
i^s. Dimenfions. 



The End ^th ftmrthPart. 



ARITHME- 



C'] 



ARITHMETICAL INSTITUTIONS. 

PART V. 

The Application of SPECIES ALGORISM to 
the Investigation of THEOREMS. 



C H A P. I. 

Cmtaimng certam premifiuim PROBLEMS. 



545- 



Problem I. 
O raife Theorems for finding any two Quantities a, e, from 
their Sum s and Difference d given. 

Efeffim. 



1 — % 



^la-^s-X-d 
s+d 
4 iJ = -^ — The Tfieorem/of the ^reaier Ntimher. 

S'ie = l—d 

6 <= -— Tbe Theorem /»r lie kger Number, 



it^tuit 



s—d 



sJLd 

JE)^. gr. If i i- 35:, tbd iasz 2i> iba a at -JL- a 

CoROLiAitr L 

546. If 2 1 be put t6 ttpttknt the Sum of afiy two Numbers, and 2 i 
for the lefltr^ then will s J^d give the greater Ncuxiber lought, and s-^d 
the lefler. 

Problsm n. 

547. To raife Theorems for finding any two Numbers a^ ty from their 
Sum Sy and FTodu& p ^ivcn. 

Bfeffiem 



1 
2 



3—4 

1+6 



7-r* a 
1—6 . 



9^2 



3 tf*^2 tf tf-4-^^=.JJ 

4 4^^ = 4P 

2 a*-* 2 ^'if-j-^^ = J J— 4p 



7 



10 



tf -4-^ = 5 



i"/= j^y '*' ^«'>^^*»- 



tf := ij 



4P^ 



2tf = j-|- jj — 4p* 



^ J-J-Jj — 4p* 



^s 



JTiv Theorem fir tie greater Number. 



2tf = J— jj — 4^* 



e =; -^^I- Jii-- ^be Theorem for the heffer. 



=i±iiz:i£=a8,.^! 



■4/»* 



jE*.|r.Ifj=35, and^= 196, then a 

= 7- 

Problem. IHl 

548. To raife theenemt for findiiig any two. Q!^mb«s a^ ty from their 
Sum J slnd Quotient j given. 

Erric- 



C33 






2xe 



S-rJ + i 

2X6 



3 
4 



ax=zqe 
ez=zs*-^qe 

6 tf = -xrT^&tf Thtovttti for finding tb€ lejjer Number, 
a = *ii- Ti^ Theorem /<?r tUsTmUr Numim 



PROBtB-M IV. 

j'49* To raifc Theorems for finding any two Numbers a^ e^ from their Sum 
i, and Sum of their fihi^Ksm x givtn. 



2 — 4^ 

1-J-.6 
7t^ 



lU-j-^ =j 



Effe8ion. 



4 
5 

6 



2^^ =JJ»2 



8 



.i;j^»"Lfj,^By/A^ %</?*?». 



iWw»* 



tf tf = 22 SS' 

1 



f 

^ _ ^4-2^ ■^'^* Ear the ^eaier Number fougbi. 



2^ = 1— •22— Jl 



i— 22< 

9-r2lio| e—^ ^ 



SS 



For the UtJferJNum^erfif^bt. 



± '" • 
^^ ^*""«^ S3g8,.tf=a 

it 

: 7- 



k 

«' 



PllOB<^ 



c + j 



PROBLESfV. 

550. To wife Theorems for finding any two J^umbcra a, e^ from their Sum 
St and Differenoe of their Squares m given. ,- 



t|<f -(-« = « 



EffefHoH. ~ 



Z'-l 



1 + 3 



4-r2 



1 — 3 



6-?-" 



6 



i;^:;.';,}^;^*'^*'^^. 



i 



2/1 






~ IS 



s s 
The Theorem for the greater Number. 



S SmmmX 

e = The Theorem f(^ the lejfer Number. 



2S 



Em. gr. If J = 35, and st=. 735, then a 



= — * — = 28, e = = 7. 



Problem. VI. 

551. To raife Theorems for finding any two Numbers a^ e^ from their Sum 
Sj and Sum of their Cubes m given. 



3 + 5 
4®-* 



2 tfj-f ^3 



4 

5 

6 

7 



EffeBion. 
ZL^B^tbe'^ejnott. 



^^ • s 



€•=• s*-^a 
aez^zsa^^aa 
m 






6— 7J 8^*:i=-— j*4.3ja*-«2«* 



84^2tf*— 3fii 



Cs3 



SJ^ta^^mm^sa 



9^3 

10-1 — 

4 



II m 



124 — 
' 2 



I — 13 



10 



II 



12 



'3 



^ ^ s s 



a^'^sa-zn 



ffl'^S 



3^ 



a^ — sa 



~* IS '4. I2i 



^-ij = 



4W— jjj* m ss* 
~3J~ 12 



I2J 



a = 



4»i — jjj 



12S 



+ i J F(?r /i^ greater Number. 



i^safj — 



1 



4»i — jjj 



I2i 



For the lejffer Number. 



Ex. gr. If J = 35, and f» = 222^5^ then ^ = 



4OT — i JJ 



12 5 



4.4^5 = 28, and 



f = 4-5 — 



4»i — jji* 



12i 



= 7' 



Problem VII. 

532. To raife Theorems for finding any two Numbers a^ e^ from their 
Sum J, and Difitrcncc of their Cubes n given. 

EffeSlion. 



I— a 3 



3®- 

2 + 4 

I — tf 

8^ 



'4 

5 
6 



n-7-2 



8 
9 



II 
12 



e-=.s — a 

e^ =s^ '^is* a^^sa^^a^ 

2tf3 — ^sa^^^s^ a = ft^s^ (In 430.) 

a'— fjtf*-]-f J*tf— — ^^— =0 The ThcoTttn for ibe greater 

^2 Number. (In 508.) 

3 



2tf'— 3J^*^|^3iV = i'— ;i (In 430.) . 



jtf*+|jV— ^ ?=o ri&if Theorem /e^r /£^(f /efer 

" ' 2 Number. (In 508.) 



[6] 

£.v. gr. If i=35 and «— 21609, then ^as28, and ezzy±:s^a Step. 3* 

Problem VIIL 

553. To find any two Numbers tf, e^ from their Difference i, and Pro- 
duft f given. 



I 



1 

2 



2x4 
3+4 

6+1 
6—1 



3 
4 

5 

6 



~%5y the ^ejtion. 



4ae =4P' 
a*-{-2ae-\^* =zad — 4p 



8 



10 



I 

2 



Theorem I. 






2^r= dd^/^p^^^d 
I 

tf= — J 

2 



Theorem II. 



^x.gr. If ^^21, and;)=rip6, then «==— i^-i-=28, and 



_^^^*---£_ ' 



Problem IX. 

554. To find any two Numbers a^ e^ from their Difference 4, and Quo- 
tient jf given, 

EffeSiion. 



2xe 
5— d 



I 



a^_ ySy the ^ftion. 



^az=:d^ 

qezizd^e 
(\fe^^Tz.d 



rj— I 



6-ri?— I 



2x7 



8 






4= 



qd 



y— I 
Ex. gr. l( d^zit and q: 



Theorem I. 
Theorem IL 
=4, then tf=-^ 



.=28, ^= =7. 



Problem X. 

555. To find any two Numbers a e^ from their Diffiprencc rf, and Sum 
of their Squares z given. 

EffeSlion. 



I 
2 



2—3 

7-r" 
6—1 



3 

4 
5 

6 



8 



!cf jj^y the ^eftioft. 



2ae ^z:Zr—dd 
aa-\-zae-\-eez=2z — dd 



2arr22— </<i*-4-d 

= -^ Theorem I. 



2^= 2z — dd*—^ 

c 

d 



^2Z ^- 
= T^ 



Theorem IL 



£x. ^r. If i=ii, and ^sssSj}, dien^ic: — ^r=2¥, and 



225— ^a' 






Problem Xi. 



556. To find two Numbers «, ^ from their DiflFercnce d^ and Difference 
of their Squares x given* 



EffcSion 



2-;- 1 



1-4-3 



4-r.2 



3—B 



I 

2 



3 



<i— «=d 



L 80 

EffeEiion. 



Af 

^.=^ 






tf;= 



2i 
2F 



Theorem I. 



Theorem II. 



£x. ^r. If J=2i, and x=7S5^ ^^^^ ^~2d^~ ^ • ~""7J"~ 



= 7- 



Problem XII. 

SSy. To find two Numbers a^ e^ from their Difference d^ and Sum of their 
Cubes m given. 

EffeSion. 



3®-' 

6^2 



5 
6 



ezrzom^d 

4 e' =za^ ^^a*d+3ad^^d^ 
a^ :=:fnr-^a^'^3a*d^^iad*'{-d^ 
2a^—3a*d+3ad*=nUJ^ 

ya^-'-la^d+iad'^ i— =0 Theorem I. 

8 fi=d-j^ 

9 a' =:d'^sd^e-\-3de*^^ 

II 2tf'+3Jtf*-[-3^*^=:«l— ^» 

I i-i.2 12 ff» 44^»44</»^ =0 Theorem II. 

Ex. ^.Jf J=2i, andm.s22295, then<i=28, ^=7=0^ Step. 3. 



8@- 



Pro- 



C93 

pkojlbm. xni. 

558. To find two Numbers a, e, from their Difference J, and the Diffe- 
rence of their Cubes » given. 



3—5 
6-7 



I 

2 



A 

5 



a 



Effe^ion, 
»!. l^y the ^eftiou. 



9-r3 



7 
8 



10 



IIU0 



12 




12 



13 



4» 13 



e*:s:^aa*^2da^dd 






-da^z 



3d 



■ 3d 

1 

4ti—ddd' 






t 

■* 



i2d 



,n^_dd^ 
id 12 



~ |~^ 44^ Theorem I. 



14 f= 



4n^'-ddd* 



tid 



Theorem IL 



Ex.gr. If dz=z2i^ and 11=216099 then ^1=28, e^a^^-szf Step. 4. 

Problem XIV. 

f 59- T'o find any two Numbers a^ t^ from cheir Produ^ ^, and Quotient 
J given. 



MffeSion 



Cw:3 





1 




2 


1X2 


3 


3m/* 


4 


14-2 


5 


5W* 


6 






«*=/>j 






Theorem I. 



*= 



P 
9 



t 

2 



il Theorem II. 



Es.gr. If ^=196, and y=4, thena=:jf^*=28, «= 






Problrm XV. 

560. To find any two Numben a, e^ from their Prodidk' ^, and Sum of 
their Squares z given. * ^ ' 

EffeaioH. 



1x2 

610/ ^ 

5+7 
6—7 



I 

2 

3 
4 

5 
6 

7 
8 



I I* 






a-|-^ = 2;+af * 



2^= 



«*i^Mh» . ■■■■ m 



2tf=2+2p*4.Z 2^* 



iiA-* 



~ a 

to{2tfS Z-\-Zp* Zr^lp* 



- Theorem L 



• I I 



_Z-{-2p* 2 2p * 



Theorem II. 



J£x* 



C" 3 



Ex. gr. If ^^196* and %KiZ%%t tb^n a=aS (bv Theorem I.) and i^y 
(by Theorem II.) -^ 

4 

P«OBI.SM. XVI. 

561. To find any two Numbers tf, t, from their Prodaft^, and Difference 
of their Squares xr.gi^en. 

' EffeSbn. 



i-r-a 



24.4 
Sxaa 



Suv* 



9+^ 



1 

2 



iZfe-^x}By$biS^ifihn. 



a 



5 

6 

7 

8 



10 



tOtti; 



2. 



tlvuf 



II 



a 
PP 






41^+^^ 



a»— 4;*= 



4 5t 



2» 



a»= 



a^= 



12 



'■ ^ — ■*—- Thoorent L, 



^•=d»— x= 



APpA-^xx^ 



"r 



4/H'Wf*— * 



Theorem 11. 



JBx.^r. If p=i96, andx=735, then. <i=28 (by Theorem I. ) and e 
(by Tworem II.) 



=r 



Ffto>^ 



^ I 



Problsm/^XVIL 



562. To find two Numbers 4, ^ from their Produft/, and Sum of their 
Qobcs m given. 



,« • 1 • 



i-r« 



3®- 
2—4 

6— —ma 
j-\-\mm 

Saw* 



9+^ 



I 

2 



5 

6 

7 

8 



M-C' =m}^y/^ ^«*^''- 






.% 



a 






» T t 



a' = 



4 



*«■«» 



XOiu;' 



2—10 



l2t£U^ 



CO 



II 



12 



13 



t^ >^*— 4j>^ * 






a-=z 



mm- 



■4Pi>f*+ 



«» 



Theorem I. 



~ 5 



^= 



/» — WW — 4/>p/>* 



Theorem II. 



^ i« I 



Ex. gr. If />=i96, and iw=22295, ;hcn .^1=28 (by Theorem L) and ^=7 
(by Tbcorcm II.) 

Problbm xvin. 

563. To find any two Numbers a^ e^ from their Produft^, and Difference 
of their Cubes n given. 

EffeSion. 



j 



1-^d 



3^' 

2+4 



Sxa 



744»» 



8 



m 



944» 



<- 
4 

•^ 



4 

I 

5 

6 
7 

8 



ic 



lOuy 



I2UI/3 



II 



12 



^3 



C53 3 

a 






2^'-^a^'\^nn^p^ -f i»»= 



4p^4'W 



2 



a'— 4r«=: 



^/)^^»«*4-« 



^* = 



i»= 



4p;>p+»»*+» 



Theorem I. 



■1 ■ ■ 



(?3=a^-- «= 



Appp^nn^^^n 



lJ ^PP\nn^-n theorem 11. 



£*. £r. If ^=196, and »=:2i6o9, then «=2S (by Theorem I.) and ^=7 
("by Theorem II.) 

Problem XIX. 

« 

564. To find any two Numbers ^ , ^, from their Quotient y, and the Sum 
oT their Squares z given. 
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Effe^ian 



C>4 3 



I 
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ixe 
3©-* 

2— 4* 
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z-7 



EffelHon.. 

a ^ 

7—2 >fiy r** Suejlion.. 



E? 



=:fl 



«— a» 



4,'* f — 
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7 
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8uv 



7w' 



tf*= 



a*=:Z- 



?H-» jH-i 



<I=JX 



IO«= 






l«+I 



yj+i 



qqz 



Theorem I. 



yj+i 



Theorem 11. 



E». gr. If ^=4, and 2=833, then azsiS (by Theorem L) and ^=7 
(by Theorem 11.) 

Proble-m XX. 

565. To find any two Numbers a, r, from their Quotient j , and the 
Drffcrence of their Squares x given. 

EffeSicn. 



1 

2 




ibe ^ejtion. 



3x2 

4. 5- 
Whence 



2+8 



8 



r^a-qe 

aa^sszx^e 
&Qqee=:X'^ee 

X 



aasx-{ 



X qqx 

qq^l ^qj^l 



8 



tttf 



uu 



ym^ 



1 



10 



azuq 



i=, 



I 



«— • 



Theorem t 

t 

Theorem 11. 



jj— I 



Ex. gr. If f=4. and *=735. «Iwn 4=28 (by Theorem I.) »od *=; (by 
Theorem II.) 

Problem XXI. 
566. To and any two Clumbers 4, #, fkom their Qgoiient j, andthc Som 

Effifffion. 

a O 

I 

2 



of their Cubes m givta. 



(» »-!-**=«. 



ixt 
3-i-f 

4—3 
7+*' 



6 

7 



8-H??4-' 



9ia>* 



a 

7=« 



^y /ibtf ^gifi'm. 



a 

7 



«<s 









Iluv' 



10 



II« 



Theorem I. 



MW0I W 



-,^— — 2 Theorem II. 



Ex.gr. If {=4, and »i=22295, then 4=28 (by Theorem I.) and *=7 
chv Theorem 11) 



(by Theorem II.) 



Pro- 



C>6 3 



56^. To find any two Numbecs a^ e^ from tlieir Quotient q^ and the Dif- 
ference of their Cubes n given. 

EffeSlion. ; ' 



4©. 
2+5 

"Whence 
And 



I 

2 



6 



a ■ 
aaa—^ee'ssin 



By the Quejiion. 



«Mk- 



4 






<f' = 



aaa 
_ j^aaa nqqq'\'aaa 



az^qx 



8 



«?■ 



I 



izzz 



n 



mt 



Theorem I. 



Theorem IL 



Ex. ff. If j=4, and 11=2 i&oo, then tfsrZff^ (Theorem^ ft> and ^=7 

(Theorem II) ' ^ 

« 

Problem XXIIT. 

■ 

568. To find any two Numbers a, e, from the Sum of their Sqoares x, 
and the EMfference of their Squares x given. 

EffeSion. 
'"^'=l\Bytb< Sitfeftion, 
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2 


14.2 
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1 — 2 


■5 
6 



2aa=z^x 

2 

2ei^:zz — ^flr 



4ii»^ 



4w* 



610; 



( 



tf=: 



8f= 






s 






Ct»3 



ThcoKtn It 



Theorem II. 



J&r. gf. If zsn^ii, and t^i^Si clien «^2d (ffc^rfcito 1.7 and 
Theorem n. 

Problem JCXIV. 

569. To find ahy two Numbers a, «, from die ^i^m of j^heir Squares z, 
and Sum of their Cabe»ii» giving 



Theni 

3+4 



7— ^jfjfl 9 
11-^6, 



io> 12 

13x631 



XOttM^ 



a-^'tsiij^ and 

KS} ( ^ 546.) 

ST +3y*«4-3>»''4-«' =*» 

2«*r=z— 2y» 



2 



13 

'5 



I 



6jf 

2 6y 

Szy-Syjy^m'^yyy. 

32y— 4yyj^=«» 



4 



Theorem I. 



'11 ii I 






Theorem ll. 



F 



Sit. 



1*0 3 

Ex. gr. If «=:833, and 111=22295, then ^^17.5 CTkcorcm L) and 



2L=ia5 (Theorem fl.) confequently a:sij^—%Z^ and #= 



0= 

^=7. 

PROBtJtM XXV. 

570. To ind any two Numben a, e, from the Sum of their Squares 2,.and 
Difference of ibeir Cubes n given. 

EffeOwn. 
Things being reprelented as in the laft. 



I— 2iriy 
2«»2iriMr 

7x6ir 
8^2miy 

9-^4 



I 
2 



m^-- — 



4uv 



5 
6 

7 

8 
9 

to 



' 



II 






i^*M 






•=tlh-'2»* 
31a— 4«3 =» 

— m'-f^lw— — — o Theoran I-. 

4 



?= 




Theorem U^ 



jEx. g^. If 2=833^ and «=2i6o9, then «s=io.5 (Theorem 1.) and 

31= 1 ~ — 1 7-5 (Theorem II.) confequentFy 4=3h|:«=:28/and *=y— «s=7, 
by the HypotheHs. 

PaoiLEM^XXVI; 

571. To find any two Numbers a^ e^ from the Diffirrencc of their Squares* 
Xy sind^ the Sum of their Cubes m given. 



EffcEtiam 



C^9 3 




i-r4) 



3©-* 



I 

2 



4» 6* 

7x48317 



7 

8 



reprefented as befbte. 



•M 



XX 

l6yy 
3XX=rJ»y— ^^jgfjy^ 



---yj}Qhf4«»y---^=o Theomn 



10 »= 



Theorem IL 



Ex. tr. If *=735» »'»d m^ziipst then 7=^7.5, (Theorem R) and «=: 
te.5 (Theorem IL) confeqaendy a=j+ii=iiSt and /= y » «— 7. 

Pro B IBM. XXVII. 

57.2. To find any two Numbers Oy e, from the Difference of their Sqaarn' 
«, and the Difference of their Cubes n given. 

Effeam. 

Things being once mere repreiented as above. 



I 

2 



.»-r4« 3y= 



3©-* 

2-—7MUU 



4« 



xy 



I 



n — 2UUU. 



4, 6.. 



^ 



C^3 



4. 6- 

K 



7 
8 



x^ n-^Muu 



i6uu 6u 



10 



z 



Theorem IL 



I i 



Ex. gr. If «f=735,-and UTzztSog, then «=siQ.^ (Tbforfm I.; and |=s 
17.5 (Theorepri II.) coonfequendy a=«-{-y=28, amy ■ ■ui.7< 



Problem XXVttT. " 

573. To find any two Numbers a^ e,^bat^ >h« Sam of iMr Cubes », 
4nd Difference of their Cubes n given. 

EJiffion. 



1^-2 
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2 

3 

4 



^Il,.Z?}^?'A'^l««M«>^ 



■;< l' M ^i | f JU » : 



^ 






a» = 



4tii^ 



>. 



6tci/ 



6^J.= 



wN^m 



7" 







Theprem I. 



Theorem II, 



Ex. gr. Um=Aiff9Si 4MiJix:2i6o9, dlen 4=28 ( theorem I.; /ar7 
(Theorem II.) 

SCOL B VM L 

574. Nat^j All tb^ foregoing Problems of this Chapter are to be feen 
in Dn Pelh Algebra^ except thofe wherein m and n is conieroecL. 

Problem. XXiX* 

ij$. To find three Numbers a^e^ 7, from the Sum of the Cubes of every 
two of them given. ' \ 

EffeSm. 



C " ] 



1—2 

3— yjijf 

3—9 

2— lO 



EffeSiott. 
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7 
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2yyy=a'--'b-^c 

y = — r*- 



lOtiV 



guu^ 



lO 



II 



12 



13 



?'=<i^ 



<i— ft-f-f ^/-M 



2 



a*z=u?-^ 



d^b^^ b — d^'-c 






b—d-^c 



tf= 




14 y= 



</— ft-U 



2 



Tbeorcm I. 



Theorem 11. 



Tbfiorecn III. 



Ex. gr. If ^=1072, r — 854, and ^=4^8, then tfscp (Thco. L) i=7 
(Theo. II.) y=5 (Theo. III.) 

Problem XXX. 

5y6. What foitr Numbers are thofe a, ^, y^si, whofe Sum is j, and the 
Difierence of the firft lefs the fccond is b^ of the fecond lefs the third Cy and 
of the third lefs the fourth d ? 

\ EfftSion. 



2-j-^ 



5 
6 







6j 5* 



[22 3 



6.5 
Whence 

3+4 
9,8 

Whence 
4-l-« 

12, II 

Whence 
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s — h—^—'U 



£■=. 



•i. 



e=c+y 

Cj^y— 






-J— 2f — « 






s — b — 2^— » 



3 ^ 



«=• 



Theorem I. 



yr=:d^U= 



^«f-/f— J— 2r 



Theorem 11. 



Theorem III. 






jEx. gr. If x=:37, *=3, r=i, and J=r4, then »=5 (Theorem I.) trrp. 
f Theorem II.) if=io (Theorem III.) ii= 1 3 (Theorem IV.) Which will be 
an Anfwer to che following Queftion. 

Suppofe four Hedgers to earn amongft them 37 Pounds ; of which the 
firft earnM 3 /. more than the fecond ^ che fecond i /. more than che chird; 
and the third 4/. more than the fourch: It is required co find the Earnings, 
of eacb« 

^ PiLOBtEM XXXI. 

577. From any two Terms given, of three Terms (J^ 5, C) in drithmetit 
cal Fropcrtiony to find che third. 

EffeSwn. 

i\AJ^C—rB (In. 176.) Given 

2U=2if— C Theorem I. 



'1—2 



3 
4 



Theorem II. 



C^xB'-'A Theorem III. 



B, C. 
A, C, 

A, B. 




Pro- 



Lnl 



Problbh XXXII. 

■ 

578. From any three Terms given, of four Terms (-rf, JJ, C, D) in Aritb' 
mthcal Pnpcrtmi to find the fourth. 

EfftHion. 



1— D 



I 
I 



1 

2 

3 

4 



]5 



^4J)=S+C (In. 174) 

^=J?-]-C— 2> Theorem I. 

B-szA-V-B'-C Theorem II. 

C-=A-\J>—B Theorem III. 

D=fl-j-C— /f Theorem IV. 



Given 

A, C, D, 
A, B, D, 

Ay C, By 



Sought 



Ay 
By 

C, 
A 



Problem XXXIII. 

579, From any two Terms given, of three Terms {Ay By C) Simple Geo- 
metrical Proportion Direct to find the third. 

EffeSion. 



\m 



i-r4 



i\dC=^BB 

. BB 



(In. 191.) 
Theorem I. 



B^JC* Theorem II. 
4JC=-7 



Theorem III. 



Given 


Sought 


By C, 


Ay 


AyCy 


By 


A, B, 


Dy 



Problem XXXIV. 



58a From any three Terms given, of four Ternis {Ay B, C, D) in Simfle^ 
Geometrical. Proportion BireSty to find the fourths 



i^D 



I-r-C 



1---E 



l-T-A 
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AD=BC 
BC 



A= 



B= 



D 



1^ AD 



D= 



BC 



EffeSlion. 
(In. 189.) 

Theorem I. 
Theorem II. 
Theorem III. 
Theorem IV. 



Given 


Sought 


By C, Dy 


A, 


Ay C, Dy 


• 


Ay By Dy 
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Ay By Cf 

1 


Dy 



Fa OB- 



LmI 



PROBLiM 5CXXV. 



581. From any five Terms given, of fix rn Compound Geometrical Pre^m 
DireSl, to find the fixth. Ex.gr. Suppofe C in Titme to have the famelta- 
tio to P in TTtmct that R has tor, i. e. CT: Pr=R:I(\a. 198.) Then 
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i~C/ 



i-rTR 



I'rPR 
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Effe^ktt. 
Cn^PTR (fa. 189; 
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\ given ' I Sought 
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c— 
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7/2= 
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Thco. I. 



Theo. II. 



Theo. III. 



Thco. IV. 



Theo. V. 



Theo. VI. 



C, P,i2,T,r, 

cj,p,R,r, 
i,p,RX,r, 
cj.Rxr, 

cj, pxr. 



r, 
c, 

p, 
r, 



i2, 






Problem XXXVI. 



582. From any two Terms given, of three Terms U, 5, C) in Harm- 
nical Proportion^ to find the third. 



\xA 









6—BC 



8 i-z^— ^ 



4 
5 
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7 
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EffeEiion. 
C C-5 ... . 

CA^BA 

^- B-A 

BC—JC=CA~'BA 

Bd^ zCA^BA 

BC 
—- — ir=^ Theorem I. 

g=- Theorem II. 

—J — ;r=C Theorem 11. 

2^ — B 



Given 



5.C, 



^, c, 



^, 5, 



Sought ; 



A 



B, 



C, 



! 



Pro- 






ifSj. From any three Tcrnw g^ven, pf four Twns (^, B^ C, D) in ftir- 
monical Proporttoit, to find the fourth. 



jkAxB^J 
24.DJ 



&DB 
y-r2-<JI2 
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3 



D D-C 



(in. 209«) 



A~B^A 

DB—DJ-zzDA-^A 
DB=2DJ~^A , 

^^ ^A Theo.l. 



5 

6 

7 

8 



5= — ^ Thco. II. 

DB-[^A=2DA 
CA:=2DA—DB • . 



C^ 



2-rf— 5 



=2) Thco. TV. 



Problem XXVIII. 



Gwen I Soaght 



1 






-(lt*,JD, 



I 



*^> Pj C, 



B, 



C. 



D. 



5S4. From any two Terms given, of three Terms (A, ;8, C) in Contra' 
Harmottkal Proportioa, to find the third. 





I 


ikAx!!^ 


2 


Or. 


3 


Whence 


4 


2J^AA+CB 


5 



A^C^B 



EffeSion. 
(In. 203.) 



244SD 
Whence 



CC— C5— 5^— ^^. 
AA''BA=BC^CC 

<^=ii;5— CC-j-5C*-fi<5 Theo.I. 
CC+AAi;iAB+CB 

d±^^B Thco.U. 



7 
8 



A+C 
CC^^B^BB-B^^AA^^BB 



C=BA^AAJ^BB* 445 Theo, III 



Given 



5, C, 



^,C, 



^,5, 



Soughi 



A, 



5, 



C, 



H 



Pro- 



: 46 1 



585. To divide a given Number g into any propofcd Number of Parts or 
Shares, which (hall be proportional to certain Numbers given, (Ex. gr. b^c^ 
dy /.) whofe Sum equals s, i. e. 

Effeam. 



I 



By the ^fit- 



From Step» i . 
From Step. 4. 

Whence 

Step. 2. 

II, 10. 



6 

7 
8 

9 



Whence 13 



Step. 3. 



14.13 



10 



II 



12 



• M 



2e\ czziyid 

3 y id=u:f Sto find tf, if y, «. 



tf=r-- (In. 579.) 
a-=g-— e - "j " -U 




*=-f (In. sj^.) 
a . 

cy cg'--cy'—<u 



14 



Whence 
But 



lA 



I 



fy 



't-'^y'^-eu 




y= 






15+Jfc 



Ii6l«= — ^ 



17 J4^-j-</-j-/=f Step. 5. 
t8K=^. orj:/==g:« 



t 



• II 






C«7] 



II 



20 



:• 6J21 



|tf=-^, or j:^==j:# 



"Which gives this Theorem for refblving Quefiioos in Smple*Fellowfiip^ or 
FeUaivJhip without Time. 

As the joint ^fock s of any Number of Partners in Trafick is to their whole 
Gsin or LofSf fo is each Man's particular Share oi the Stock to his particular 
Share in the Gain or Zi^y}. Which Analogy may be moft conveniently wrought 
by tbisi^jBAf. 

Divide the whole Gain or Lofs g by the whole Stock Sy and the Quotient ^ 

multiplied into each Man^s particular Share of the Stock, will produce his 
particular Share in the Gain or Lofs. 

Ex. gr. Suppofe three Partners (jfy By and C) make a joint Stock of 
1403 /. =i } of which -^ pats in 530/. 10 J. =i, B puts in 462/. 16 s. =c^ 
Cputs in 409/. 14 r. "^d: With this Stock they trade a certain Time, and 
^am 73 1 /. 15 ^'^g • U is required to determine every M^n\particular Share 
in that Gain proportional to his Part in the Stock. 



Here^irr ^^'^^^ =0.521561 near, Then 

. »•. ' u s» d» 



^^530-5 

s 

^=462.8 

s 



qrs. 



>xo.52fs6i^=< 



2^76.6881 or 2y6. 13. 09. 0.576. for J's Gain. 

» 

241.3784 or 241. 07. 06. 3.264. for B'% Gain. 
213.6835 or 213. 13. 08. 0.162. for Cs Gain. 



MM 



Proof 73.1 -75 or 731. 15. ^= the whole Gain. 



And the fame Theorem fcrvcs for folving Queftioris in Compound Fellow^ 
Jhipy or Felhwjhip with^ Time, if we multiply each Man's particular Stock 
into the Time of its Continuance, according to the Rule of Compound Pro* 
portion (In. 581.) calling chefe particular Products h^ Cydy bfc. and their 
Sumsi. 

Ex. gr. Four Merchants (-/f, J5, C, and! D) compofc z joint Siocky as 

follows. 

L Months. 



C J8 3 



/. 



Months. I 

for J 9C ^** ^^** *^ *™'^ "^ fi^*^ 
8^ 217/. 16 u or 217,8 /. 

12 



Ic i^ required to determine etch Mab*s Sia^ ^ that ^Mi. 

Piere ^si 00x5^500, ^2=80x9^7201 2f=;r75ic82cr6oo» /asgoxit aw fali: 

cohfcqucntly *-|-f4^+/=242o=?i: and ^ ;^^ =0.09 =:^> Then 




2420 



*i« 



500 



~S=720 



4- 



600= 



^X0.09^:i: 







54?- 
54/. 



for .^4 (mu«. 

« 

for B^s Gain, 
for Cs Cabi. 
for Z}*s Gain. 



Proof 



(he4«)yU^ jGv^h. 



Problem. 



5^6. Suppofe feveral Sums of Money (viz. b^ <» J, &^. whofe Sum Total 
*4^-j-/Gfr. =i) due at feveral Htnesy viz. b in f^Time^ cing Ttme^ dmb 
^me^ (^c. It is required to find a mean eqnaied uime Oj wherein the wh^ie 
may be paid without: Damage to Debtor 6r Creditor. 

EffeOwn. 

$:f=bX 
s 

eg 
r & , 



i+i+3 €#^. 



'"^'•-'« 



Whence 



1^9] 

Whence we have this Theorem for the Equation of Payments. 

Multiply each particular Sum into its rcfpcdive Time, and divide tik 
Sum of the Produdls by the whole Debt ; the Quotient will be the equated 
Time required. 

Example i. ^ is indebted to B looo /. whereof he is to pay 600/. in 4 
Months, 300/. in 6 Months, and 100/. in 9 Months ; but they agree to make 
an equated mean Time for the Payment of the whole. What is that Time ? 

Herei^=6oo, r=3oO| ifcioo,/=4, ^=6, i:=9, iooo=j: Whence a:=s 

J, T\ =5-^^ Months. 

Example 2. ^ Is indebted to B 640 /. whereof he is to pay 40 /• prefent 
Money, 3fO /• in 3 Months, and the reft (which is 250/.) in 8 Months ; and 
they agree to make an equated Ttme for the whole Payment. What is that 
Time ? 

Here ^=40, ^=350, J5S250, /=0, ^=3^ A=8, 640=j : Whence a—. 

*6[^=4^ Months. 

• 

Problem XLI. 

587. From the particular Quantities of the Ingredients which go to com- 
pose any Mixture^ with their particular Rates given, to find the Mean Rate 
or Price of the Mixture. 

This is what Arithmeticians call Alligation Medial. 

Ex.gr. A Vintner mixes i=3ii Gallons of Malaga, wprth p'=7s. 6 d. 
the Gallon; withr=:i8 Gallons of C^/rarv, ar^=:6x. gd. (he gallon*, with 
J=i3t Gallons of Sherry j at r=5i. the Gallon, and/=27 Gallons of JVbite^ 
at j=4 J. 3 d. the Gallon. What is the Price ^ of a Gallon of this Mixture? 

I : p=zh : bp^ T Malaga 

I :q=c:cq/^ Price of the i^J^^^^ ' 
I : r=d : drr jSberry 

i:s=f:fs^ (jFbite 

Then i+^+J-f/: bp+cqJ^r^Jsz=ii : a ; whence /?=-^^^^^^ = 6 

Shillings, which gives the following Tbeorem. 

Multiply the Quantity of each ingredient into ib particular Rate, and the 
Sum of all thefe Produos divided by the Sum of the Quamitii» of all the 
Ingredients will give the niean Rate required. 

I; . Pro- 




One C p^d+f 

ji fecondc Mixture containing^ | ^b 4^k 

A third c C7+»»-|-» 

Out of which it is required to make a Compofition, a Pound of which may 
contain p Silver 4-p Brafs J^ r Tin. Vide Newton's /llgebra, p. '/s. 

EffelHon. 

For the Parts of a Pound which are required of the firft Mixture put a, of 
the fecood tt and of the third y. 

Then^ efXtb-^k S=/>4-j4t, by the Queftion. 



AIf< 




2» 



yrhence 



4«— 



.5 



ad-f€b-fym 



»=f ^By 



the ^eftm. 



__f—eb»^ ym 



a-= 



6az:^ 



d 
f 



est 



dg^b ~ fb-'dk 



Or 



C 31 ] 



Or by making 



8 



y^= <?/—*?, B^bm^dl, Gz:zdg—bb, D^fg'^—dr, Z = 
dn~-fmt T-=.fb—'dky (i. e. A— — 104, 5=4.168, 
G=— 143, D=+24, Z=~40, ^=-1-33) ' = 






'^~GZ—£T 



=0, r= 



^£^_, ,_P-^'-yi 



GZ—Br~ 



XT> 



r 

Therefore the Compofition muft be made up of t^t tb of the firft Mix- 
ture, A ft of the fecond, and none of the third. 

* 

P H O B L £ M XLIH. 

589. The Prices offiveral Mixtures of the fame Ingredients^ and the Pro- 
portion of the Ingredients mixed together being given, to determine the Price 
of the Things mixed. 

Ex. gr. One bought 40= J Bufhels of Wheat, 24=^5 Bulhels of Barley, 
and 20=/ Bufheis of Oats together for 15.6/. =p : Again, he bought of the 
fame Grain, z6=^ Bulhels of Wheat, 30=6 Bulhels of Barley, and 5o=i» 
Bulhels of Oats together for 16 1, rr; : And tliirdly,he bought of the like Kind 
of Grain 24=/ Bulhels of Wheat, i2o=:Jfe Bulhels of Barley, and ioo=« 
Bulhels of Oats together for 34/. r=r. It is demanded at what Rate a 
Bulhel of each of thefe Grains ought to be valued? Newton* % Algebra^ p. 77. 

Here putting a for the Price of the Bulhel of Wheat, e of Barley, and j. 
of Oats. 



Thcn^ ad^-eb-^ym^iq Sas in the laft. 
When fubllituting exaAiy as before, there will come out y= 



^/. or 2 Shillings, e =^^iSf=^3, /. or 3 s. a J^^ ?^ ^=iL 

g Q 



GZ—BT 



or 5 J, 



Problem XLIV. 



590. To determine the Proportion of two Ingredients^ whereof a Mixture 
is compofed from the Specific Gravity (i. e. the Weight of the fame Quan* 
tity j both of the Compofition and the Ingredients given feparate. 

EffeSIion. 

Let the Number of Cubic Inches, Pints, Quarts, (Sc. in the Compofition 
be exprefled by h^ that of the on^ Ingredient by a, and of the other by e. 

Put 



C 30 

Pat q for the Weight of one Cubic Inch, Pint, Qnatt, fc?r. of the Compd- 
fition refpcftively, p for the Weight of the fame Quantity of Uy and r for the 
Weight of the like Quantity of e. 

{I : pT=:a I pa the Weight of a"^ 
I : qz=b : qb the Weight of ^ S 
I : r—e : re the Weight of ^J 

Confcquentlyt ' i _l *> 
bccaufe i^+^-^ \B^ the ^eftion. 



Whence 



And 



tf rzix , or p^r : b—q-^r : ^ Theorem I. 

P" '■# 

/i}e:=ix — ^ , or p^r : /»=/ — q : ^ Theorem II. 

5 f— r :/> — y=^ : e Theorem III. 

Q^ E. F. 

Example. A Sea Captain had bought 12 Gallons of the choiceft Brandy^ 
the Weight of a Pint of which he had experienced was in Proportion to fo 
much Water, as 9 to 10. . But when he came to make, ufe of his Brandy, he 
found that it bare Proportion to the fame Quantity of Water as g^V to 10 \ 
he was therefore convinced that his Cabbin-Boy (to whofe Truft it was com- 
mitted^ had adulterated it with Water. It is therefore- required to find the 
Quantity of Water chat had been put into it inftead of fo much Brandy. 

Here is given ^=11, 9=^> j>xt=j, and io=p, therefore tf=^x^ — = i 



Gallon of Water put in j and ez=b>K^ =11 the Gallons of Brandy rc- 



mammg> 



S c o L I u M II. 



591. The Weight peculiar to eich S|)ecies of Matter, whereby it is dif- 
tinguiflied from all others, is called their Spedjic Gravity^ the knowledge 
of which being a Thing of very great Ufe, I (hall therefore here infcrt. 



1 



I. A 
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I. A Table of the Specific Gravities of 
feveral Fluids. 



A Cubic Inch 
Paris Meafure. 



Of Mercury 
Oil of Vitriol 
Spirit of Vitriol 
Spirit of Nitre 
Spirit of Salt 
Aqua Fortis 
Viocgar, 
Diftiird Vinegar 
Bursundy Wihe 
Spirit of Wine 
Pale Ale 
Brown Ale 
Cows Milk 
Goats Milk: • 
Urine 

Spirit of Urine 
Oil of Tartar 
Oil of Olives. 
Oil of Turpcnt. 
Sea Water 
River Water 
Spring WateV 
Diftilled Water 



In Summer. I In Emitter. 
Oz. Dr. Gr.Oz. Dr. Or. 



m,mm 



7 

5 
6 

5 
6 

5 
5 
4 
4 
5 
5 
5 
5 
5 
5 
7 
4 

4 
6 

5 
5 
5 



66 

^9 
33 

24 

49 

23 

15 
II 

67 

32 
I 

2 
20 

24 

45 

27 

53 

39 
12 

10 

II 

08 



I 



mtttmmm 



I& 



2 14 

7 71 

5 3» 

6 44 

5 55 

6 35 
5 21 

5 15 

4 75 

4 42 

5 9 
5 7 

5 2f 

5 28 

5 »9 

5 53 

7 43 
frozen 

4 46 



6 

5 
5 
5 



18 

13 
14 
II 



II. A Tablg'o/ tbeSptci&c Cm 
vities of fevtral Solids. 



H^ 



i»4i 



71I of Mercury' 
604 bf Lead: 
544 pf SiJver 
47I of Copper 
45 of Brafs 
42 of Iron 
39 of Tin 
384 of fine Tin 
26 of Loadftone 
21 of Marble 
1 4 of Stone 
124. of Sulphur 
5 of Wax 
54. of Water 



Is equal in 

Magnitude to 

>Qne Hundred 

PbundWeight 

of Gold. 



P R B L E NT XL V. 

592. Suppofc two Bodies A and 5, at the Diftance i^ from each other, 
tend to a certain Place between them, and A begins to move before B the 
Time b, moving c (Inches, Feet, or Miles) I. the Time dy whereas B moves 
/(Inches, Feet, or Miles>ing Time. It is required to find how far ^wiU be 
gone before it meets B. 

Effe^um. 

For the Diftance moved by A put a, then will b-^a exprefs the Space 
moved by 5. 



K 



c:d—a: 
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Whence 



icxd^a : — the Time A moves. 
c 

2 f:g—b^a y^~^ the Time B moves. 

3 ir^j.^:^-! by the Queftion. 

/ c 

cbg^Ucfb 
4P= ' fjjj the Diftance gone by J. Theorem I. 



And fl*— ^= fiuJ ' ^^^ Diftance gone by B. Theorem II. 

Ex. gr. If i=59 Miles, c=j Miles, /=8 Miles; and rf=2 Hours, ^=3 
Hours, A=i Hour; then /irr^x^i^ =35 Miles, i— ^=/x t^- = 24 
Mil.,. . ^'-^ ^'-^^ 

Problem XLVL 

S^Z. Suppofe two Bodies A and B^ at the Diftance J (Inches, Feet or 
Miles) from each other ; whereof A begins to move b Time before 5, fol- 
lowing B at the Rate of ^ Space in d Time, whilft B flees before at the Rate 
of/ Space in g Time. It is required to know whether B will be overtaken, 
by -^at th^t Rate ; and if it will, in what Diftance moving. 

EffeBion. 

For the Diftance moved by A put ^ , then will a^b exprefs the Diftance 
moved hj B. 

da 
c : d-=za : — the Time A moves 
c 

^\f''i~a--^h:^—^ the Time B moves. 



Whence 



And 



^j^^b=:~ by the Queftion. 

^^^rTfj **^ ^P*" gO"C by ■'• Theorem I. 
a—b=fx—-^ the Space gone by B. Theorem 11. 



Ex. 
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Exr gr. If ^=''9, c=7, /=8, J=2, ^=3, i&ssi, then a=2^6^^ ^^— ^= 

Problem XLVIL 

594. To divide a given Number * into Extre^m and Aff j/i ProportJbnd 
Geometrical^ or in other Terms, to divide b into two fuch Parts dj e^ chat 
a^ €9 b may be in -fr« 

EffeEtton. 



It 

Whence 



1 

2 



Subftitute 

And 

* Then 

And 



4 
5 



^-f-/=i 






iSy the ^eftion. 



7 
8 



^=t*— 1^/^^* =*xi — ix5*.=4^x3— 5 



10 
II 



eeT=ibbr^2ba''\'aa 
abz=bb^^2btP^a 
iba — aa-=bb 



i— 4:X5'^=o.38i966i near =2. 

r^5^— 4=0.6180339 near = 1—2: 

a=.bz 



1 2^=^— te 



Ex.gr. If ^=4. ^=^2=1.527864, ^=^—^=2.4721356. Ifi=5, tf=fe 
t=^i. 9098305, b — ^^2=13.0901695, (Sc. 

Problem XLVIII. 
595. To raife Theorems for the Computation of SimpU Intereft. 

EffeSlion. 

Let C rcprefent any Sum of Money lent out for the Time Tj and for the 
Intereft which fuch Sum gains in that Time put R ; then will P reprefeht any 
other Principle lent out for the Time Ty whofe Intereft at the fame Rate is L 
(In. 581.) If then R be put for the Rate or Intereft of i /. =C, for one Year 
=7i it is plain from Theorem I. in that Place, that the Intereft of any Prin- 
ciple P for the Time 7*, at the fame Rate will =PTR=iL And if J be put 
for the Amount of any Principle P in the Tin^e T at the Rate jR per I. per 
Jnn. then* 



i-r ^2^-1-1 
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I 


.i^p-r+i 


2 


. I— p 


3 


s^PR 


4 


' S-T^P 


5 



PRT4-P=zJ 



P=—— — 

PR%::^A^P 



Theorem I. 
Theorem II. 



i?= 



pr 



Theorem III. 



Theorem lY. 



Given 
P. R. T, 

^, R. r, 



^, p; i?, 



Sought 



12, 



^ejiion i. What will be the Amount yf of 334/. 10 s. :pP, if forbom for 
2 Years 234 Days, or 2.640656 Years, = 7*, at 5 /. per Cent, per Annum ; or 
which is the fame Thing at 0.05 /. or i j. ::^R per I. per Ann. Simple Intereji? 

Anfwer, ^=Pi?3r4.P=3 78,66497 16 /.or 378/. 135. 3^. iqrs. (Thcal) 

^eftion 2. What is the prcfent Worth P of 3.78 /. 13 j. 34 i. =A^ due two 
Years 234 Days henc^ nTi abating 5 L per Ceni. per Annum 5 or fuppofing 
0.05/. =^R per l. per Annum^ Simple Intereft .^ 

Anfioer. P— =334^> ^os. Theorem II. 

^eftion 3. In what Time ?*, will 334/. loj. =Pamount to 378/. ij j. 
2id. =-/f, at 0.05 /. z=:RperL per Annum^ Simple Intcrcft ? 

A-^P 
Anfiver. Tz=: = 2 Years 254 Days. Theorem III. 

^eftion^. It 13 required to determine at what Rate ii, will 334 1. 10 5. 
=:P, in 2 Years 234 Days =7*, amount to 378 /. 13 j. 34. J. =^, Simple 
Intcreft ? 



Anfwer. R = - ^^ =0.05/. (or 5/. j)^r Cent. per Ann,) Theorem IV. 

Problem XLIX. 

596, To raife Theorems for the Computation of C(7;9i/»o^ffJ InUrefi. 

CamMpid Inferefi is when by Reafon of Non-Payment, the Intcreft due at 
every foregoing Payment, at.equal Times, is made Part of the Principle of 
the following Payment: So that the Principle bears thefaine Proportion, or 
Ratio, to the Amount of the firO: Paymenr, that the Amount of the ^rfl: 
Payment bears to the Amount of the iecond Payment, and that the Aaiount 
of the fccond Payment bears to the Amount of the third \ the third to the 

fourh. 
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fourth, &?r. Thus, if i /. amount the firft Year to 1.05 /. or i /. i s. then by 

continuing unpaid it will amount the fecond Year to 1.05x1.05—1.1025/. the 

3 4 

third Year to 1.05 =!• 157625/. the fourth Year to 1.05 =1.21550625/. 

the fifth Year to 1.05 =1.27628 if 6, ^c. Confcquently the Amount of i /. for 

half a Year will be 1.05*= 1.02469507/. for a Quarter To3*=r.oi227223/. 

for a Month or ^\ of a Year i.of'* = 1.00407412 /. for a Day or -,47 ^f ^ 

Year 1.05'^^ =1.00013368 Gff. /. Gfr. 

If iJ be put for the Amount of i /. with its Intereft for i iTear, i. e. Rr=i 
1 .05 , at 5 /. per Cent, per Ann. /? = i .06 /. a t 6 /. per Cent. ii=r i .07 /. a t 7 /. per 
Cent. C^c. then R^ will equal the Amount of i /. at two Years End ; R^ at three 
Years End ^ iS^ at a Quarter, R^ at a Month, -R-yrr ^^ * ^Y^ ^^' ^"^ 
umverfally R^ at the Number of Payment tT. And by the Rule of Tlree, as 
i /. is to the Amount of i /. for the Number of Payments 7*, fo is any Prin- 
ciple P to its Amount for the fame Time- or Number of Payments, i. e. 
ixR^:=zP\PR^. Whence 



i^R 



i-T-P 



iwi 



PR^^A 

By 

»>*. A 



Theorem I. 
Theorem II. 



4/2= 



P 



Theorem III. 



Given 


Sought 


P. 2; /e. 


A, 


Ay Ry T, 


P. 


At P, % 


R. 



^ejiion i. What will be the Amount A of 4000/. =P, if forborn 4=7* 
Years, at the Amount of 1 .05 /. R per L per Annum^ Compound Intereft? 

Anfwer. -^=Pi2''=48 62.025/. =4862 /. 00 j. 06 d. Thco. I. 

^eftion 2. What is the prefent Worth P of 4862/. 00 j. 06 d. =Ay due 
4= T Years hence, abating at the Rate of 1.05 /. =-R for the Amount of i /. 
per Ann. Compound Intereft ? 

A 

Anfwer. P^i'-^^^ocpL Theo. II. 

^ffejiion 3. It is required to determine at what Rate R will 400o/, =P in 
4=7* Years amount to 4862. 025 /. =^, Compound Intereft ? 



Anfwer. -R= 



A^ 



^=1,0//. or I /. I s. Theo. III. 

L 



This 
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^eftion 4. In what Time T will 4000/. =P amount to 48662.025 1. 
=/^ at the Amount of 1.05/. :=zR per L per Ann. Compound Intereft ? 

, This is performed by dividing the Quotient -5 by R^ and that Quotient 

again by R^ and that again by R^ (^c. till the laft Quotient be Unity, and 
the Number of fuch Divifions (which are four) will give 7", l e. ?=4. 

Problem L. 

597. What three Numbers are thofe /j, e^ y, whereof the Square of the 
firft, added to the Produft of the fecond and third, equals /, the Square of 
the fecond added to the Product of the firft and third equals m^ and the 
Square of the third added to the. ProduA of the firft and fecond equals n. 
Ex. gr. Let /=i 6, /w= 1 7, 1/= 1 8. SctfFallis^s Algebra^ p. 225. 

Effe5iion, 



I — aa 

ixay 

Subftit. 

Then 

5x7 
2— ay 

12, 13 

Whenct 

Subftit. 
Then 



I 

2 



aa-\-eyssl 

ee-^yz=myBy the ^eftion. 
i^y-{-ae=n 



4<3f=/ — aa 

I — aa 

T^=~ — 



6 

7 
8 



ae-=nr~-yy 



U-^ad 



_fir-yj 



gJa-^a^^zny^^ or y'— »y-— a*4-^j=o 
10^=1, 5=0. C^'—n^ B^a—a^ 



II 

14 

15 
16 
17 



In-^lyy — na * -|-a * y * 



ee:=z 



ay 



-ay 



ee'=m — ay 

I n — lyy — na^^^a^y* _^ 

ay 

TL./ yy— w^y ^^ =o 

2a^ — ^/=F, G=— wtf, Hzrzln^naa 
Fyy4-C7y-4.H=o. 



'naa 



There. 



i8^8^* 



i8 



19 



Make 



aaxi 



21-rr2 



20 
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Therefore reftoring the Values of yf^ By C, 2), F, G, H 
in the loth and i6ch Steps, and (by In. 530. Rule II.) 
we have this Equation with y exterminated. 






■/' 



8a' »= 






-nnn 



=0 



^—11/3 "r*^. 



1/1 . . 
«=2<»' then (by In. 485.) 



Si' 



21 



22 «*— 2/=0 or «=2/=:32=2tf<l 



23 

24 



Or in Numbers 
Whence 

27-r2 
28uv^ 

9- 
Whenct 



25 

26 
27 

28 

30 
31 

32 



•i4/*i»» — 4/' 






>/»0 






-4-2»l*»* 



(In. 424.) 



aa^=i6 



U^aa 



U^' 







a— 4. But by this; =^=0 in the 5 th Step, therefore 

y 

another 'Value of a mull be found by dividing the 
Equation in the 21ft Step, by «•— 2/r=:0, and fo re- 
ducing the Equation of five Dimenfions into one of 
four. 

«4_8o«i^ip^8j^» — i4937i/-^5ooo=o 

«=:2tf<ar=:l 2.756441 79448074402, iSc. (la. 509. £x. 2.) 
Jtf:= 6.378220897JI40372 &f^. 

tf= 2.52551 JP8674415B near 

24.299937701382096=183?—^^ 
^=3.24058068 16171 74 

=: =2.969152768619848 



Proof 



i:4o] 

Proof. 

aa-::: 63 78 2 20897240372 

eyz=i 9.621779102759528 



aa-^-ey-zz: 1 6.000000000000000 



r= 8.815868163402909 
^J— 8.184131836597093 

^^'4'^y= ' 7-000000000000002 

y>r:io.5oi363i5407043o 
'»y= 7-49863684592P567 

y>+«#=i 7.999959999999997=:, 8 near. 

SCOLIUM III. 

598. Dr. ^^//m gives three other Anfwers to the foregoing Queftion in 
N^mbcM according to the three remaining Roots of the Equatwn in the 25S 

The ftcond Value of u is 0.350987046 near, accordii% to which 

i»=o.4i89 19470^ 
*= 3 .9 1 2 a 2 68 66 Vnear, 
3/= 4-0448 84670J 

The third Value of a is 34.83228028, accorfing to which 

<»=-|-4 173«64926'> 

•4.287022553 Sncar. 



*= 



31=— 0.33033 18 15J 

The fourth Value of u is 32.0^029088, according to which 

a =-|-4.0037664o7'> 
e=. — 0.007099744 Viear. 
y =+0.2459893 J 



CHAP. 



C40 



599< 



C HAP It 

0/ Arlthmtkal and Geometrkdffdgi^ffm^ 

Problsm Ii« f 

FROM any three given, of thcfc five, dj g, /, Brh to find the reft 
fin. 206.; 



i+d 
2 — 



i i|^=/4.»J— J (In. 207.) Theo. L 
4 g- -i— /^j»ii 



I all 






:5 



I- 







MMaA 



Theorem HI. 




I — 



Tlwo. IV. 



8 
9 



8x2 



:^=j (In. 212) Theo. v. t#, /, », 



<<» ;» »> 



' 



i^h % 



I. 

n. 



d. 



mm 



nl+ngrrAS 



IS 



i3-r» 



to »=7-r- Theo. VL 
nl^iis — fig 

te*f=3? Theo. VIT. 
n 




,4jg=!LJ!? Theo. VIII. 



i,^ J, 



1=14 



t5 



2J — »/ 



•««i«vahi«fi*«. 



T 



g» «» ^» 



»i ^j «J» 



^. 



jy. 



/. 



«• 




» 1 5x^1 6 2i — nl=nl^n* d-^nd 
17^2 t8 x=— ii =»/4.«*c---TheoJX.M, /, n. 



J* 



M 



1 7— 2«/ 



C 4« 3 



20 



17— »*rf-j-;^J 



21 



ai-7-2«22 



■ 



Whence 



* • 



f 



m »i 






24 



ii--inl:=n* d-^nd 



ii—~2nl 



«*— a 



=i ; TJico. X, 



zs-rn* d-i-nd^2nl 



r--^— ~ I =-— </x Theo. XI. 



2» » 



—'—' — p— — — »^=» Theo. XII. 



Given, 1 Sought 
d. 



/, », J, 



</, «» ij 



i, /, J, 



3=12 



25 



25W126 
264-^^27 

'27-r2 28 
27— »<;-f.»»d jQ 



29-{-W 



I 

32 
33 



^*j33 
33-r<i34 



'Whence 



taiWi 



35 



— =»84*^x — ^=5 J Th- xm. 



2* -• 2 

2»^=2^~«J-|^»»^. 

2s^ndJLn^d i. , . „ 

g= ~t^=;p^_ TI,.XIV. 

2fig-^2si=n*d'-iHd ■': . 

2«K'— 2J 

-? =<i Theo XY. 



Jf »» ft 






«= 



5=10 



. 5*><^37 
37xlti 35 

38-^2<i 39b 



38— W— j;< 



36 



i^+<^-}4£g4^-i-4jj;~-8<<>* Theo. 

2^ (XVI. 

IS g-\-dr-^l 

zds^ 



\ 



.40 



^•^mm 



^g+d^l 



ids-=Id'^^*JUd 

= — Zd Th«o.xvn. 

Zid'^ld'^d^szg*'^* 



^*i!>»i 



dy », St 



^» fr Jj 



<^>£»4 



/. 



X. 



</. 



n. 



s. 



I 



I 



4«T^"-^ 



L4il 



% * • 






40^U^isd-^d^t' =s.|' +dg 



Whence 
. J^.2■•~mzsd 

Whence 



4> 

42 



«/= 



-«' 



— Z' 



zj— /— i 



Theo. XVIII. 



Given 

g. A J. 



44j2j<i— /</-t-/* +V'^' — id=g' Theo. XIX. 
Or if /be r> / V Theo. XX. 



/=:4:^"— t^^+i^^""^* dg^ 



dj /. i, 



^, g> J* 




6f^. 



&fr. 



SCOLIVM IV. 



600. The foregoing Theorems may be illuftrated by the following Ex- 
amples. 

Sueftion i. A certain Man had 13 Children, the youngeft of which was 3: 
Years old, and every one of the reft was 2. Years and a Quarter (or 2.25 
Years) elder than the other : It is required to know what was the Age of the 
cldeft -, and alfo the Sum of all their Ages. 

Here is given /=3, »=i3, and <i=24, to find^= the Age of the Eldeft, 
and i= the Sum of all their Ages. 

^fiver. gsnl^nd — ^^=30jL/>^rTheo.I.andi«: — — — ^^^ = 214^ per 

Theo.iX. . ' 

^ueftion 2. Suppofe a Perfon had 13 Inclofures of Ground, each of which 
was 2^ Acres more than another, and the largeft contained 30 Acres : It is 
required to determine how many Acres were contained in the fmalleft, and 
aw what Quantity of Ground he had in all. 

Here is given »=i3, ^=2^, andg=720, tt) find /= the Acres contained 
jn the leaft Inclofure, and j= the Sum of all the Acres he had, 

2 ng-^nd'^'n * d 
Anfwer. I=:g'{4^nd=3^ fer Theo. II. and i= . ■ ■ ■■ ■ =314,5, pet 

Theorem XUI. 

Siuefihn 3. One had a certain Number of Horfes, i^ch of which he valued 
at 2 /. 5 iw or 2^1. above the other ; the beft he prized at 30 /. and the worft 
at 3 /. It is required to find the Number of Horfes he had, and what was 
the Price of them aU taken together. 

Here 
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is g^ <2=2^ i=^3o, and /=3, to find 0s|the Vwabft oj Horfes, 
_ „ the Sum of all their Prizes. 

^j/5»dr. «=^ij^= 13, />»• Theorem lU. and 

,=±±:^C±if=2i4.5. ivr Theorem XVil. 

4 ^eftipn 4. Sqppofe 1 3 Eggs placed in a dtraft Line from aBaflcet, at equal 
DUtancea from each other ; the neanft of which b 3 Yards from tl^ Baikec» 
and the furtheft off 30 Yards from it : It; is required to find their Diftance 
from each other ; and alfo h^w many Yards thai; Man mull: run who is to 
gather up thofe ^gs one by one» be^nning with the neareft> und ftill return* 
fflgwith every Egg to the Baflcct. " - - . . - 

^cre is given »=i3, 1—2x3 ^^ ^» ^"^ ^=2x30, or 60 (by reafon of the 
Man's going and returning with every Egg^) to find d:=2 the Space which the 
Man runs for every followin|[ Egg morethan he did for the forgoing one, the 
Half of which is the Diftance between Egg and Egg i and j=r the Number 
of Yards which he runs in gathering up all. 

^njwer.^d^t — ^44., firf Theo.IV, ^ . _, „^ . 

■^ i-r-ri ^ ^ C % The Diftance between every 

»'+»g -ru xr I Egg is 2^. 

jr=: . -—429^ fer Theo. V, v 

^eftion 5. A Recruiting Officer went to a certain Place, where he tarried 
afertainNumber of Days, thefirfl Diy he lifted 9 Men, aadev^ Mlowing 
I>iy he encreafed by a certain Number more than he lifted tHe foregoing one, 
till the laft Day he lifted 30, and had in all 156 frefh Men : It 11 required 
to ^d the Number of Days lie urried, and how many Men be CBQroied 
each followii^ Day oiotc than he had the foregoing ope» 

Here is given 7=9, ^=30, and /=I56, to find ^ = the Number of Days 
he tarried, and J= the Number of Men lie lifted on each following Day 
more than he did the foregoing pne. 

Jnfivir. ft=i^ — =8^ $er Theorem VI. 

J=-^ — ; — =3, per Theorem XVIII. 



^eftion 6. A certain Man had n:n\g Childrenj who diflfcred all alike la 
their Ages, theeWcft was|;=3o Years oW; and thcSiunof all their Ages, 



was 



wa$ sr^ 2144 Years* Ic is required to find / the Age. of the yottogeftt suid 
alfo d the DlflFcrcncc of their Ages, 

Anfwer. /=-^^^=73, per Theorem YII. 

d— ^^ ^ =2i^ter Theorem XV. 
»* — n 

^ejlion 7. Suppofe a Perfon had ^=±13 Inclofares of Ground, each the 
lame Quantity of Acres bigger than the other, the leaft of which contained 
/=:3 Acres, and the Sum of the Acres contained in them all was 5=2144 
Acres : It is required to find gr:^ the Number of Acres contained in the 
grcaceft, dz=, the Number of Acres by which every next greater exceeds the 
nexc leffer. 

Anfwer. g=L — — =30, fir Theorem VIIL 

dz= — =2i, per Theorem X, 

^eftion 8. One had «=I3 Horfes, each of which he valued at dtsi^ /. 
more than the other, and the Sum of the Prices of all was 5=114/. loi. 
It is required to determine the Prizes of the worft / and the bcft | feparate- 
ly ; and confequently the Prices of each of the reft. 

Anfwer. /=— — =3, per Theorem XI. 



n 

d^nd 
n 2 



|=r— =: 32:30, per Thcorena XIV. 



^ejiion 9. Suppofe a Number of Eggs were placed in a dirc<9: Line from 
aBafket at 4^=2^ Yards from each other, the ncareft of which is 4^/=3 
Yards from the Bafket, and it would require a Perfon to walk 5=429 Yards 
to take them ^up fingly, and return with each to the Baflcet. Ic is required 
to determine »= the Number of Eggs, andjg;= the Number of Yards which 
the farthcft lies from the Bafket. ' * ' 

Anfwer. »= ■ ' 2 ' ^=i3> p^r Theorem XII. 



g=z 2^5— W+Z/^-iJ^*— 4^=30, per Theorcjn XIX. ^ 

^eftipn 10. A Rccfuling Officer went to a certain Place, where he tarri- 
ed a certain Number of Days, and every Day encreafed his Company d=3 
Men more than he encteafed it the foregoing one^ and the lad Day he en- 

N crcafed 



\ 
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ereafed it g^3o Men, gaining in alli£=L56 frefh Men. Ic is required to 
determine »= the Number of Days he carried, and how many Men / he 
lifted thefirfl Day, and confcquently every other Day. 



J„Ju,er. « ^^^+^-l4Ig+j^4^^--«'^^' ^8.^^ Theorem XVI. 



/= gg-^dg-^idd^zsd* ^id=^, per Theorem XX. 

QoROLi^ARY 11. 

6oi. From hence is learned to compute the Amount of any yearly Rent or 
Penfion^ if forborn for any Number of Years, accordmg to any propc^ed 
RatCj ac Simple Intereji. For if 

17= the Penfton yearly, half yearly, or quarterly, (^c. Rent. 

?== ihtftme of its Forbearance, or the Number of the Payments forborn. 

jR=the Rate or Intereft of i/. for i Year, as (In. 5^5.) 

A-=. the Amount of the Penfion with its Intereft for the'propofed Time. 

Then will 

£7= the Amount of the firft Year, or Half Year, 6?r. without Intereft. 
lUA^ the Intereft iC7= the Amount of thtfecond Year, or Half Year, 6?r. 
gC^-l^ the Intereft of i C7+ 2t7= the Amount of the third Year. 
4C74- the Intereft of lU-i^ 2[/+ 3t/= the Amount of tht fourth Ycar^tfi:. 

And univerfally 

TU-^^ the Intereft of lUA-zUJ^^UC^c. to -f-rt/— I7will equal the Amount 
of the T Number of Years, Half Years, Quarters, Csf^. according to the 
Term of the Penfion U. 

* 

But RUss the Intereft of i CT; 

2RV=z the Intereft of 2U. • 

2RUr= the Intereft of ^V. And univerfally 

^RU= the Intereft of rC7. i. e. i:R = TU: RTU. And i:R = 

f^xUS'—ixRU. Therefote^=n74./Jt7+2/2t7+3Rt7-f4/2C7, €j?f. to 

S^TxRC/. J. ^. -(^equals 7'C7-j- ^'^ ^^ ©^ * Series of Terms in -tr- whofe 
firft Term and common Difference is RUt Number of Terms T—iy and 



TTRU—TRU 



laft Term 2" — ixRU. But fuch a Sum is equal to per Theo- 



2 



rem Vih, IXih, Xlllth, and XVIIth. (In. 600.) Therefore 



-<£= 



[47] 



1X2 






"Whencf 



2—2TU 



e-^TTU—TU 



2 

3 



r 



6 
7 



j=ru+ 



TTRU—rRU 



or 



I Given j Sought ( 



A=:TU4-TRUx^ Theo. I. 

2 

2j=2n74.7rRU—TRU 

=t7 Theo. II. 



iJ, r, C7, 



zT-h'TTR—TR 






t7 



2 A—iTU^TfRU-rfRU 
"^ =i? Theo. IV. 



.=r Th. 
(HI. 



A, R, T, 



A R. U, 



TTU—TU 



Ay T, 17, 



U, 



% 






R, 



Ex. gr. ^ejlion i . What is the Amount =:A of 500 /. rzt/yearly Rent, for- 
born 9=5r Years, at 0.05/. :=R per Poaad per Annum SimplclnKvctt? 

2" . 

Anfwer. j4^TU-{.TRUx =5400 /. j>er Theorem I. 

Slueftion 2. What is the Amount =yf of 125/. = C7" quarterly kent, for- 
born 36 Quarters =7", at 0.0125/. zi^R per Found fer Quarter, Simple la- 
tercft ? 

Jfijwer. yf=Srt/4,5:R£;x?III=5484/- 7 s. o6d. 

^eftion 3. What quarterly Rent =:t7 being forborn 9 Years, or 36 Pay- 

mcnts=T', will amount to 5484.375/. =yf (or 5484/. ys. 6d.) allowing 

0,0125/. =i? per Pound per Quarter for each Payment as it becomes due: 

Simple Intereft? - ■ 

2A 
Anjwer. 17=—-^——^= 1 25 /. per Theorem IL 

^eftion 4. In how many Payments —7* will 125/. quarterly Rent —U 
amount to S^^^TSl. =-^ allowing 0.0125/. =/2 per Pound per Quarter 
for the Forbearance of the Payments as they become due ? 

Anjiver. 



[48] 



rar 



•^m 



^«/fe^. f— ^. ~ ^^ p -!— =3 6, ^ifi- Theorem III. 

^efiion 5. If 125 /• quarterly Rent =zJ7, forborn for 36 Payments =Tj 
amount to 5484.375/. =if, allowing Simple Intercft for every Payment as 
it becomes due i what is the Rate ot Intereft per Pound per Quarter :=.Ri 

Anfwer. R= ^a-TT crrr =^'^^^5 ^* or 03 d. per Theorem IV. 



. Corollary III. 

60a • And hence alfo is learned to commute the prefent Value or Price =P 
of any yearly Rent or Penfion at Simple Intereft for any propofed Time or 
Number of Payments to come. For, reprefenting all Things as before, then 
the Amount :=A of any Penfion, yearly, half yearly, quarterly^ (^c. Rent 
={/, for an y propo fed Time or Number of Payments forborn =3", will be 

TU^TRUx (In. 601.) And again, the Amount =-^ of any Principle 



P, if forborn for any Time :i=:T at any given Rate of Simple Intercft ssR 

be PRT-^P. (In. 59^.; t. e. ji=zTU-\^TRUx or J , 

2 2 



and J=PRT-\-Pf confequently 



:-r'^T+ 



I 

1x2 

s—tPRr 

6-LrfU^TU—2PT 



B-tRU 



2 

3 



f 

6 



8 






r^^-f-r-— 21.) 



R*^,U, 



2RT-Ui 

zPRr-\.2P=zn7-^frRU—TRU 

iP^iiru+TTRU—TRlT—iPRT 
iP^iTU^TrRU—tRU—iPRT 

^.^, ^, — ;r:-=^ Theo. III. Py^yV, 
^P «ta- ^ 2Pr, aT* 



Given 



i^iMMM 



Sought 



P, 



l^. 



R, 



Subflitutc 
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SubfttCutr 



8,9. 



Whence 



10 



II 



2 2l> ^ 

Rtr~ — 



2P , XX *4. 



RU' 4 



=r. Thco.IV. 



Given 


Sought 


P.R.U, 


r. 



.§uejiion i . What is the prefcnt Worth P of 500 /. =17 yearly Rent at 
0.05/. =/t per Pound per Annum^ to continue 9=2" Years ? 

Anfwer. P—lVx ^\^ ~^ =3724-13793' ^- ^^ 3724^- 02 s. 09 d. per 
Theorem I. 



to 



^ejiion 2. What yearly Rent =C7 may be purchafed for 3724.138 /. =P, 
continue the Term of 9=?* Years, allowing 0.05 1. z=:R per Pound per 



Annum Intercft ? 



TR+t 



Anfwer. t/=2Px ^^^^^_^^ =^500 /. /^r Theorem II. 

^ejiion 3. For what Time 3* may a Penfion of 500/. trull per Annum be 
enjoyed for 3734-138/. =P, ready Money, at 0.05/. —R per Pound />^r 
Annum Simple Intereft, for the Time every Payment is ma^e before it be- 
comes due ? 



Anfiver. ^=^+^ • 



— =0 Years. 

2 ^ 



Siueftion 4, What is the prefent Worth =P of 500 /= 1/ yearly Rent, at 
0.05 /. =i? per Pound per A^num Simple Intereft, to continue for 9= J* Years 
to come 5 the firft Year of which is not to commence till 5=/ Years after the 
Payment is made. 

tlere find P=?'Lrxii^ZlIf (/^Theo. I.) =3724.137931 /. the pre- 

fent Worth of the Annuity, fuppofing it to be immediately entered upon, 
as before: But in regard it is not to be entered upon till 5=^=/ Years hence, 
therefore the laft Sum found, viz. 3724.137931/. is talooked upon as the 
Amount of P for 5=/ Years, at 0.05 /. /)^r Pound per Annum^ u e. 3724.1379 

=A=PRt-^P (In. 595.) Whence P=—^ or (fubftitucing A=P^l+ 

O P= 
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P= ^^Wp ) ^= 2RR7't4.2RT+2Rl^2 ^^979-3103 /. or 

2979/. 06 s. 02|^^. near, for the Price required. From which laft Theorem, 
if need be, may alfo be raifed Theorems for finding ?*, 17", and R as above. 

Problem LII. 

60 J. From any three given, of thefe four /, g, r, s, (In. 218.) to find the 

fourth. 

EffeSiort. 

1 jr—~gr=S'^t (In. 225.) 
r=— Theo. I. 



3— 



4^r. 



4-H 
6r-r 



3 
4 

5 
6 



6— jr— fl 8|/=^4-^' 



sr—s=:gr—l 

r 



Theo. II. 



-i 



Theo. III. 
Theo. IV. 

Scholium V. 



Given 


Sought 


gy A s» 


r. 


g> h r^ 


J» 


/, r, J, 


«» 


«. '•» J» 


7. 



604. The foregoing Theorems may be illuftrated by the following Ex- 
amples. 

Sl^eftion I. Suppofe a Grain of Wheat and its Produft were fown for a cer- 
tain Nuaiber of Years, every Grain having always the fame Increafe, to that 
thelncreafe of the laft Year is looooooo Grains, and the Sum of every Year's In- 
creafe with the firft Grain isiiiiiiii Grains. It is required to find at what 
Rate it multiplied every Year, and how many Years it was fown. 

Here is given i=/, 10000000=^, and iiiiiiii=i to find r= the Rate 

required, and n — 1=: the Number of Years it was fown. 

J—/ 
Anfwer. r= =10, Theo. i.. which Ihews that it increafed yearly in 



a tenfold Proportion. 

Then becaufc ^=/r"""» (In. 219.) and confequently -y =r*"'' therefore 

divide y = 1 0000000 by r=rio, and that Quotient again by r;=:io, ^c. 

and that Quotient = 1 00000 again by r=io, &r. continuing fo doing 

till 



till the laft Quotient be Unity, which will be done at fcven Divifions, 

f. e. -^=1 or 4= r'^'=r'''^\ whence 7=/r— i the Number of Years the 
Irf I 

Corn had to increafe in. 

^eftion 2. Suppofe the Nails in a Horfe*s Shoes to be 28, viz. 7 for each 
Foot ', and the Horfe is valued at a Farthing the firft Nail, two Farthings 
the fecond, four the third, eight the fourth, &r. every following Nail doubling 
the Price of the foregoing one, fo long as any remains. It is required to find 
the Horfc*s Price on that Condition, 

Here is given /=i, r=2, «=28, and confequently ^=/r»"'' or Ir^^^rzr^x 

r*xr'®xr7=i342i7728,tofindj,Theo. II. Thus,5=2 =268435455 Far- 

things, or 279620/. 5 j. i\d. 3 qrs. the Price of the Horfe required. 

Corollary IV. 

605. Hence is learned the Method of computing the Amount A of any 
Penfion or Annuity tT, if forborn for any Number of Years or Times of 
Payment 7*, according to any propofed Rate, at Compound Intereft. For 
if R:=L the Amount of i /. (In. 596.) and 17= the firft Payment, or firft 
Year's Rent without Intereft ; then will 

TT\ j?T7 5The fecond Year's Rent + the Amount of the firft Year's Rent 
V+KU-^ with its Intereft. 

TT I nTT 1 T>xTT yThe third Year's Rent + the Amounts of the firft and 
UJ^RU+R t/=^ f^^^^j Years Rents. 

ITA^RUJLR^UJ^R^U—y^^^ fourth Year's Rent 4- the Amounts of the 
*^ i "^ t/-i- — ^ gj.£^^ fecond and third Year's Rents. 

TThe fifth Year's Rent with the Amounts 
U'^'RU^R^U+R'UJ^R^U^l of the firft, fecond, third and fourth 

C Year's Rents. 
And univerfally 

rThc f Number of Payments, with 

' Payments. 

Therefore Az=:U\^RUJ^R^UJ^R^U^R^U, ^c. to R^-'U, i. e. ^equals 
the Sum of a Series of Terms in -fj-* whofe firft Term is U, common Mul- 
tiplier i2. Number of Terms 7*, and laft Term is R^^^U: But fuch a Sum 

R^'—i "^ 

is equal to Ux (In. 603. Theo. 11.) 

Whence 



C sO 



"Whenc( 



ixR— 1 



I 



A-tU 
24-17 



3 

4 

5 
6 



yf= ■ Thco. I. 

R—i 

MirA-U Thco. II. 
R^—\ 

RA^BTU^A^-V 
pi^Rr^±^ Theo. III. 

RA—AA^=RrU 
^±=^=Rr Thco. IV. 



j Given 


Sought 


R. % U, 


A 


A R. r. 


Uy 


^>U,T, 


R* 


Ay RyV, 


r. 



Ex. gr. Slueftion i. What is the Amount '=lA of 500/. =17 yearly Rent, 
forborn 9=7* Years, at the Amount of 1.05/. z=zRper Pound per Annum^ 
Compound Intereft ? 

RTU..mU 
Anfwer. Ar=i—— — =5513.2822/. =5513/, 05 J. ojd. 03^rj.near. 

^eftion 2. What yearly Rent rrl/being forborn 9=?* Years, will amount 
to 5513.^822 /. =yf, at the Amount of 1.05/. z=Rper Pound per Annum^ 
Compound Intereft ? 

Anjwer. ,t7=-— : =500/. per Theo. II. 

^ejtion 3. If 500/. yearly Rent = 17, forborn for 9=?* Years amount to 
5513.2822 /. =yf. What IS the Amount r=iRfer Pound ^^r Annum? 

A A U 

Anfwer. -tR — 11'*=-'=^—. Theo* III. According to which R wHl be 

found =ii.o5/. 

^ueftion 4. Iii how many Payments rrrS* will 500 /. =t7 yearly Rent, amount 
to 5513.2822/. =-rf, at the Amount of 1.05/. zziRper Pound per Annum? 

RA-^A+U 



Anfwer. BIrrr 



U 



=1.55132821/. Theo. IV. 



Then 1.55x32822 being divided by i?=i.o5 ^^^ ^^V^ Quotient by 
i?=i.05, and that Quotient again by i2=i.o5, t^c. till the laft Quotient 
=1, the Number of Divifions will be 9=7'requircd. 



6o6, And 
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COROLLAl^Y V. 

606. And- hence alfo is iearncd to compute the prefcnt Value P of any 
Pehfion, yearly, half yearly, or quarterly, j^c. Rent =17, at compound In- 
tereft for any propofcd Time or Number of Payments to come 7*. For-^rz: 

— ^ . (In. 605.) and Ai=z.TSF (In. 432.) Confequently . 






3 
4 



PR'=i 



if— I 



Given 



„ RV—U „ » 



R" 



--:=(7or 



Theo. I. 



xP=z—r)fP=zU Theo.lp,i2,3; 



-R'- 



t. 



:i, 



'R' 



(ii: 



i2,n£;-. 



Sought 



P. 



U. 



• Frpm vh«WC:i mj: dw Thfipjenis for ;?* j|nd , ij be deduced *t Pleafure, 
as above. ' ... • - 

^^j?w« I. What is the jpt^fent Worth P of 500/. =17 yearly Rent, to 
continue 9=?* Years abating at the Rate of 1.05 /. ^R the Amount of 1 /. 
per Annum Compound Intercut fr 

' ^»/wfr. .P=t;' x „ ^iisi'S » « ^-^^ or 3553 ^- 18 J. 2-^ i. near : Theo, I. 

, • « • 

^ejiioni. What Yearly Rent =17 may be purchafed for 3553/. i8j. 
ri^d.-;riPj^ ta continue the Term of .9=3^ Years, allowing at the Rate of 
ii.05 /. -1:^*- the Amount of i /. fir Annum Compound Intereft ? 

* i - ' iS—- 1 ..:••-' 

; AnfwiT. U^Tx p-=r50o/.^i?r Theo. II. 



1— 



R} 



$ueftion 4. What is the prefen't Worth =P of 500/. =17 yearly Rent, to 
t:onunue9=3r Years, the fir ft Year of which is not to commence till 5=/ 
Years after the Payment is made, abating at the Rate of 1.05/. =R the 
Amount of ilfer Annum Compound Intereft ? ' 

^ P Here 
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Here firft find P~Ux 



»— TiF Rni^u 



R—i 



or R^+'^R' ^2553-9^ ^> ^^- '• the prefent 

« 

Worth of the Annuity., fuppofing it to be imfncdhtely entered upon ; but, 
according to the prefent Suppoftcion, it is not to be entered upon till 5=:/ 
Years hence: Therefore the Jaft Sum found, ^fe. 3*553.911 1, is to be looked 
upon as the Amount of P for 5—/ Years> at 1^05 L per ^nnumy Corppowid 

Intereft, i. e. 3553.911=^=^/2' (In. 5^6.) Whence P=-— ,or, reaffuming 

the Value of Ay P=:Ux^^^^^ — -^=2784.591/. or 17S4I. iis.g^d. near the 
Price required. According ta which laft Theorem Uz=:Px^ j— from 

whence may be alfo raifed Theorems for finding 7* and R in their order. 

• CORb^LLARY VL ' < i 

607. Alfo by fumming up a GeocQfiCrical Series is l^arped to compute all 

the poITible Permutations or Changes which can happen to any Number of 

Things «. . For this has been (hewn to be equal to the Series n^ J^n^ J^^^ J^n^ ^ 

(^c. till thelaft Term be/i» (In. 247.) But the Sum of that Geometrical Series 

• whofe firjR: Term, cofiim'on Multiplier,^ ahd^^ubfibcrirf Tei'fha' iS'»^ aftid greitcft 



Term is f^^ is equal to 






(Theoi lU In. 603.) 



Problem LIII. -' 

608. In any Geometrical Series decreafing ad infinitum^ fo that the lead 
Term /.is taken for Nothings from any two given of jhefe three, viz. g^ r, j, 
to find the third. ' 7^"^ * 

Effe£iion. 
Becaufe /=^, therefore 



i-fgr— J 



Z-r^ 



I 

2 



3 
4ix 



sr — gr=j (In, 225.) 

s 
rz=. Theorem I. 

^-« 
sr—s^gr 



$r — s 



Z^r 5U=- 



Theo. II.] 
Theo. til. 



• • • 



Given 



| Sought I 



g^ 5: 



g^ ^^ 



^> h 



r. 



s. 



& 



S C O L I U M 
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Scholium VI. 

609. By the foregoing Theorems may be anfwercd the fQlIowingQueftions. 

^eftion X. Suppofc a Body move i Mile the firft Minute, half a Mile the 
fccond Minure, a Quarter ef a Mile the third, f of a Mile the fourth^ ^i of 
a Mile the fifth, ^c. decrcafing every following Minute jto the one Half of 
what it moved the foregoing one, ad infinitum. It is required to determine, 
under 'this Suppofion,* the Emtance which the Body cannot excccch 

Here is given ^=t, and r=2 to find s (Theo. II.) thus i=.-2 — ^- = 2. 

Therefore the Body cannot exceed 2 Miles, tho* it be fuppofed to move to 
all Eternity. 

^eftion 2. At what Rate r does that infinite Geometrical Scries decreafe, 
whofe Sum is j=40> and the greateft Term is 3Zz=g? 

Anfijuer. r=r—^z=:s. (Theo. I.) 

^eftion 3. What is the firft or greateft Term g of that infinitely decreafing 
Geometrical Series whofe Sum is 5=63, and common Divifor is j-=r? 

4nftver. g=:x =54. (Theo. III.) 

Corollary VIL 

61b. Upon this laft Problem is grounded the Methoci of computing the 
true Value P of Freehold or Real Eftatesy which are fuppofed to be purchafed 



I 



to continue for ever. For P^Ux-s- (In. 606.) But in this Cafe T. and 

I U 

confequcntly jR** being infinite, therefore^^=o. Whence P=^r , J7r= 

U+P 

Queftion i. What is the prefent Worth of a Freehold Eftate worth 500 /. 

=t/ yearly Rent, abating at the Rate of 1.05/. =/?, or 5/. per Cent, per 

Annutnj Compound Intereji ? 

U 
Jnfiver, Pz:z— — = 10000/; ' ' 

\^eJHon 
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^eftion 2. What is the prcfcnt Worth P of a Freehold Eftate worth 125 /. 

1 

=17" Quarterly Rent, abating at the Rate of 1.05* or i. 01 227223 /• =jR the 

Amount of i /. the Quarter, Compound Interefi. 

U 
Anjwer P=^- — =10183968/. or 10183/. \^s. 44J. near. 

iv— I 



CHAP III. 



Of Problems relating to Arithmetical and Geometrical 

Progrejion^ 



Problem LIV. 
61 1. tT is required to find three Terms in -~ 



I 



from their Sum s^ and Sum of 



their Squares z given. 



EffeSiion. 
For the firft Term put j, and for the comrtlon Difference i. Then is 



i+z+3 
4—3^ 



14.6 

7+6 
7©-* 



1 ui= the firft Term. 

2 a4^=z the fecond Term. 

3 a- -2^ = the third Term. 

4 3^3^=i by the Queftion. 

5 3^=^—3^ 

61^31:-^— -, 



8©-* 
p-j-io^-ii 



8 

9 
10 

II 



— = the fecond Term. 
3 

Jllif= the third Term. 



aaz=i the Square of the firft Term, 



I'^i 



ss 



— s= the Square of the fecond Term. 
9 

i-^ — r= the Square of tht third Term. 



■ =z by the Queftion. 



82+9 



V, •% 



r 'i7 1 



12x9 

13— 5« 

; i 









6>i8, 



- *« ', 



18+132 



.;. « 



13 

I 

16 



17 
18 



^9 






118 



9 






_ 9a{mfri__'3Z~tf 



^8 ~" 6 



|j— tf= 



3z*-w* . 



Tf- 






3Z--/J' 



■•■♦ 



Xergi. 



32— ii 



=^ the common differeace. 



the4^nd Term. . 



1 I r 



1 •• 



> ■ I 



el L'l: ui 



« i « . . i J 



/ J 



£x.^. If*=i8 and 2=|?6i te.«¥*«*-t^^^* =4 the fifft Term, 



' . I 



» • ^ 



'' * *,4 f . ^1 



•jj=6 the fecood Term, and 4^4* 




( ' ^ 



•-« 






R'0BL'B:M']LV. 



=8 the laft Term. 



612. It is required to find three Terms hi^ vAofe Sum is s and their 
Frodud equal to the Sum of their iSquarefii^ • * 



4 



Put a for the firft Term, then will - be the -fccond, and , ^ , is the 

3 3 

third, according to which ff^!^^ is j^he.prodoft, of. aH_dw Terms, and 

fss — iisa-^iSaa . , « , . . „ - ' ! 
-—• IS the Sum ofjtJ)[C»r^qj^i:c8,_as inthehft;' • ^ 



i L. J 



9 






1X9 



• ■ »» I 



2X9 

Whcnct 



4+5 






ji-j-6j — \s sss — gjjy— S4J^ * 

S * ' 

— = the fecon4 Term. 

3 -: : — 



a the firll Term. 



^, ^ ^^ = the c6mmoa pifitrence. 






^^+^1^-^-7??=^^= the lafli Term. 



From the laft Step it appears that for j can (be afTumed no Number 



^i"**""""*^ 



whofe Square is lefs than 54, bccaufe thiis s^-^s^ — 54JJ' Will be impoffi* 
ble, as fuppofing the Square Kopt of a defe^e Qifandtyl 



If j=io, then is the Term Vi tHe fec6fr*"»S and the ^third Term V 
whofe Frodu<5l and Sum of their Square is -^f J*/ 

Probibm LVI. 

613. To find four Terms in Af*!i whole Sum is j, and Sum of their 
Squaresz. ' " •. i , - -- ~ .' • ' 

Ef elf ion. 

Put a for the firft Term, and ^= the comtnon Difference. Then. 

iU= tbe£rft T^m. : 

2 a4-^= the jecoad Term* 

3 ^2f = the third Term. 

4 ch\-3e:=z the fourth Term. 

5 ^J^6e^s by the Queftion* 



x+2+3+4 
Whence 

1+6 
7+6 



8+6 



5— 411 



6^= 



TP^ = the fecondTerm. 

6 
** -:r— = the third Term. 



/^i 



3i— .6a _^ 



=: th« fourth Terrn^ 



iQ.» 



I 59 3 



7©-* 
8^* 



99-* 



io-|-ii+'*+*3 



"Whcna 



6. 






II 



13 



«3 



M 



15 



36 



3^ 

""^^is 

"v =« by the Queilion. 



^6z-~gss 



80 



the firft Term. 



^— * 



36Z — gss • 



80 



3625 — 9w* 



180 



the common Difference. 



Ex. ff. If i=28, and 2^=2169 then tf=j*- ^ — ^ ■ ■ » 

I 80 

!=:2« Confequencly the other three Terms are 6, 8, lo. 



36Z — 9Ji* 



180 



Problxm LVIL 

614. To find five Terms in -^ mz. a^ a^^a^ze^ 4-4"3^*^^» where- 
of the firft Term is in Proportion to the lad as ^ to J, and the Sum of all the 
Terms is equal to the Square of the Middle or third Term. 



Or 

Whence 



4+3 
5+3 



I 

2 



Zax 



5 
61 



Effeaion. 



4db 



4 g = the firft Term by the Queftion. 
^ "t"- ■ = the iecood Term. 



4* 



— '^. — = the third Time. 



4* 



<+3 



^+3 

7+3 
44-5+6+7+8 

6^ 



7 
8 



lO 



Whence 



:B»iaT 



n 



' ?^ = the fourtltTetm; 



4* 






= the fifth Term, 



Sab-^Sad 



2b 



= the Sua>«f^Ulhft-Ternu. 



s.' ' 



_ tht aju4 gg 0^ab; third Term. 



i6bb 



li 






-^riT' 'f *=Sr«»«W=»5, then will the five Terms required be 14, \ai 

Problem XVnr. 



615 To find three Nun^crsTin-t^ ^^^^y^ whofe Sum is j, and Sum of 
thcu" Squares z. 



— — tf 



1x2 

4®.* 
5—2 

Whcncfi 
4»8, 



ti 
2 



• » 



^4^-\-y^s by *h€?^eftion. 

j8t=i!i:? TJxco-rl. 

'ss4^z ' 



('. 



ID 



« I 



I-T-' 



.» 



C 6. ] 



^^y 



10, II 



Whence 



II 



II 



12 



^-^^-- ' — 

y 4ssy 

2i ^7"^ j^sy 



13 



14 



4S 



tf = 



SSiS — 2SSZ — ZZ 



^ammmt^t 



Theo. IIL 



J XI I ossz — issss — izz^J^s^z 
E9C.gr. Ifi=228» 2=19152, ^=72, 7=10894=48. 

Problem LIX. 

616. To find three Quantities in Geometrical Progreflion b^ e^y from 
the firft giren equal by anH the Sum of the Squares of the other ee^y^zz. 



I— yj 2 



2* 3 
Whena 



3 

4 



^-4-yy=2 by the Qjieftion. 

^^=2— yy 

^^=iy (In. 19 1 



f=:^^-* Theo. I. 






47]^ip2^— ^3 



Theo. II. 



E9C.gr. If >=48» and 2=16848, then yssioS, and ^=72. 

Problem LX. 

617. To find three Quantities in .4^0, ^,y, whofe Sum is/» and the 
Sum of the Squares of theExcreams 2. 



1X2 



I 

2 




EffeHm. 
(In. 191.) 

4^=5 by the Queftion. 
=1— r 

R 



4G-' 



C6a3 



4®-' 
Whence 



5 
6 



8|y 

9 



<,»4-y*=«— 2j»i«f^=;2 by the Queftion. 



imk 



L 



t=:2jj— z*— J 






jEx ^. If J=228^2=;IJ34*jlb«V#=:72,y:|cl08, 4=48. 

618. To find three Quainitic$ a^ e^ y in 4^, whereof the DifFerence of 
theExcreams y — a=dy and the SUm of all their Squares tf*+^*4.^*=2. 



Make 



Then. 



3^A- 



3©-* 



4©-* 



5+6+7 



Whence 



2 y^a=d by the Q»cftion. 

3|y— "-^/ 

-_ > In. ^46, 

4itf=: X 

2 J 

A — 7? 



' — ':ssiaa 




10 



=2:/a*i-t-^*+y*=?2 by the Queftion. 



^=y+tf= 



4Zr-^dd* 



-f^--^^. 



42— </<i»^ 



>=-^ 



- Thto. I. 



4.1"! 



[6,10 



Suv 



II 



12 



JE^S^-' 



a= 



Thco. II- 






42—4^^* Thco. Ilf. 



12 



Ex.gr. If ^=6o, and 2=19152, then y=io8, tf=r4?, ^=72. 

Problem LXII. 

619. To find three Qaantftics in-rr., ^> ^t y, whereof the DifFeYeDCeof 
the Extreams y — a^idj and the Difference of the Squares of the Ex:tream8 
yy — aa is in Proportion to the Sun^of all the Squares a* J^*J^y*^ as/» to ;. 



Make 



Then. 



I 

2 



4 
5 



4©'* 



3M 



6+74-8 



y4-tf=^ 

y — a=d by the Queftion. 

y- 



2 



a:=z 




In. 545. 






8 



yy= — ^ ^^ ' 

AA^2Ad^dd 

AA—U ,, 
eerrzay-rn — (In. 191.^ 



%AA^dd 



Whence 



^-a^J^^J^y^ 



10 



II 



5^yf4^^ _ Cvby the Qu«ftion. 

4 '"•'^'^ > 



t^^ 



3» l"l 



C64] 



9uu^ 



12 



^3 



14 






^= 



2 



e^ay^-szL 



• » 



JEx. ^. If i=i3Q^ f:±,s^ and ^=7, then As^s^^ y=40> «=iOf /=2o. 

Problem LXIIL 

620. To find four Qu^nticies in «rr tf> ^ ;> ^f whereof the Sum of the 
Ktreaois ^iy=^, and the Sum of the Means ^4-^=/. 

EfeSum. 



I— tf 



'3' 



4 
5 



S^ 



a\ur=zS by the Queftion. 
_ wszS^a the greater £xtce^m< 
3 ^+y=j by the Queftion. 

=1 — ^ the greater Mean, 






6.= 



f^ 



7K^ 

^+8 



Whence 



6, 



8 






10 

II 

12 

13 



Extream. 



4-«=;^ — -4^ 7 =^ by the Queftion. 



J— 



tf=r 



5j. 



5-J-3J 



- Theorem. 



a=:- 



««. 



J— tf 






£x.^. If 5=175, 4=:i50» then «=6b, « =40, ]fr=9o, and«si35, 



Pro- 



C 6j 3 

Problem. LXIV. 

621. To find four Quantities in -ff- a^ e^ y, u^ whereof the DifFerence of 
the Extreams »— a=2), and tht Difference of the Means y-^e-^zd. 

' ' EffeHion. 



3+^ 



B^dJt^^ 



7-T-^ 



Whence 
6, 

2, 



lb— tf=D by the Qieftion. 

3 
4 



5 
6 



10 



=^ by the Qucftion. 
^a: e-^Li : d4^1 w ^ . 



tf=- 






«-.«=^±2^±ff .^-Z) by the Qucftion. 



€■=. 



Ddd-y idd 
id 



% 



Theorem. 



iiaz=z 



ee 






Ex. gr. If B^^^j d=$Oy then ^=60, 41=40, y=90, and //= 135. 

Sgolium VII. 

• 

622, In the Solution of Queftions in -ff* the Work will oftentimes be much 
fhortned by Help of the following Theorems, which may therefore be 
raifcd for that Purpofe from In. 190, 191, 223, 224. Where obfcrve.that 
a is always put for the lead: Term, and ^e other Letters for the other Terms 
in their Order. 



Let 



[66] 



I. 



Let a, tf, y reprefent three Quimtities in -fj 



• . > 



Then 
ixe 

ixi 

♦. 

3+4 
1—6 

8— 
i-f6 

8-1- 1 
I 



> •• 






I 

2 

3 
4 

5 
6 



Theo. I. 



ee—a-j (In* 191.) 

a* -i-^ee-^yyziza^y =zaay\^2ayJ^yy 



Theo. II. 



7 ee^^aazizoxy^^a 

Syy—yy 

9 yy—ee^zy xy-^a 



Conlequendy 
9x^ 



yxe 

;• 19, 21 

Or 

4 



4 
5 



2 yye+eee^yexyJ^a 

3 yy-^e : ye=y^^ :e (In. 1 90.) 

eee-^ae^^aexy-^^a 

ee-^a : aez=:yU-a : e (In. 190.) 

7 yy+ee 2 ^tf-f^c^y : a 

8 yy^^ — eee:=yexy^^a 

9 yy^—ee : y^=y— ^ : e 



20 
21 
22 



25+^64.27+28 

■ 

254.26-j-274.30 



eee—aae-^Laex^j"-^ 
ee — aa ; ae^y^-a : t 
yy — ^tf^ : yez=ee-^aa : tf^ 

24'yy-f '' • yy— «=«+«« : *^— tfa 

25jy=yy 

2 6.0 =— 2/»jpi-j-2/tf 

28 — <»a=— aa 

29 yy — aa= y — fl*-j-2x«— aa 
30"^ 



31 



Theo. III. 

Theo. IV. 
Theo. v.. 
Theo. VI. 

Thea VII. 

Theo. VUL 
Theo. IX. 

Theo. X. 

Theo. XI. 

Theo. Xn. 
Theo. XIII. 



yy— «f=y— a -|-«-f-«* 



Theo. XIV, 



Theo. XV. 



ixa 



1167 3 






i7» 33» 

23j33 
ixy 

Whence 



38—1 
Whence 



Thco. XVL 
_iir.aar=:fi a Thto. XVII. 
=^^:tftf=y»:tf* Thco. XVIII. 

Thco. XIX. 



38 4^r=-\-Jtf 



39 



40 y — ^: e — <»=3l 1*=* : • 

iK3« 42 3J**=3tftfy 
1X3)1 43 33/«==3«y3' 



Theo. XX» 



Theo. XXI. 



II. 

Let a, ^ y, « reprefcnt four Quantities in —■ 

1 au=:ey (In. 190.) 

2ay=ge (In. 191.) 

eu-=.yj (In. 191.) 
4*y=5<y 

*+4x«4-j=yy4-*y+«'=yT' 



.14-2+3-K 
Whence 



5 
6 

7 



7^84-94-1011 

Whence 1 2 

Theo. VII. 1 3 



y*=ye 

io««=:yy 



XXII. 



i5_|.i6+J7-i-i8 



a-J-tf-f-y-j-axtfrs a-f yxtf-f-y 

. ^ a_U : *=«4-yy : *y or «« . 

1 4L4-if+y-|.« : *4.y=«4-yy : *y or ak Theo. XX V . 



Theo. XXIII. 
Theo. XXIV. 



16 
18 
'9 

20 



aauu=eeyj 

«yy=//yy 
tf««=y* 






Theo. XXVI. 



1 1 «;=;« 



1x2 



C68] 



2xe 
ixy 
4XU 



i • 



1X112 zey=2au 

ixiltj^orzzam^tey 

25^4^ =e^y* ^4au or ^4£y (Step ij Theo. XXVIl 
26 aae:=:aae 



27 



26-1-27^284-29 

But 

Step. 14 



eeezzzyae 



28 yyezzzayu 
29 



Subft. 



uue^zzyyu 

3 1 a'-4-*'+y*4-«*: «tf-hyK=«-fy • ' Theo. XXVIII. 
3i<»-H-l-y-l-« : e+y -^a-^-yie (Seep, ii.) 
33«'-f^"+J*4** :;j4^4^_|-«=:tftf^«:^y Xh. XXIX. 
34 «*4^*-f> *-!-«* :^-f+y>=aif+3/«:<wor<3» Thco.XXX. 



Then 



3(> 



341 r 



^— y'~«* 



37 
38 



23 ae^ oy-f <wf4^y-{-<« 



- • ■ 

ee for <}y, and yy for fy Step. 2d. and 4th. 

—I ^ ^ =zae^+yu-\-ee-]-ey^ 



*tf+2<3i4.3iy= 



"~f~2fy"i"W 



37—38 



39+4041 



39 
40 



la-i-e-X-y-i-u •— a* — ** — y*— «* — r— « 

—J — l-^^-i i ^^+3 =tf^+a«-fy». 

(*? 
0= —-au -\-ey 



■ ZZ' 



42 



^^^ 7 *^ =Ar+^ Theo. 

(XXXI. 

aa-\-ee-\-yy'\ruuxe^^ 



ae\yi^ 



a-\^JfuJfy 



(«»=tf+y:<j+tf4-«+y 
Theo. XXXU. 

44«tfy=*«=«fl«)c«o I Theo. XXXIII. 

45\fyu=ffyj=zauuS ^' ' Theo. XXXIV. 



45|«y«=yyy 

44+45 46 



a-Yuxcu^zf* -t-y' s^a-f*"*** 



Theo. XXXV. 

becauie 



C«90 

|becaufea«=«y Sup. I. 
46x3 ^^seee^2yyy=^3'""'-h3^'f** 



Then 49 a-j-8 =:»• 4-» *+3* f ' -1-5* 
45--4J50 



fox3 
5*4.52 

Subft. 



52 
53 

54 
55 



Thee. XXXVI. 



Then|56 

57 



Subft. 



y ' — /' =« — ax(mr=:auu—aau. 



«• 



-a -j-3|y' — ^*'=« 



Thco. XXXVII. 



3<|* y_|-fl*«=<**X33'-f-" 

iftf for aft and fy for <»» (Step. 1,2.) 



_ • __ 

ThcD 58 ^aee-i^eezzia^xiyJ^u 



Whena 
Bat 



58+62 

Or 

44 
1x3^ 

ifX3) 
45 

644^5_j-6d4.67 



5i 

62 

63 

64 

66 



r^^ for tf^y (Seep. 27.) 



45 



^9+7^771+72 



44^f!>4 
45XU 



4xae 



ee: aaz=z2y^:2a^e 



g^ +}a V+gtf^f *4.g3 =g*>»3H-^'f<g+3<y 



eee:=aau - 



.^ 



Theo. XXXIX. 



67 yyy:=uiUU 

68 
69 



7r 
76 



> 1 1 



=tf 1/ or /)' X g^{.if [ : 

44 ho e^:=:aau 

72 «^=rj/i/cr 

aaau-=iaeN 
auuu=uyyy 

o:=Meyy'^aeeu 
p\ Oz:^uyeez=Myya 



Thco.XL. 



Tfieo.. XLL 



7Vh75+7«+77' 



C 70 ] 



74+75 -I-76-I-77 78 
Whence 79 



■I I A 



(XLII. 



-^■ii 



II!. 



Let, tf, ^, y, Uy i, reprefent five Quantities in -^f 



2 1 

Whence 



T+6 
Whence 



I 

2 



iszrzee 7 ,T 



ipi.) 



9^|-io+ii 



I IX) 

18+19 

Whence 

2®-* 

1®-* 

22—23 



Whence 25 



3^Jf 
Whence 

^5j ^7" 



4 

6 



71 
8 

9 



1 



b — a : u — tf =«-|^ ; y 
ab=Leu (In. 223.) 

ax b-\-yz=zexu^e 

a : e^=^u-\~e : h-^-yzz^ : y rnjf : u 

ya:=::ee 

yb:=zt(U 



theo. XLIII. 



Theo. XLIV. 



Theo. XLV. 



20 
21 
22 



yx A- |-,y 4./1 rrir^-f-yy 4"^^ 

ay=^^ 
4 byz=zuu 
5be=yu 
6 ye-=iau 

7^x^43+yj 

8 hyy=.yuu 

9 yyy=auu (Theo. XXXIV.) 

yyxb-^y =uu xy^a 
yy : ««=y-j^tf : i^-y 
yybb'rzuuuu 
23 yyaazzieeee 



Theo. XLVL 



Thco. XLVIL 



Theo- XfcVIII. 



24 yyxbb'-'^a:=::uU'^eexuU'^ee 



bbf'^a 1 uu — ^^=«a-{-^^ : yy' 



Theo. XLIX- 



26 yyxa-\-b=.yxee^uu 

27 <j-|-A : y=|^|^-^^^ : yy 



Thco. L. 

. 1 



ya—ee 



C7» ] 



Whence 33 

34 

3» 35 



J4+35+3<S 



58+39 {j?f. 

34. 
35 
36 

37- 



29 

30 
31 



^»-{-«» 4y»+tf»_[-a*— ixi+y-fa-j-flxy+tf Theo. LII. 
ir' —euyz=bee f ^ 



Th«o. U. 



26yy=ab (In. 224.) 

37 
38|A'=A 

39 

4o|y' T=euy 

41 tf»=rfly*=uM«j 

42a»=i&* 

43 6' 4-«* +y' "+•'' +*' r=ibxbb-{-be-\-ee -{-aaicu-^-a Theo. 
44A*-fa*=i*-H»* • (LIU. 

46 y*-=ui*b* 

(Thco.UV. 



90,223, 224.) 



■•■^ 



After the fame Manner may innumerable other Theorems be raifed, which 
the Learner may purfue at his own Difcretioo, whofe Ufe will be feen in the 
Efic&ion of the foHowing Problems. 

^ Problem LXV. 

623. To find three Quantities in -rr, a^ e^ y, whereof the Sum of th« 
ExtreanDs ii-|-^=/, and the Sum of the Cubes of the faid Extreams 4'-f-y' 

EffeEtion. 
w-f-3^^J=^w (Theo. XXL) 



Whence 



2©-* 



tf= 



sss*^m * 



. the Mean. 



3^ 



sss—m . 
tfy=fg=: ■ (In. 191.) 



4-|-y=5 






Subft. 



Then 



4j<r-j-y=j by the Queftion,. 



And 



3^ 



- for^ (In 547.) 





4m — sss ^ 


.ii 


/ -■-' 


. t 


n^'- 


^.m — sss * 



(^by Step. 8. there) tM greater Extream.. 



« ' I 



(by Step. 10. ther^) the leffer Extream. 



Ex. gr. If js=5, n^T=^6^^ then ^=2, y=4, ^=1. / * 

Problem LXVL 

624. To find three Quanriries in -fr> whofe Sum is ?, and Sum of their 
Cubes fv« 

• Effemon. 



i-—eee 



4j 
15. 



Subftit. 
Subftit. 



.1 
2 



WhencM 



7 ayszersip (In. 191.) 

8 «-|-y=:z — *=J 

J if (fa. 547-) 



JEx.^r. If »=i4, and «==5%+» tlMSUj ^^4.. (Slfig, <Ji).^=0, *=?2. 

« 

PROJl,I,ftM^LXVIf. 

625. To find four Quantities in vr> ^ ^^.^a y> whoi^ Sfitn is /, and the 
Sum of their Squares a;. . ' ^ - 

EffcHiotf. 
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Effe&iau. 

For the Surtj of the Means e-^-y put A^ then-will the Sum of the Eztreaim 
«-fi<^ be i—'A. 

^"^ 4Axa=:Ais (Theo. XXXn.) 



Then 



"Whence 
Subftit. 

Confequently 



2 

3 



5 
6 



2 



- 2WW 2i/JB4-«8*— .2 

SAA—AAA 



e=. 



tfrr 



(Iiu 62a) 



^^ 



u—S* 



Ex.gr. If 5=325, and 2=31525, then ^=1501 52^175, ^=60,^=40, 
31=90, «=i35- 

Problem LXVIII. 

6z6. To find four Quantities in -^^ <>» ^> jf^ tf> the^ucn of whofe Cubes 
is », and the Sum of the Extreanis a-^^ur:^. 



Put 

Then 

I— « 



4>75 



2 
3 



EffeSliort. 
m=sz (Theo. XLIJ 

d:-4-«=:j by the Oueftion. 

8 SS^'^2SU'\-UU'=^Z'^UU 



4 

5 
6 

7 



»# 



10 
II 



mm^t 



Whence 9 1^ :sr ••-* 



Ml^^fH 



kJ=j — u 



e=aau* Theo. XXXIII. 



I l\j-=:autt 



Theo. XXXIV, 

U 



Ex. 
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Ex. gr. If ^=585, and ^=9, thin 2=65, and «r=:8, 4j=i, ^=t, ^2=4, 

. • . • ' . • ■ . . • • 

Problem LXIX. 
627. To find fivic Quantitip^ in -f7<, a^etjiU^bt whereof 44^=^, and 

EffeSfion. ' 



2—3 



Whenct 
Subftic. 



7. 9 

Whence 
7> 



the (^eftion. 
4\y:c — y-rzc — y:h-^tj (Thco. LI.) 



8 



^ a 



10 



II 



a-^zrib 



e^y-\-u=c\ y 



^ 2 

e'-\»u-=iC"^y'=:d 

ez=id^U 

eu=zyy (In, 191.) 






dd^A-yj^-^ 



l2eT=:d — u 

i^ayzizee (In. 191.) 
igab=zeu ' (In. 223.) 

15-r^ 16 A= J 

Ex. gr. If ^=ri7, and ^=14, men ^=^4, <f=io, ifc=s8, ^=2, tf=i> 
fe=i6. 

Problem LXX. 

628. To find five Quantities in ^^y a^ e^ y, «, by whereof a 

and ^^-j*y^4-^i^=^' 



Effeaion. 



EffeSlion, 
A-h^z^-yy (Theo. XLIII. 



Whence 



6-^ib| 7^=^ 



7. 8» 

Whence 
8, 



Ex. 



1 

2 






5y 



8 



6ab=iyy (In. 191.) 



a=b—b 



2 

1 2 W=< 



10 



A=^ 



:^y (In. 191.) 

I4!uu^:dby (In. 191.) ' 
I — ^ 



gr. If ^=17, 2=84, y=4, bz=zi6j az=iiy erzZy andirr=i$ 



CHAP IV. 

Of thefumming up Ranks of homologous Polygons or Powers 
*uohofe Roots or Sides are in Arithmetical Progrejpony 
beginning with Unity. ' 

Problem LXXL 

629. 'TpO raife a Polyg!>n Pfrom its Root or Side n given : Or, which 
X is the fame, to find the Sum s of any Rank of Numbers in —^ 
whofe leaft Term / equals Unity, common Difference is i, and Number of 
Terms is n. 

Effe£fion. 



^ • 






Here bccaufc /= i , thettforc i or Pt=: 
^nce, if the Number be a. 



2n+ihom'^n 



(Fn.i 599. Theo. IX.> 



Lateral 

Trigon 

Tetragon 

Pentagon >i. e. if J=< 

Hexagon 

Heptagon 



o 



I 

2 



OSfogon 



3Hhen P=^ 
4 



5 



2 
nil 

2 

2nn^h 






Corollary Vlfl. 
630. Therefore the Scale. of Polygons^ whofc common Root is^ », is a 

Series of Terms m -^, whofe Brft Term is n^ ccmunon DdfFerence is 

and Number of Terms is d-^-i^ and confequeotly the Sum i of fuch a 



nn-^n 



Series ^4^>+^^^--H^^*^3» (-10.599. Theorem IX.) Whence, if the 

.4 
)»%heft Term be ^ 



Later£ 
Trigon 

tetragon 

Pentagon 
Hexagon 

Heptagon 
OSogpu 



fo' 



■ 



>i. #. if dz 






j2 



3 
141 



then s = 



6fr. 



3«»^3^ 

2 

-) 3«H-* 
iSnn — 3» 

2 

2Tiiiiii^ir 

2 

6ff. 



i^ X M M ill 



Cn-3 



r 

631. If a Serfca oftLaterats beginning with H Cypher (o, i, i, j, 4, 5, fc?^.) 
be placed in the contrary order, (&?r. 5, 4, 3, 2, i, o,) then b^inning with 
the firft Terrrn of ca»h xo the left Hand, 1 fay the greateft Tri^Hi ai-ifiAg 
from ftinnning op the former Series, will be equat to the greateft TrigM i^aifed 
by filnMtktg up the latter: The greateft ji^ Pyramidal raifed by fummiAg 
up ctie former Series wilt be Sobduple or f of that railed from the latter : The 
greateft /aond Pyratmdal niEed from the former Sabtf ipte or ^ of that raiftd 
frdm the latter : The greateft sbird Pyramidal railed from the former Sub- 
qimdrujple or \ of that railed from the latter : The gteaitt^ fourth Pyramidal 
raifed from the former Subquintupie or 4. of that raifed froni the latter, ^r. 
ad Infinitum, 



DmonftratioH. 




;. 



Yrigons 
to repre- ift Pyramidals 



Laterals 



font xbtlid Pyramidals [Satn^e£^0l^yri 
Scriesdf 3d Pyramidals 
Mi Pyramidals 



Lattrd* 
oi Che Trtgom 



V 



tdthsinjlidPyfam. 
[ (fc. 



di tberj^ are 
Terms in the 
AritKmetidal 
Series. 



Then* 



o. 
o. 
o. 
O. 

a 



{reprefenr atiy Series of 
Laterals whofe firft Term 
ialt*^ ; . .. 

^r=z the greateft ^ri^n 
q= thi greatiefi ifi Pyram. 
r= the greateft 2a Pyram. 
s'tn fhe grditleft 3^ Pyram. 
/ =3 ^ greateft j^h Pyram. 
40e. ^. 






5P 



1 ^ 



H. othe fame. Series lAvertcd. 

p. >|7= the great»ft THgw 
f . iq= the greateft r/? Pyram. 
r. 3rz=: the greateft 2^ Pjfrj^r. 
r. 4S:±± thxi gteatt^ id Pyram. 
f. 5/= the greateft 4/A Pyya;w. 



ST 

I 



I. Let 



C78.3 



Ex. gr. 



I. Let the 'Number of Terms be' two, or »=i, then will 

I. o the fame Series inverted. 



o. I reprelent the Series of 

Laterals. % 

o. 1= the greaceft Trigon 
o. I = the greateft ift Pyram, 
o. 1= the greateft 2d Pyram. 
o. I = the greateft 3d Pyram. > ^ 
o. 1= the greateft 4/i Pyram. ^ 

c^c. &fr. a' 



I. 1=1X1 the gresktdBt Tfig$n 
I. 2=axi thegreaceft ift Pyram. 
I. 3=3x1 the greateftailPyriajw. 
!• 4=4x1 the greateft ^d Pyram. ^ 
I. 5=5x1 the greateft 4/i& Py- 
ramidal. 






II. Let the Number of Terms be three, or »=2, then-wifl 

2. I. o the fame Series inverted. 



o. I. 2 be the Series of Late- 

rals. 

o. I. 3= the greateft frigpn 

o. . 1 . 4= the greateft ift Py- 

midal 

o. I • 5is the greateft 2d Pyra* 

ramidat 

o. 1. 6= the greateft si i?^r<a- 

midal • : 

o. I. 7= the greateft 4tb Py- 
ramidal 



3. 

3 



^' 3- 3^ 1x3 the greatefli?ri|[. 
2. 5. 8=2x4 the greaceiR: ly? 

Pyramidal 
2. 7. 15=3x5 the greateft 2^ 

Pyramidal 
2. 9. 24=4x6 the great^ g^i 

Pyramidal 
2. II. 35=5x7 the greateft 4;* 

Pyramidal ' 









HI. Let the Number of Terms 

o. I. 2. 9 be the Series of 

Laterals. 

o. I. 3. 6= the greateft JriO ^ 

gon 
o, I. 4. 10= the greateft ift 

Pyramidal 
c* I. f. i5=tfr, 

O. I. 6. 21, - ^ 

o. I. 7. 28. ' ^ 



o 






£5f^. 



a 



four, or ir=3, then will 

3. ' 2. I. o the fame Series in- 
verted. 

» 

3- 5* 6. 63=1x6 thejgpueft 

d< 8. 14. 20=zxio the grenc- .. 

eft ift Pyr. I g 
3. II. 25. 45=3x15, thcCsTf. [5 
3. 14. 39. 84=4x21. 

3- ^7- 56. 140=5x28. 
(iff. 



^ 

jW 



But 
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' But this will always be fo, if the Number df Terms be 5« 6» 7, S, 9, 
j.o, &r. ad infinitum ^ as is plain from a due Confideracion of the Nature 

and Scru&ure of fuch Numbers, which is here univerfally repreiented by the 
Letters /> ^, j 2^, r 3r, j 4J, / 5/, t?^. as above, .^ £. !>• 

FHOBLEM LXXII. 

632. To fum up a Scries of Trigons wijh their ift, 2d» 3d, 4th, Gf^* 
Pyramidals^ whofeRoot or Number of Terms is n. (In.\2a9, 232.) 

EffeRion. 

Put f for the greatefl: ^rifpn^ q the createft ift Pyramidal^ r the greaceft 
2d Pyramidalf 4 the greateft 3d Pyrawum^ t the greateft 4th Pyramidal^ (Sc. 
Then I fay 

i>=»x— i— =-J— X -J,— (In. 213.) A 

^ »4-2 »-4-o «-4-i »4-! 

• *■ 3 ^ 2 3 






»-|-3 *-|-o »+* »4-2 »4.3 ♦ 
"4 I 2 3 4 . ■ , 

. „ »4-4 ,»+o ■- »+' ^ «4-^ ,;»+3 ,. «44 

5 . .» . 2 3 4 5 

/=:.x^=="-±?x^xi?±ix?±ix!!±fx2+5 ' ^ £. fi. 
6^ 123456 ^ 

6?f. &?<•. fc?r. fc?f. ©"f. Cjff. (s?f. £»•<•. fcff. 

_ I 

DttMnftratiou, 
Ex. if. Suppofe «=5, then 
I. The Series of Lateralt may be reprefented 



H-0 7 



or by »— 4. »— 3. »— a. »-r*i* » — o=» 
II. The Triangular Numbers formed of thefe Laterals^ from the 

C former Series are i. 24-i- 3+3« 4+6- 5-Ho* ^ »-4-iO=rpr 
■j latter Series aire »-|»4, 2n^y. 3«— 9. 4«— 10. 5«-r 10. orir»^io=i> > 

But 



. Bilc AfitHgftt tbu» ^nd irt the firft Vattie of f, (which fs here to,) will 
tiwnefi bceqfmltD ihafi ill ttie feeottd V^tb^' of ^ whatfoeviff m f&ali b«, (Itt. 
^ti) f. r. ioasio^ then bcc&afe t<>s^« fraen the fifft, and ro:tr»xr>.^ 
from tbe fecoixl. ThereffRV 



3^^ 






4jp= — 5—=—=—^ -i— the Tcorcm for fumming up a 

2 Jk Z 

a Series df Laterals \ the fame with chat (In. 213.^ 

' ^: . ' • * • ' r • ■ 

VSL Thftfa^ Ppwmdak fyrmtA of cHofe JHinrjpife^: FuMi Ae 

C former Series are i« S-f^* 64-4' 204- 10* i5-4«20sbb^ +20=^ 
flatter Series are »— 4. 31^— -11. 6xh-«2o. zo«— ^o. x5ik^40=pji^-4o 

But the firji Pyramidal thos found in the firft Talue of ^, which is here 
20, will always be fubduple of that in the fecqnd Value pf a^ ^atfoever 
n fhall be, (In. 63 1 .) 1. e. 20=^^ ; then- becaiufe ^Oirrf-^ mna tiie &&, 
and 40=/»-^ from the fecond, therefore 



:if 






I 

2 



2J— 2^=^»— £ 

i 2 



4H="— 7^=P< ^ or -H ^—1— K^iJL-: dieThcorcm 



for firtnming ijp a Stries of Triangulars. 



IV. The fectutd Pyramidals formed of the jfr^ Pyramidals^ from the 

f former Series are i. 4-(.i, - lo4-5^ ^0+15 354-35 ==? + 35=^7 
flatter Series arcir— 4. 4»— 15. io»— 35. 2o«~j^5.3pi^r-Ki5=;jp>— i05ir^ 

But thefecond Pyramidal thua fbuiid.>. dift ficft Value of r» (which is here 
350 will always be fubtriple of that in the fecond Value of r, whatfocvcr 
«lhall be, (In, 6m.) i.Ag^— f^^> TheabcfanUcjajisr-^.ftom^he firft, 
and i05=r;» — r from th6 fecond, therefore 

34-T4r=£!±ir==j.^^rii?x'!±Ix2±5x!±3 the 
I I 4 4 1 2 3 4 

Theorem 



Theorem for famtmng up any Rank of firft Psramidah triangfiar. An J by 
the fame La^y it is plaiii» will prQceed die Sums of every Series of higher 

Pyramidtitst whacfoev^r tbff Number of Terms fliall be (jBel 6% u)'mz.-^^ ti -^^ 
3 4 5 6 7 8 

COROLl^ARY IX. 

6t?. Hence we learn- to form the Umia of Powers nrifed from a Biiio- 
miaf Root. For it has been (hewn "that the UncU of every firft Term is 
Uhity^ of every fecond Term the Exponent of the Power m^ of the thini 
Ternv » Triangular Number whofe Root is i»-^i, of the fourrii Term « 
firft Pyramidal Triangular whofe Root is i»»2, of the fifth Term a fecond 
Pyramidal whofe Root is m— 3, of the fixth Term a third Pyramidal whofe 
Root is m-— 49 (^c. (In. 409.) Biit the Trigon whofe Root is m — i is «ix 



, the firft Pyramidal whofe Root is m — 2 is mx x , the fc- 

2 a 3 



cond Pyramidal whofe R'oot is ttr*— 3 is i»x-~^x^ ^-x^ ^-^ the third 

* 2 • 3 4: 

Pyramidal whofe Root is iw— 5 is mx x ^ x - JnL x — *— - (In. 632.) 

Whence have we the Theorem (In. 4^4.) for fincjing the Uncia of Powers^ 



niiz* mx ■ " I X ■ '■x =^x- X . L X x — g-^-x w. 

234-5 € 7 89 



CORQLL'ART X. 



634* Hence in like mdnocr have we TheoreiM for determiaing aU the 
fimple Combifiauons of any Number of Tlangs. For if jn be put for the 
Number of Things to be combided, the Number of all the Combinations 



by fairs will be nx- — ^, by Ternaries nx^^-^x- — ^, by ^aternaries nx 

a^ x'-=?x^=^, ejff. (In. 236.; 
2 3 4 ^ ^ ^ 

Corollary XI. 

635. Therefore the Number of all the poflible Simple Combinations of any 
Number of Things n^ is the fame with the Sum of all the Uncia of the n 
Power of any Binomial b±ey excepting the I7n^i> of the two firft Termt 

Y (i. e. 
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'(u t. excepting i+«) But fuch a Sum is en 2 " ■ » i CIn* 410.) Therefore 
2'<— ;»— ( equals the Number of all the poffible Simple Combinations of any 
Number of Things n. 

Ex. gr. Let 11=8, then all the Simple Cotahinations by Pairs wiU be 

n X -I^= 28, by Ternaries nx -^x — — => 6, by ^aternariis nx x 

2 ' , 23' ^ 2 

X — ^=70, by Frues nx x— x x- — ^=56, by Sixes nx — -a- 



X x-^^x-^3x— —^=28, by Sevens nx - x x — ^x — ^x 

3 45 « 2 3 45 

- '^ X 2=8, by JBigi/i »x— ^^^x-^^x ^x x > ^ > x x 



g^—i* Inall 28+56-1-70+564.28-1- 8+i=247=2» — 8—1. 

Probj-em LXXIIL 

636. To fum up any Series of Polygons^ with their Firjl^ Second^ Tbiri^ 
l^c. Pyramid^lsy whofe Root or Number of Terms is n^ common Di£Perence 
of the Arithmetical Series whence they are formed J, and greateft Term of 
the fame G (In. 229.) 

EffeltUm. 

Put P for the greateft Polygon or Sum of the Arithmetical Series (which 
will be either Trkon^ Tetragon^ Pentagofif, Hexagon^ &r« according as i is 
i> 2, 3, 4, &r.) ^for the grcsLtxfi^ frjl Pyramidal of the fame Denomination, 
or Sum of the Series of Polwons ; R for the greateft fecond P^amidaJ^ or 
Sum of the Series of Firji Pyramidals ; S for the greateft third Pyramidal^ 
or Sum of the Series of Second Pyramidals ; T for the greateft fonrtb Pyrami- 
daU ^c. Alfo let p^ ;, r, i, /, (Sc. reprefent the fame here as in the laft 
Problem, which (if ^=1 and confequently Gacff) muft be the fame with 
P, ^. Ry Sy 7; tSc. and therefore the Effedion here would be the fame as in 
the laft ; but if ^= any other Number befides Unity, and confequently G 
be different from n : Then I fay 



P=» 
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(74-1 nCf-l-H /T * » 

P=» X ^iX-=_-!_ (In. a 1 2.) 

^ <?-L2 «4-i G-i-« 

^^^ 323 

G+3 »+i «+2 G4-3 

"4 * 3 4 

c- .. V ^^^-i.x'^^ ^ 11+4 C+4 
ois rx -sswx X — <— X' ' X' ' 

5 2345 

^ G+5 »+i »4-2 11+4 »-|-4 G+5 

6 23456 
6fr. fc?^. C?^. 



^£. iB. 



Demonftration. 
Ex. ffr. Suppofc »=f as before, then 

L The Arilbmetical Series whole . firft Term is Unity, and common 

Differenced. 

Tis I. i+rf. t+2d. 14.3^. 1+4^=0 y 

[l^orG— 4^. G—^d. G— -2^. G— ^. G— o =i4-»i— ^y 

II. The Polygons formed from the 

former Series are i. 24-^. 3+3^. 4+W* s+io^rr^i -j^'O 

flatter Series are G— 4^. 2G — yd. ^G-^^d. 4G— loi. sG^^iod^nG — iod{ 

Bat the Polygon thus found in the former Value of P, which is here lod, 
wtU always be equal to that in the latter Value <^ P, whatfoever » ihall be, 
^In. 631.) r. e. iod=ziodi then becaufe iod=.P — n from the former, and 
lod^nG-^P from the latter : Therefor; 

I P—n=nG—P 

2 2P—nz=iHG 

2P=»G4^ 

• oG-fg G-fi 



i+P 



3-r2 



3 

4 



the Theorem for fummiog up 



any Ruikof jAiik^ietkal ProgreJ^tHols, whofel^ft Term /=i. 



III. The 
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• ( 

m. Tht firji Pyramidals from thbfc Polygons^ ftoti the 

former Series arc i. s-^-d. 6-I-4J. xo-j^iarf. is^iod=p^ 

^r^O^= 

latter Series arc G^^d. 3G— i id. SCn^tod. roS— jorf. 156—40^=^ 

But thcfirft Pyramidal thus forme* in the^ former V^lM of ^, which is 
here 20^, will always be fubduple of that in the latter Value of^ (In. 631.) 

i. e. 2o^=-~, then becaufe 20 d=>S^p &om the (brmer, and 4oit£:p&i^^ 

from the latter ) therefore 



2^2p 



3^i 



3 

4 




^_£G+^_^^ G+x ^ or by fubftkuting the Value of 

|) (fcufiji.) ^rziw-ZI^x — i^ the Theorem- for fumming up My Rank 

2 3. 

of Polygons. ^ 

IV. The ftcond Pyramidals formed from thofe firft Pyramidals, fVem the 
r former Series are i. 4'^d. 104^51^. 2o-\^Bd. SSH^SSd- 

jMatter Serin art G — ^. 4G— 15J. 10(5—35^". 20G— 65J. 35(j-— 1054 
^ =j,G — 1^5=2^ 

But the /iryf Pyramidal thus formed in'the former Value of if, which k 

here ^sd^ will always be fubtriple of chat in the latter Value of R, 1. e. 3sd 

josd 
s — —J then becaufe 3£i=i2-^ from the formeri and lOfdzi^G^^R fron) 

the latter \ therefore 

■• 

I iR^zqr=iqG^R 
3-r4 4 i£ ct^^X^spc --^ or b^ £U)lUtu^ 

4 4 

n nJ^^ if-4«x G4*2 
fin. 632.) /c=«x— L-x — !-^x— i-i. the Theorem for fumming up any 

*# 1 * 234 

Rank of firft Pyramidals of what Denomination foeven And, by the fame 

Law 



Law will proceed the Sums of every Rank of higher Pjramiidh wli»tlbev£r 
the Number of TtttAiH Ihalf be j « in the EfFcaion above, S^ ErD. ~ 

COROI^tARY XII. 

f 

637. And becaufe G^i^nd^^d^ in the^foregoing Arithmetical Series^ 
whofe lead Tierm in i, Number of Terms n^ and common Difference d^ 
(In. 207.; therefore fubftituting this Valpe of G in this pThcorcm, ^=nx 



tt'+i G4^ Gx»»4^"f^2xit»4^ 



^ 3 



>9 and we (hall have the following uni- 



ver&l Theorem for fumming up any Rank of Polygons^ from n and d given^ 
^_ ^ 3?^„| 3" ^ ^ Whence are .deduced the f<jllowing particular 
Theorems, viz. 



If the Polygons to be fumoied up tea Rank of 



\ 



Laterals 



Trigons 

^etfiag/ms 

Pentagons 

Hexagons 

Heptagons 

OSogons 




• • • ^^ c^ • 



►i. e. iSd:^\ 3 {.the SUm J^will be. 



5 
6 






»»4«* 



«vMa 



4»* 4-3»*— « 






in 



i"'-? 



6?^ 



Corollary XIII. 
638. And all the ^s thus found are a Rank of Terms in -^^ wkofe ieftft 
Term is-' '^ » Number of Terms J-^i* ^'^ common Difference ■ 1 -^ § 

therefore if for the greatcilTcrm be put !^ theSumof all the Terms will be 

Z dnn^dn 



Jm+b I »» 1 »-t-»«><4-»g. mwo; V. In. S99-) t- '• if* ''«'» 

4 
^bc a. 

■ 1 ■■■■.. .=1 ■ 1 
• a . o 

4 "" 3 

Pentafpn Uhe Sum wiU be^ »»4-«-j-2^=«^ 4.z«* -f-» 

I 4- ■ .- - 6 " 

r^Jt+Tf^-^ 4g^7»^ -t^*' 
4 * 



'frigott 
Tetragon 



Hexagon 
Heptagon 



Offogpn 



8 



Ls M M A II. to the following Problems. 

tf 39. If n be put indifferently for any Integer, then the Scale of Power» 
whofc Root js n^ will ben^, «S »% nS »S i»S Cf?^. Alfo the Scale of Powers 

^ *> ^ t ft 1 ■ ♦ J 

whofe Root is ^-^-^ ^^' be «-f i. , ii-J-i^ *4-j^»4tI , »4-i >»4-i : 
And if, for the Sum of all the 



Laterals 



Squares , 



Cubes 
Bimiodrates 
Bfib Powers 

(Sc. 



J^^!;!±l (K2,3.} 



whoft Roots are 1,1 a»»4.3»»4-ii ,. ^^^. 



2. 3* 4» 5 
ff, be put 



C 

D 

E 

6fr. 



tben I fay, whatfoever n be, chat A-l-^-H 1 C4.1-I-111 ^D-{.i4.ii ,&^. 
wtU be equal to the Sum of the Series of Squarcsy Cubes^ Bi^adraUs^ &r. re- 
i^Aively, whofe Number of Terms is i-f». The Aflcrtion is iblf-evident 
to any who underftands what he reads ; neverthekis^ if need ib require, the 
{)emonftration thereof may be caft inp the following SyUogifm. 

The 



1 
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iThe Sum of a Series of Homologous Powers, whofe Roots are i, 2,39 49 
L &r. to Hj is equal to J3, C, D, &r. according as the Powers are Squares^ 
Cabesj Biquadrates^ fcfr. by Hypothefis. 

But the Sum of a Series of Homologous Powers whofe Roofs are r, 2, 3, 

4) 5» 6?^- to i+» is more than the foregoing Sums by i-f-^ » i+« t T+» • 
£<f r« according as the Powers' are Squares^ Cubesy BiquadraUs^ &^. becaufe 

irip»' is the next Integer above n : ThercfQre, (^c. 

LSMMA III. 

640. Again put m univerfally for the Exponent of any Series of Homo- 
logous Powers CO be fummed up, whofe RooSs are in -^, brining with Unity, 

whofe Number of Terms are i-j-ff, and the common Difference of the 
Arithmetical Progreffion is d. Then I fay the Sum of the Series of Square^ 

will be i+»+»Ki^+«x ddB, or i^n-{-2dyl^JdB: Thc^Sumof the 

Series of Cubes will be i +»+OTi-^+»ix ^/t/^4-igx-^^x dddC^ or 

• 2 23 

iJ^n+^dA^SddB^dddC: The Sum of the Series of Biquadrates will be 
iJ^^mdA^wx—^-^MB^mx — ^x -—dddC-^x—^x — - x — ^ 
JJi^A or jJ^n+AdJ^eddB-i-j^ddC^ddddD: The Sum of the Scries of 
/^/i Pw?^; will be i^n-^mdJ+mx-^^^ddB-y-mx x — - — dddC+m 

fn-2^n^-2^ m^ JJ^JD+m x '^=ix ^^I^x '^^-^x ''!^dddddE, or i +» ^ 
234 2345 

4^J-^ioirf5+ioJ^iC4-5JiJiI>-Hi^^<i£, ^c. proceeding according to 
in. 632. Note, ^, J8, C, A l^c. are here the fame as in the laft. 

Demonftration by hdu^ion. 

Suppofe Ex.gr. n-=i^. Then. 

I. The Jritbmetical Series, whofe firft Term is Unity, Common Difrcrenctt 
13 dy and Number of Terms is i-|-», is * 

!• i-jAi. i-+2i. 1+3^- i+4^.=i4-^^- 

"Whofe Sums are 

. t A, 2^271 4- find -^ fid 
I. i+i^d:i+2^3d. x+3+6i. i+44ioi=i+;;+-Af= ^ 1. 

rearttmingthe Value of ^ as found (In. 213.) 

IL The 
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II. The Rank of Squares of the Arithmetical Series is 

1. l+2ixi+iJ. l-f 2<fx24.4/W. I-f2</x3-f9ii. I+2<?X4-f i6ii=i 4.«rf 

or . I -{-2»^-{-»ff</<i. 

Whofe Sums are 

,, i-|-i4.2</xi4.J\ i-|-2-|-2«fxj-}-5i'. i+3+2ix6+i4<M. i4-4-j-2ix 

. . ... ,,n 6+tf«+6ix^I[I»4- i&2»*+3»'4-» ,, 
io-j-30<i*=:i+«+2i/f+//<;5=-2L.-i^ nZ^S i — -C- ^in. 

213, 636.) 

III. The Rank of Cubes are 

I. i+3^xi4-3</</xi-fi'. i4.3ix24-3<^4+^'^*' i4-3'*<3+3'*<^54-*7'i*. 

Whole Sums are 
I. i-j-i4-3^xi4-3i^/xi4^'. i4-24-3</x3-f3i</x5+9i3». i-{.i4-$dx6.^ 
3<f</xi44-36</'. i4-4+3^xio4-3'i<^3o4-'ioo<i' =i4'»"4"3'^'^+3^'^^+^'^' 

IV. The Rank of Biquadraies are 

^x3-|-tfi/^xp+4^/^;<27+8it/*. 14.4^x4+6^^x16+ 4ui'x64-|-256J*=iipj3*. 

Whofe Sums are 
I. i4.i+4^xi+6i'xi4-4i/*xi4J*. i+2-[.4^ix34-6i*x544i»x94.i7i*. 
i+3-|-4^x64.6i^xi4-+4//'x63+98J*. i+44-4^xio-j-6^ix30+.4rf^xioo+ 
^5^^^iJ^nJt^dAJ^6ddB^ldddC^ddddD. 

And thus it is plain, ic will always be, whatever be the Value of n^ and 
how high foever the Denomination of the Powers. So{ that if z be put 
to reprefent the Sum of any Series of m Powers, whofe Roots are the Late^ 
rals I, 2, 3, 4, 5, 6, G?^. and whofe Number of Terms from Unity is », 

2* the Sum of the Series of /» — i Powers \ JT the Sum of the Scries of »i»— 2 

Powers ; fV the Sum of the Scries of m — 3 Powers ; ^ the Series of m — ^4 

Powers i ?* the Series of m — 5 Powers, Cffr. And if for the Uncta be put 
w> A ?» ^» ^> &?^. (In. 404.) then will the Sum of any Series of m Powers, 
whole Roots are in -^ , beginning with Unity ( the Common Difference 
being. ^, and Number of Terms »+i) bejequal to Z<^+.»i22/"'"*+/>-Xif"'"* 
+2^^-' J^rVd^-^J^sld'^-'^t^c. +Wif^4.«+i. ^E.D. 

COROL- 
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Corollary XIV. 

641. And becaufe in tKe Series oi Laterals i^ 2, 3, 4^ 5, 6f^. d-r^i^ there* 
fore the Sum of the Squans of fuch > Seriti (whcrfe Number of Tertns^ and 
confequently laft Term is i-4-»^ equals I'^-^^iA-^B : Of Ctf^^^f equals iJLn 
+3^+35+^ ; Of Biquadrates equals i^^^AA^6BJ^aC+D : Of Fiftb 
Powers equals i-^^^t^sAJ^ioB^ioC-^sD-J^E: efr. And univerfally the 
Sum of all the m Powers of fuch a Series equals Z^mT-^pX'\'q^-^F+iT 
Uc. 4.»i-^4-«-fi t or othcrwifc i^th^m4J^pB^fCJ^rD'YsE+ (^c. 4. 
mTJ^Z. 

COROLLARV XV. 

642. It alfo appears fiom thd laft Lenrnia, in fumming up the Series of 
Cuiesy whofe Roots are i> 2, 3, 4, Csf^. to n the laftTerm^ that C it al- 
ways equal to AA. 

Problem LXXIV. 

643. To determine the Sum of any Series of Powers in Numbers, whofe 
Roots are x, 2, 3, 4, 5, &r. the Number of Terms, and confequently the 
laft Term, being reprefented bj h. . 

MffeHwi, 
I. To find the Sum of die Rank of Sfuara B. 
Becaufe die Sum of the Series of Cubes^ whofe Roott are i, 2, 3, 4, §^ (sV« 

and Number <^ Terms ia i-j-», has beeir fliewn to be ^4^-{-3^4-3£^-|-C 

(In. 640.) and alfo to equal C-f-i^ or C4^«*-f-3»''4-3»+t (In. 638.) 
Therefore 

3^=ji^4-3«*-J-2»— -3-^ 



— »— 1 

2~3i^ 



Whence 



I 

> 

2 



3 
41 



(In. 213.) 



3B=»'+3»*+2ii— 3x 



nn^t 



2 n ' -4- 2 n *-i-if 
52= — -J-2— -li. the Theorem for fummmg up 



a Series of Squares or Tetap'om (In. 63<6.) 

Aa 



n. To 



C9o3 



II. To find the Sum of the Series of Cui^s C^ 

Becaufe the Sum of the Series of Biquadrates whole Number of Terms is 

i4.», is eqoal to iJi^n^{^-\-6B'\.4,CJ^D (In. 640.) andtoIX^-S+j* (In. 
638.) therefore 

2|+C-4-654-4yf ==«*-{-4»» 4.6»*4-3« 

^= --f— , and 5= — ^ — •-- as above 



4 4C-{-<2»' -f-3**+»4-***H-''=**4"4*''+^**"l"J* 
"Whence 5 c= **+^"H""* -^^ (In. 641.) The Theorem for 

famming the Series of Cs^^f. 

III. To find the Sum of the Series of BiquadraUs D. 

Becaufe the Sum of the Series of Fifths Powers^ whofe Number of Terms 
froln Unity b i-^-ir, is equal to i+»4-5vf-|-io5-|-ioC-f-5l>+£ (In* 640-) 

and to £4-.»+i Cin. 638.) Therefore £4-f2>-f-ioC4-io^+5^+»+x 

=JE-}-»^i ; whence proceeding as before; by fubflituting the Values of 

30 

Theorem for fumming up the Series of Biquadrates. 
In like Manner, by a due Management of the Equation F-^^R^i^D^ 

2oC4^i5B-^^4^»-^i=rF-j.;f4^i 9 fubftituting the Values of ^f, B^ C, and 

i/, there will come out ^= ' ,^ the Theorem for fumming 



A^ j9, and C already founds -there will come out 



12 



up the Series of F^b Ptnvers^ whole Number of Terms from Unity is n. 
Mxtx the lame Manner the Learner may proceed, at his own X.eifure, to find 
Theorems for fumming up the Series of Sixths Seventbi Bigbtb^ Ntntb^ (Sc. 
Powers. m 

And univerfally from the Equation z^^T^pX^W^yj^sT^ (Sc. -^mJ 

+ii+i=Z4.»1fT*lIn. 640, and 6}8.) will be fcund r=*^ ' 



^jp-i 



m 



^~ — F— -^fc?^. — ~-rf ^»— --• the Theorem for fumming up any 

Series 



m 



m 
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Series of Powers whofe Exponent is »— x, and Number of Terms from 
Unity n. 

Problbm LXXV. 

> • * • 

644. To determine the Sum of any Series of Powers in Numbers whofe 
Roots are in -7*, the Number of Terms from Unity being x-f^, and the 
common Difference d. 

EffeSion. 
I To find the Sum of (he . Rank of Squares. 

Becaufe the Sum of the Series of Squares (whofe Roots are in -^9 and 
Number of Terms from Unity is i-\4t\ has been fiiewn to be equal to iJ^ 
^idA-^-ddB Cln. 640.} therefore fubftituting the Values of ^ and JB as 

found (In. 642.) it will become i-f d n^+njj nfh\-^n^ the Theorem 

\dd ^ 

for Summing the Series of Squares. 

IL To find the Sum of the Rank of Cuies. 

The Sum of the Series (whofe Roots and Number of Terms are the fame 
as above^ is i-^n-^^sdJ-^iddB-^^^C (In. 640.) therefore fubftituting the 
Values of ^, B and C as found (la. 642.) you will have 

' ^ dd 

i-J- ^ « 4. idd «*+jj^^ n^^^ddn^ the Theorem for fumming up 

^ ^dd ^^^ 

the Scries of Cubes^ whofe Number of Terms from Unity is i-|-». And 

thus I fuppofe it will be eafy for the Learner from (In. 640» and 642.) to 

raife Theorems! for fumming up any Scries of higher Powers at Pleafure^ 

without proceeding further.. 

Scholium VIII. 

645. Ex. gr. Suppofe a Rank of Cubes were to be fummedup, whofe Roots 
arc I, 2, 3, 4> 5t o, &r. ^ bq^nning from Unity> the Number of Terms 

6o=ffi» the Anfwer will be C=: — =3348900 the Sum re- 

quilled (In. 644.) 

Again, fuppofe a Rank of Squares^ whofe Roots are in Arithmetical Pfob- 
greffion, b^inning from Unity ^ the Number of Terms being iOi=»-f-i9 

and common Difference 3=^, then J?=i4- d »-4-^j n^'^^ddu^ zn 

\dd ^ 
^165% St (In. 644.) CHAP. 
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C H A P V. 

Of tbt Aritimetici of Infittitet. 

* Bmonjtratkmi 




lion of AgQ» ^c^ 

CoROLlrAHlr XVt 

6^47. Every Inpniteffifnal is comparatively as nothing in refped of the 
Quantity to which it 19 an Infim^tmaL 

CoROiiAKY XVn. 

648. Hence whatever Quantities d9 only differ by an Injiniteffimal are to 
be looked upon as equal, and oonfctjuently may be fubftitutcd one for 
another. 

CoROLt.ARy XVni. 

649* Hence alfo every inferior Power of an infinite Quantity (\i I may be 
allowed the Expreflion) i& an Ir^nU^fMl in itfped of its fuperior one» as 
bein| infinitely lefs than the other ; r. e. the Square of an hfinite is an Infi* 
mieffinud in refpeA of the Cube, the Cube in rdfpeft of the Kquadnte^ &r. 
therefore every inferior Power is to be looked upon as nothrag in refpcd 
of its fuperior one. 

Corollary XIX. 

650* Whence, if a Series of Laterals i, 9, 3, 4, 5, iSc. be continued ad 
Infiniium \ fo that n the greateft Term and Number of Terms be mfinite ; 

then, rejeding all the It^nitiffmids by the laft, the Theorems ^=2^^^ (fn. 
213.) will become ^f =— ; JB= 'J ^ will become B = — -or — , C 

^•:±22li£. ^m became *- ; D= ^>--f-'5«--4>-o»'-» ^^ become fUL 
4 4 30 30 



or 



ihneriidly 



5 12 . 12 o 

Theorem^ 
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Ttooftm rasiti'—ix—ljr—Ir— -«•»». — i^— i.»— ixrwill 

w M ff^ M ff$ fn m ffi 

bpcomc r=2X. or r = ~ T^^ ^^ ii- which by a^in 



itjeding aU the^ InfiniteJJimdls will become 2=; 



Corollary XX. 

651. Whence laftly have we this general Theorem, That the Sum of ereiy 
Series of Homologous Powers, whofe common Exponent is m, and whole 
Roots are the natural Numbers i, 2, 3, 4, f, &^. ad infinitum^ is to as many 
equal to the ffreateft as i to 014*1. £n particular. If i»=i, the Sum of the 
Series oiFtrfi P<mers or iZ^^/j ^ is to as many equal to the greateft, as i to 2 : 
If in?52, the ^m of the Series of Squares A is to as manjr equal to the 
greateft as i to 3 : If 01=3^ the Sum of the Series of Cubes C is to as many 
equal to the greateft as i to 4. If m=5, the Sum of the Seriea^f Biqua^^ 
drates J? is to as many equal to the greateft as 1 to 5, &r. ad infimtum. 

• 

Scholium IX. 

652. And by thohfame Manner many other Theorems may l>e railed fronii 
In. 632, 63f and 641. 

The Inventor of the Arithmetick of Infinites was the great Dr. WaUis^, 
SawHanProfeffir of Gecmeiry in Oxford i the ufe of which is generally in the; 
Bufinefs of .Geometry. But fince the admirable Invention ot Fluxions, it ia 
Ibr the moft Birt laia afide. 
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ARITHMETICAL INSTITUTIONS 

P A R T VI. 

TbeAppLicATiaN sf SPECIES ALGORISMtothe 
EwicTioN of INDETERMINATE PROBLEMS. 



CHAR I. 
Of Single LATERAL EQ^UALITIES. 

Problbu I. 

653, O find two Intcgen-tfi r, whoie Stim added to their Pro- 

dud 13 equal to a given Integer «. 



■Wheni 



<K-\-a-\.e:=iii by tlie Queftioa. 

*-Mr —^4-" I "+' /T 

Therefore ^or e muft be aflumed fome Number, which being added to 

Unkjr vili divide »-{-i without a Remainder. Ex. gr. If n~idt then e 

B may^ 



EO 



H+I 



may ss3,'according to which ^—'jjr[ — 1=4 - Or i may 
which 4=3 i or t may sp, according to which azz^i* 



s4> according tx> 



Problbw II. 

654, To find two Int^ers a^ r, wliofe Difference added to their Produ^k 
is equal to a given Number n. 

EffeHion. 
i\ae'\'a — ^=», by the Queftion« 



Whence 



Therefore for e muft be affumed fome Number which being added to Unfty^ 
will divide n^i ¥«thouc a Remainder. Etc. gp. If.»s28» diien « may ss2» 

according to which a=—f—\^ 1=10, or e may =8„ according to which 



Scholium I. 

55. In the Effeftion then of the two forgoing Ph>brems, it is plain that 
n^ in the former, and if*«-i in the latter muft always be compofit Niim* 
bers ; and for e-^-i may be aflumed any of their Aliquot Parts. 



the 



Problem IIL 
65.6. To fi&d two Int^ers ^ e, whoTe Sum is ec^al to their Produft kfi 



Whence 



by the Queftion.^ 



2tf= 



_ 2/ _ 2 



Therefore for e here an be affumed no Integer ftut Zr and according)^ 

•2# 

m^ ' I 

Proelxm IV» 

65J. To find two Numbers^, a die greater, i the lefler, whofe Sum is equal 
10 ^ Dtflference of their Squares* 



MfiSHfiMn 



L3l 



I 

2 



'szd^ by the Qjieftioo. 



Therefore any two Numbers will anfwcr the Qucftion whofc DifFereirce is 
Upity- Em. gr. If tf=2, then ^=;i. If i=3, r=2. If 0=4, €=3. (^c. 

Problem V# 

658. To find two Numbers, a the greater, i the Icffcr, whole Difference 11 
equal to the Difference of their Squares. . 

EffeStian. 



dijtf* — tf*r=ii— rbythcQuefti 
2w4-^=i; I 



Therefore the Numbers ibqght may be aoy two Fxa^ioos whole Sum 
is Unity. Ex.gr. If ^=0.9, tf=o.i. If ii=o.8, r=o.2. Iftf=o,7, 

€=0.3, £5!f. 

P&03LEM VI. 

659. To find two Numbers, m the greater, € the lefler, the Sum of whofe 
Squares is equal to the Difference between their Product and the Difference 

of their Cubes. 

Egtmon. 

;5— ^«_tff~ii*-4j-^ by the Qucftion. 

Therefore any two Numbers, whofe Difference is Unity, will fatisfy the 
Qucftion •, as in Prob. IV. 

Scholium II« 

660. Tht three ia(£k Problenn are higher than Lateral Equalities, but are 
ledocdi to focb in their Effedlion. 

Problem VU. 

661. To find three Integers tf, ^, y, whofe Sum is equal to the Produdt 
•f the firft and lecood, k& the Produftof the fecond and third. 



Whence 



EffeHion. 

c 



Therefore 



C43 

Therefore for / and y may be affumed anjr two Integcw, fo that 2^4-' be 

2y+i _ 



dlvifiblc be ^— i. Ex. gr. If y=2 and e=6j then tf=y-{^i-V - - =4- K 
y=3 and ^^8, then ^=5. Ify=4> and ^=:io, then ^=6. tff. 

Problem VIII, 

662. To find four Integers j, ^, y, «, whofc Sum is equal to the Product 
of the firft and fourth. 



Whence 



1 
2 



EffeSiion. 
au'=ia^e'\-'j-\4i by the Queftion. 

/y — I * U — I 



Therefore 
be divifible 



I for e^ y, i^» may be afliimed anv three Integers, fo that y4-^-]^r 
by «*^i. En.gr. If ysii, ana^ri:i5, ory-l-<=26, then muft 

«=s:4, and accordingly tf=i+^^-^p-i— =10; orir=io and 42=4. Ify-^^^:^ 



«-— I 



35, then may «=4, and accordingly ^=13; or «=5, and tf=io; or 
«=;7, and 4=7 ; or «=io, and 11=35 j or 1^=19, and tf=:3. 

Scholium III. 

663. Hence it is plain, in the Effeftion of all Queftions of thiis Sort, char 
Numbers mull be aflluned for as many unknown Quantities as there are 
more than the Number of given Equations. 

Problem. IX. 

664. To find what particular Quantities of two or more Ingredients 
(whofe Prices are given) will compofe a Mixture that may be fold at a given 
mean Price. 

Example i. How nnich Wheat ziss.j^d. (or 64 d.) the Bufhel, and Rye 
at 3i. jd. (or 43^.) the Bufhel will compofe a Mixture that may be fold 
at 4 i. 7 d. or 55 d.) the Bulhcl. 

•For the Quantity of Wheat put 4, and Rye e. 



Then 

1—2 

3-r3 



1 64a^y:=:5sa4^sse by the Queftion,. 
2 550+55^=5504-55^ 

3 94-— I2tf=0|0r 94li=:I2^ 

41 3^=4^ 



Therefore 



Therefore any two Numbers may be afliimed for a and ^, whereof 3^=4^ ; 
er whereof ^ is to ^ as 4 to 3 : As in the following Table. 



a 


e 


4 
8 

12 


6 
9 


16 


12 


C^e. 


(^C. 



ad infinitum. 



Example 2. How much Wine of each of the following fores, viz. of 16 d* 
lod.Sd. and 6d. the Quart, will compofe a Mixture chat may be fold for 
9 d. the Quart ; 

Put a lor the Number of Quarts of that at 16 d. ezt 10 d. y zt Sd. andt- 
u at 6d. 



Then 

1—2 

3-r5 



I 

2 

3 
4\ 



i6ii4-io^-{-*^y^-tf«=9tf-f9^4.9y-{-9irby the Queftion< 

7tf-|-^^-1f — 3«=o or yazzzyJ^^u 
j _y+3» 



Therefore any four Numbers, tf, ^, y, «, whereof ^ = ^-'-^ will fa^- 

tisfy the Queftion, as in the Table following; 



[ 



' } 



^ 



I^BP 



Uc. J ad itiifinitum. 



I 



Fko- 



en 



665. To find what particular Quantities of two or more Ingredients (whofc 
Prices are given) muft be mixed with a given Quantity of another Xngre- 
dicnt, whofc Price is alfo given, fo that the whofc maybe fold at a given mean 

Price. 

Ex. gr. What particular Quantities of Tobatxo« \6d. iqd. and tfi. the 
Pound may be mixed with 50 fc Weight of Tobacco at 8 d. »the Pound, fo 
that the whole may be fold at ltd. the Pound. 

Put a for the Quantity zti6d. the Pound, e for that atiod. the Pound, 
and u for that at 6 d, the Pound. 



Then 
I — 2 

4-r2 



I 

2 

3 
4 



\ 



1 2tf-j-i 2^-i-2x5o4-i 2xir=i23<a4-/+ 50+* 
4/1— 2^—4x50— D«=o 



Therefore any K^990 KttRvbers may be affiuned for 4 atid u^ tvfcereof f-f*3^ ^^ 
divifible by 2 *, or any ^« Namberft.4, e, « mU iatisfy the Queftion, where- 

of4=- ' 4"5^ ^* follows 



a 


e 

It 

30 
9 


50 


3 ' 


60 
80 
80 


50 
50 


10 

■7 

>4 


80 


18 ' 50 


is(c. 


o^i/: 


^»t/«; 


n. 



Scholium V. 

666. The two laft Problems are the fame imh iRrhat in Vulgar. Arith- 
metic is named Allifation Alternate^ and the totter k diftinguifhed by the 
Name of Alligation Partial^ becaufc the Quantity of one of the Ingredienu 
is given. 

Pro- 



C7] 

P&0BL2M XI. 

667. To find an unknown Number a (an Integer, if it may be) which 
being multiplied by a given Integer M, and that Produd divided by ano- 
ther given Integer N^ will leave for the Remainder a third given Integer R. 
Or in other Terms* it is recjuired to determinate whether Ma-^R be divt- 
fible by Ny without a Remamder, 

Effedian. 

I . Aflume the lead Integer, which being multiplied by M will make it ex- 
ceecd iV, and call it P. 



MxP MkP I I 
2. Seek the Remainden of thefe Divifions, viz. j^ -» iP^ putting A 



for the Remainder of ^ JJ' , B for that of — r;P^ , C for that of 

N N 

i!^^, D for that of ^!±^. Gf.. Then 
iv N 

3. Becaufe thefe Remainders, viz. A^ j8, C, D, Gfr. fo long as each follow- 
ing one exceeds that immediately foregoing, are a Series of Terms in <^, 
whofe firfl Term is A and common Difference B-^A ; therefore, if you 
put -B — -/^=Jrwhen B is greater than yf, or jff-|-JV— ^= JiT when 5 is leflcr 
than yf, by the continual Addition of JTto £ (fubtrafting iVout of the 
Sum, as often as it exceeds iV) you will have the Remainders C, D, £, i^, &fr. ^ 
till you come to a Remainder equal to R propofed, if any fuch be to be 
found. 

4. Add Unity to P-[-i, as often as you add ^to £, and the laft Addition 
will make P eaual to a the unknown Integer required in its lead Value. 
Or to ihorten ttie Work, 

5. Seek if you can find an Integer equal to R by the Addition or Subtrac- 
tion of any two or more of the firft three or more Remainders (A^ J7, C, iSc.) 
fotmd as above ^ and the Sums of their refpeftive Integers, by which ML 
IS multipled, will be a required. 

Example i. What Number is that a^ which if multiplied by 21=-^, 

2 f XI 

and divided by i7=iVthc Remainder will bcii=i?? Here leaves 

« 

D Then 



C8] 



Then! iJzs:yi=^ \P 

I-i-JT 2B:=2J=S P-Li 

3+X 4D^4^=i6 • ^p+3 

4+^-— iV 5l£=5^-^=3 • P4-4 

2+5 6 fi-f 5=7^— ivbr J 1 ==/t 2Pr\'-5i=iy:=a In «« leaft 

(Pre. 5.; I • ■ Value.- 

Example %. What Number is that «, which if multiplied by 2f^zMj and 
divided by 7=iVi the Remainder will be 6—R? HtX^ '^^ Wire) 4;?:.<^» 

^^kftves J =5 i therefore P= i., aq^ i^:?:5+^U-w^s^;4. Ilhen 
7 

P+2 

2P-|-3=:5=tf id its kafl: 
Value. 



2+Jf 
2+3 



j I(vft54 

J5+C=6=/J 



Example 3. What Number k that «, which if multiplied by i2i=Af, and 



121X1 



divided by A9^^» ** iRemaindw will be lyxsJL f Here — .— ^ leaves 23= 



49 



yt> 



I2I¥2- 



49 



leaves 46=5=2^1 therefore Pr=i and X=/f=:2^. Then 



i+jr 

[2+A'— 2V 

^ C, £, in ^7 

Com. Diflfer. =3^ 



I 

2 

3 
4 



I 



^=23 / 
5=146 

C=20 • 



1 



p+i 

P+2 

P*fi4=5aif in ks leaft 
Value. 



Example 4. What Number is that a^ which if multiplied by 23— ilf, and 

22X2 

divided by 37=i^* the Remainder will be 30=^/? ? Here -^— leaves 9^=^ 

^i?i kaves 32=jB i Uiwefore Prrt, and Jir=J— ifsaj. 
ay 

^=9 



G9] 



xMX 

3+4 

Sxi-'X 

6-^X 



I 

2 



3 
4 
5 
6 






//=9 

5=32 

C=i8 

0=4 

C+D=22 

2(:+2Z)=7 

7|2C-f-2D4-jr=3o=iJ 



p 

P-f2 

?H-3 
4P4-io 

leaft Value. 



Example 5. What Number is that 0, which if multiplied bf ^il/* and 
divided by 21 =i\r, will leave 4^=1?? 

Here — leaves 3=^, — leaves 6=5=2^1 flbenefor^ iP;=:4i »nd 
21 21 • ^ 



■UtX 

2+2: 
1x7— iV 



i1 
2 



^=3 




7yfB2l, 21 2I=0 



I 



-a 



Ic is fherefore apparent chat the Remainder wil] always be fomc dhe of 
thefe Numberj 3, 6, 9, 12, 15, 18, and confequemty can never be 4, as is 
required } therefore is no fuch Integer as the Queftion fuppofes* 

Problem XIJ. 

668. What two Integers are thofe a^ e^ whereof b times the former lefl; 
c times the latter is equal to a given Integer irf; Or b^-^ce-rzd? 

Example i. Suppofe ^=23, C=37, and ^=30. 

23^—37^=30 by the Queftion. 
23^-^-30 



Then 
Whence 



ze= 



37 



Therefore a muft befonne Number, which multiplied by jj, and divided 
by 37, leaves 30. Confequemly a—ig in its Icaft Value (In. 66y.) accord- 

ing to which the leaft Value^.of e is — — ^^i i. And by continually add- 

ing 37 to ^=19, and 23 to e—Hr we fhall have Anfwcrs to the Queftion 
ad infinitum^ asiollow. 

7|7[ 



C"D 



19 
"56 



93 



e ' 



II 



34 
i57 



^cTW. 



ExampU t. Sappcfe ^=39, ^=56, and J=:io. 



Then 
Whence 



1 

2 



I 



39<»— 56^=20 by the Queftion. 
_ 394» — 20 



Therefore « muft be fome Number, which multiplied by «o, and divid«i 
by 56, leaves 20. Confequendy the leaft Value of /is 1 2;(In. 66^) acwS 

ing to which the leaft Value of . is ^^°=8. And by continually add- 



12 



8 



68 



124 



47 



86 



1 



&ff. t^c. 



Scholium VI. 
669. But this laft Problem will be more readily anfwered by feekinff thP 
lefler unknown Number Hrft, efpccially when the fiiftrencTbetiecn SI i„! 
known Numbers is great j in which cafe proceed as follows. Ex. gr. If 23I, 

-37*=30, then by due Reduftion a = !Z^, ^hich ftews that e muft be 
fome Number, which multiplied into ^y^ and divided by 23, will leave 
2x23-30=16: If 23«-37,=5o, or a^22^^ then . muft be fome 

Number, 



Number, which mulciplica into 37, and dividtd by 23^ will Jcave 3x13 — 

60=9: If 23^—37^=90, or a:=z— 2-.^ then e muft be fomc Number, 

which multiplied into 37, and divided by 23, will leave 4x23 — 90=2 : fcfr. 
And in general, whenever the Divifor N is lefs t^an the abfolute Number 
in the Dividend, it muft be multiplied into the leaft Jntegcr that makes it 
greater, and the faid abfolute Number fubtrafted from the Produd will give 
the Remainder it, to be proceeded with as in In. 667. But if iV be greater, 
the Difference between it and the abfolute Number will be the Remainder 

R. Ex. gr. If 39^1 — S^e—K^ or arz ^ ^ ' , theri^ is fome Number which 

. 39 ' 

multiplied into 56^ and divided by 39 will leaYe^39— 5=34. If 39^ — 56^ 

=ro, or tf= — — — , then e is fome Number, which multiplied into 56, and 

divided by 39, will leave 39—10=29. If 39^—56^==: 15, or «= 1 J '* r ^ 

then e is fome Number, whidh multipled into 5^, and divided by 39^ will 

leave 39 — 15=24, If 39^—56^=20, x>ra::z: — -^-— i thca^ isfomeNum- 

39 • 
ber, which multiplied into 56^ and divided by 39, will leave 39—20= 19, &r. 

. -I • , Probtlbm XIII; ' ^^ t^f^ HA 

' 6Jo: To find whether a given Integer be compofed of two'bf more given 

Jflccgers,; and if it be, tofficwhow mm^/H^pf ., , :/:.>,;- ; ; 

Example i. To find what two Integers thofe are a, e^ whereof 21 times the 

former, added to 17 times the latter, equals 2000. Or im other TefAfis^ It ts 

required tq find bpw many, \yays^)ix)o A ^r 2cpo ji may be paid by .Guineas 

Qf 2|i. ;(|ie.PieCQ,>aAdPffliols>o/f7^ ♦- • ..;:.•. ^-.o 



• 9 



2^ 



I 



2 



2itf4.i7#c!=^pqo >y.thc^f{yqDu,: : ;.- .: .. ,,,^ .;.. ., 
i7^'=2ooo— 2ia 

. ii-^2t/» • !* i * 

^=117+— r-rr-. - I, 

Heifce a muft be fome Number, ^wtvicKmuKipliedfpco 2r, and divided 
by I 7, will leave 11 h therefore the leaft Value of a is K din, 667.J and con- 

fequently the greateft Value of ^ is 1 174- — =10^. | 

• Then by continually adding 17 to ^=7,' and fubftriftTn^ 21 Ttottii^^Tog^ 
there wUl be, fou^d fivjc ptber^Anfwcrs to3h2i2seftfQp ip )!nt%ejf^jA?,ip Xbf 
Table following; ' ' ^ - .i - 

' * . E \^\^\ 



r lO 



I < I < 



f ' 



7 


109 


U 


8S 


41 

1 a 1 ^ 


67 • 


53 


46 


75 


15 


• 1 " 




92 


4 



Other wife we may begin wich finding the lead Value of e^ and greateft 
Vakie of t^ tktts I 

t\2ta^syf^tooo by the Queftion. 

^14=3:2000—17^ 



' \ 



1—17 



« 4 — > ^ 



2 
3 



21 



Which (hews / to be fomc. Number, wUch being mukiplied by 17, and 
diifided by 21, will leave 5, therefore the leaft Value of ^ is 4 (In* 667.^ 

«nd conieqaently the greateft VahikOf ^ is gs^SlZl2!lz^gt^ at in^tbe Ta* 

Ilk' above. 

ExMiplt2. Itisreqaircdtopay^i/. ^i. Of 1127/. in MoidoreS oF i /. 6 /. 
(^^. the Piece, Piftols of 17/. 6d. the ricce, and Pieoes of eMit ctf* 41. 6tf. 
the Piece. Or in other Terms, It is required to .find three Jmcegers a, <, y, 
whereof ii6.ytf4-'7'5H' 4-5? toay equal 1227. / 



I. /. 

1x2 
Subft. 
Tberf 4 

• 

Whenc 



1 

2 



53»-f35^+9y=a454. 

3 y— I (In. 603.) 



^^ 



wbieti, the ieaft Value of 4 is tf o by the laft Exaoiple, afld 

|c of #1s 6^22z:5i2£2-.^2, , deftftiw Number j coo- 

36 

fequcntly 



L'3] 



Icnuendy y in the diird Seep was afluqned too little. 
Trial 



Therefore for a fecond 



Subft. 
Then 

Whence 



lyss« 



T 



:694 



35 



Aceordii^ to which die leaft Value of 4 ii| 42* and the greateft Value of i 






Aguo^^ make 

Ther^ore if f be continually fubtraAed from 4i=342, and added to r=6» 
tind z as often added to jp=i, we (hall have fony twi> different Anfwers to the 
foregping Queftion, at follows. 



a 


e 


t 

4 


4« 


e 


4» 


J 


40" 


8 


6 


19 


9 


♦ 


38 


10 


10 


&c. 


(^f. 


tic. 


I 


47<i( 48 1 



AikI if we ftibftitute for ^ and for a, as has beeo done for j, we Ihall \as9t 
yet many different Aofweri peculiar to each Subftitution, which d[ie Learner 
may purfut at his Leifure. 



Pboblbm. XIV. 

^u To find t«oNiiQib9s» wludi laiMedMiitotll their own Aliquot Parts 
do make ciit &aie Sam. 

For one Number put sfM» and for the other nty and let i^jvi'^d v^n 
dfoote the Suofis <rf all the Ali<|aot Pkrts of is» and n refpedively. 

Then 



\ 



C.»4] 



TLcrl 
Or 

Whence 






^ ^ [ V by the Qucftion, 



3 4= 



I 



I -|-«-j- 1 -^»x^— I — « 



I 

fFclfius £iem^ AfaL p. 375. 



.If then" for m and n be aflumed. any two Powers of 2^ n>m^ and if Tor 
e be aifumed Ibch a Number that ^-{*i is divifible by all the Aliquot Parts 
of m^ or by 1 4-^* you will have the Value of a^ and confequently the Nanah 
bcrs fought, viz. ma and ne. ^ , ,^ E. E. 

'Ex. gr. If w=2, «=4, ^=:5, then i +»i or the Sum of the Aliquot-^artt 
•of ;» is 1-^2, and i^», or the Sum of the Aliquot Parts df n is i^'24-4» 

14-2+44-1+24-4^5 — 1"^2 ' ^ ^ , ^ , 

whence 11= — * — • — ' ■ =13: Confecj^uently mazrzio^ and 

»^=20. 

Proof. 1 4.24-1 34-26= i4-t-f4-l-54"^^4-^0' 



' — { — [ 

i4,24,.44j84t-i4-J4-44*8xi3-i^2-^. 



R-^4h 



Again, Ifm=4, »=8,^=i3i thentf=- 
=29; confequently ffiki= 1 1 6, andw=i04. 
Proof. i4-^-}-44-^9+584-"6—i-|-24.44-84-k 3+^64-5^+104. 

Problem XV. i ! j 

■ • 

672. To find SL JPefffS Vumber^ or orie^equal'to thc."Sum of all its Ali- 
quot Parts (In. 37.) . . : t 

r- Effe£lion. 

Let ifi reprcfcnt the Number fought, f bcmgw intimpofite Number, 
whence the Sum of all its Aliquot Parts is exprefled by 1^1-^4-^*4-4 '4-^^ £^f. 
"^4^^*+^'+^* 6?f . 'till the Exponent be »— i. But the Sum of a Series 
of Terhii5 m -ff-, whofc lead Term is i. Nominator of the Ratio ij» and greatefb 

Tcrmtf"-»is-- — -j and the Sum of a Scries of Terms in -H-, whofc lead 



* - 



Term kr. Nominator of the Raiio/i, and greaftft T«rm if^'e is ~^(Iri. 603.) 



Expoiienti* a^-f. 

.r ■ ■ • "i ' ' ' Or 



Or 

ixa — I 
2— .aV — e 



I j±z =^e by the Queftion. 

3 a?'— I =u3M-«^— 2aV4-^ 

I or— I 



Now chat e may be always an Inc^er, it is plain the lail DivUbr ^sH-"- 
2^-^ I muft always equal Unity. 

6a»+'=2df 

ya=2 

8 14-2+4 6?^. +?+ 2(f-|-4^ £sfr. =::2V by the Queftion. 

•—1 — ^« 



Therefore make 
5—1 

Subftit. 2= 



Whence 
But 



2"— I —2 4UF. —2 

10 2'^ — I— 2'— 2*— 2* Gfr. — 2"—"=I 

11114.2+4-4-8 £sfr. =^ Incompofit. 
Hence we have the following Theorem for finding a perfed Number. 

Theorem. 

If a Series of Numbers proceeding from Unity in a twofold Ratio (vhs. i, 
2, 4, 8, 16, (^c.) be continued till their Sum be an impofit Number, that 
Sum multiplied into the greateftTerm will make a PerfeA Number. 

E. gr. 1+2=3, 2x3=6. 1+2+4=7, 4X7=28/'x+2+4+8+i6=-:3i, 
16x31=490.1 31+32+64=127, 64x127=8128. 127+128+256=511, 
256x511=130816. f 1 1+512+1024=2057, 1044^2657=2096128. G?r. 



CHAR 11. 

Of Double^ Triple^ &c. Lateral Equalities. 

Problbm XVI. 

672. npO find three Numbers a^ e^ y, whereof the Diflferencc between the 
X firft and fecond b equal to the Sum of the fecond and third, and 
the Sum of the firft and third is equal to the Produdt of the fecond and third. 

F EffeSm. 



C «6 3 



1+^ 3 



I 

2 



q:;z'+^f by Jhc Queftion. 



<»=2^-J-y 



4(}=^y — y 



2— y 

3»4 
\ Whcace 

Therefore to anfwer the Queftion in Integers, for e can be atlUmed no other 

Numbers than 3 or 4. £x.gr. If ^=±3, thep y=?-f — -^=6, (Step.6.)ancl 

- , 4 * • - J 

ite:Dw45=^t. (Scpp. 5.) if^i±:4, ihcn^=^+-— r =4»and,tf=ci^j^=:i2. 

: » 

<■ - - 

674. To find three Intc^^rsvtf, <, y» whofc Siina is egu*t to the ProduA 
of the fecond and third, and the Sum of the fifitand tiiird is equal ca the 



I 

2 







3 
4^1=1 






2— y 

'6^ 7 y=2'4-i 13eterminite 
2, 7, 8<i-|-H"'=*^ 

Therefore for ^ and ^i nuy be afliimed any twa Integers^ whereof 3^— «i=r^ 
4-i=y- ^^•^- If ^=6, j)f=*^irr7,][Sc3ep. 7.; then^ may =2, and con- 
fequenriy ^=5 (Step. 4,) or ^ may =r3, and comequently «=ii \qx e may 
=4, and^kmfiatoensly 4A2^^ 

r075. To fisd dtfce Jottsgers 4| ^^^r whei»of tberfirft lefi thetbvd is^eqpaF 
ito tke fecond akulQiplfediioMa.^iMea ^btfg^r ^a^^and (he,firft:divi|ed by the 
rchird isxqoai to ith<^ fecmidr 

Effiaim. 



C '7 3 



i-fy 
5— 



a 

y 



EffiSHoHm 
by'thcQucftioin, 



3 ^:=^*^ipj^ 
6 y^4"y=^^ 



6^r. 



Therefore for ir may beaflbmed apy Intcgcfp whiph having Unity fuB»- 
traded from it, will divide or meafunc h^ E^. g^. If ^=i8, then may>=3^ 
according to which ^=27 (Step 7.) and ^=81 CStep. 4.): Or e may =4,, 
according to which ^=24, and ^1=9^; pr c m»y —7, y=2i, ^1=147 : Or 
r=io, 7=17, tf=i7o« 



^. To fihd<w4iac paitiad^-Quanudes of tmo m moce Ibgr^Wil9<fiv^i^ 
Sum and particular Pjices are given j[ will conopofe a^ Mixture jJMi £(uy br 
£e^'MI at a given tnean P'fice.^ 

Example i. Suppofe three Sorts of Liquor were to mixed together of 3 j^ 
(or 364.) 2 s^^ 24^.) ftfl4 ^d. the Q^Dt:. It k iieqairfd Gofiod [^OH^puch 
of each dort muft be taken to cgmpofe a Mia^ture of ^29 pallons, or 516 
Quarts, to be fold at ^ s^ <or 24 d.) the Quart, ©r in the other Term^ : 
It IS required to divide 24 into three fuch Integers ^, ^, y^ fo that 36^24^-^ 
8 jf equals 5 1 6. 



1x3^ 

4— 28y 

5-r 12 

1,6, 

Wfaeooe 



" "S$Si,=5.«}*y*'^"'««" 



3 

4 
5 
61 



•*i 



36a+36«-4->3^ss.8.64 
I2tf-f.283f=348 
12^=348 — 2^y 

«=:29— 4> 

9tjj^^ Cia. ««.) . 



S^i 



I '80 



9x3! 10 

II 

12 



io-r4j 
6, 



15 



4? 

y 

y 



3i 



124 



(In. 22.^ 



It appears then (from Step, n, and ijO^hafy Tfluft be fome Integer be- 
tween 34 and 12^: i and fuch an one as is diviftble by 3.1 (Step. 6, and 8.) 
But there are only three fuch Integers, viz. 6, 9, 12 ; therefore the Queftion 
can only admit or three Anfwers in Integers, as in the following Table. 



a 


e 


y 


3 


15 
8 


I 


12 1 



Example t. Suppofc three forts of Grain were to be mixed together of 4 J. 
,^ and i<?. the Pound; It is required to find how much of each Sort muft 
be taken to coropofe a Mixture ot 20 Pound Weight, to be fold at a Penny 
the Pound. Or m other Terms t It is required to buy 20 Fowls for 20 Pence, 
Gecfe, Quails and Larks, Geefe at Groats, Quails at Half Pence, and Larks 
at Farthings : How many muft there be of each Sort ? 

For the Number of Geefe put «« of Quails e, and of Larks y. 



Then! 



i\a+ej^=2o I by the Queftioa. 



2X4 

5— 

5-T15 
I, 6, 

Whence 



3 
4 

5 

6 

7 
8 



1 6a^2e-\-yr=zSo. 
t5a-\-esi6o 

«=4— iV 

v=i6— 4K 
944*<i6 (In. 22.) 

9-i44|to|tf<:i7T 



That is, € is fome Number leffer than 17^ divifible by 15 (Step. 6, 8.) 
but there is no fuch Integer but 15, therefore the Queftion can only have one 
Anfwer in Inters, viz. «r=i5, «=r3, 31=2. 

3 ExatrtfJe 



I «9 i] 

Eiiomfle J. Suppofe four fores of Wine were to be mixed together, of 
16 d. toi* Si. aid i5 J. the Quart : Tt is required m Qnd how niuqh of each 
ibrt moft be ttbeti 4o«ompolb aJ^lixtuiie ^ joo (^^cs, to be fold at 12 d, 
cheQ^rt. 

For the Qt^tity of Wint at 16 d. the Qpart fAit a» at 10 i. e^ at 8^* yr 
at 6^. It,.. . 

6a-\^i0 e '\m S y,J ^ -sz 1 2x1005 ^ ^^ 





4—5 
Whe nce 



4{ 1 0^-|-83^4^irt=: 1 2ck>^ 1 &^ 
3x10 6io^-[-i9H*^^=^^<>0"^>^^ 



Whence 
ii-r6 



71 4^^-^Jl 
8 I 



10 
II 

12 



60 




It appeara then from die 9di and i 
between 334.40x1 6^ Make «=4^. 



Then 



13— 47<5 



15x10 
17 — 16 

i8-r1 

19 2« 

15* 20 

Whence 
23-r"2 



13 

14 



*^""^T^?+o=/^ I by the Qucftion. 

752-f I0^f-8y4.6»i^i2oo3 ^ ^-' 



i^ift 



^fH-*— 53 



14^7^2 1 6 Kv-f. 8^ 6«=448 



'7 icv+ioy-i-io«=530 

18 2^ 4»s:Sa 

19 y+ 2«=4< 

22f=I2-|-« 

23|2»<:4i 

2J «<2C4 



From the 2 2d Step it appears that there »» fifl Limit to ftfw above what 
« ought to be taken, but m the 24th Step it b n«ited to- forne Number be- 
low aoi; therefore, by making 4=47, the Queftion wH) adftiit of 20 Anfwera 
in IncMwrs* according to the following TaUc 



[,io 3 



32 



31 
30 
29 



28 



atm 



27 II 



26 



>3 



u 



20 



»9 

77 



»7 



itf 



»5 



t4 



25 



24 



23 



wa^i 



at 



20 



19 



15 
*9 



.22 4-21 l^'I-O-^ 



-28 



^ 



» 



13 






II 



» • 



^■Vi 



•9. 



25 



17. 



8' 



t • 



18 



17 

<6 



*V"^ 



M5 






T+ 



■<^ 



*4 



29 
31 \ 



33- 



35 



« ' 



6 



37' 






iLm 



• *■ .. , 



u 



• • ' » • i 



And if for a be fubftituicd all the ^ntegcrt^bctiv^ccn 3^^ ^^ ^* then the 
Sum of alt the Anfwcrs in Intcge«; wfiich thisQueft^bn'a^^^ will be- 

lound CO be 3 14. 

SCHOL IU.M VII. 

677. This laft Species of Double Lateral Equalities is die fame with 
which in Vulgar Arithmetic is termed jHtcmati AOigatwiToial^ 

Prdblem XX. 

678. To find four In tegers 4^ ^9 y^ ^» whereof the Sum of the firft and fe- 
cond is equal to the Sum of the third and fourth ; the Sum of the firfk and 
third is equal to twice the Sum of the fecond and fourth; and the Sum of the 
firft and fourth is equal to thrice die Sum of the (econd and third. 



EfieSkn. 



2—7 



I 

2 



5*6, 



4 

5 
6 

7 
8 



4- -^=jf-f.tf •! 

0^ 'jy'=:zU'\^2u \ by the QueftioiL ' 



a: 
% 
ez 

ez 



:2^^-iry— ^ 

=3^+3r-« 

2y-^ 

3 
3«~4y 
fir, whence 4= t (Step. 8.) : tf;r^ u 



(Seep. 4.) 



horefofe^ 



C " 3 

Thereibrei to give an Anfwer in Integers, for u mud be atfumed any Mul- 
tiple of 7. Ex. gr. If ir=7, then jr=:|«=5, f=4ir=i, a=Y«=i i : If «=i4», 
then yzsiiOf e'szz^ 4S22: IfK=2i» 3f=i5, ^=3, 4=33: 6fr. 

Probl&m XXL . . 

679. To find feor Integers a, e^jj Uy whereof the Sum* of the firft, fecond 
and third is equal to the ProduA of the fecond and fourth ;. the Sum of the 
firft, fecond and fourth is equal to the Produft of jthe fecond and third i, and 
the Sum of the fecond, third and fourth is equal to the firft«. 



.7 



i>£>3) 
Whence 

Confequently 



And 



EffeHiotu 

aJ^^y=ue^ 

a^e'^:=:ye \ by the Queftionv 



I 

2 



5 
6 






^_2<r4-y_ 3y 6^ 

y«— 2 y— -2 y— 

8jtf=^fy+»=2y+34 



For y«s«L muft be aflbmed fome Number, which wanting 2 may divide 6, 
but Aere can be no fuch Integers but three, viz. 3, 4, 5, confequently the 
Queftion will admit but of three Anfwers in Integer*. Ex. ^. If igsryss, 
then ^=9, tf=i5. If «=y=4» ^=tf> 4=14. If «=y=5» ^=5^ «=i5* 



CHAP. III. 



Offingle SfuaJraticy Cuiicj Biquadratic^ &c. Equalities^ 

Fartitioh L 

Wo. T^HE Problems belonging to this Chapter are to be diftinguiflicd 
X according as their EffeStion is Synthetical or Analytical 

D'bfi- 



pxpiwir x<>N I. 

68 1. By Syntheiieal EffeSlon^ l here mean that which broceedii a1t(^eth^r 
upon Theorems already inve(lig;ated« alTumlng all the squares. Cubes, Bi- 
quadrates, t^c. req^ired by che<^fKon9 as known, thereby to find the Value 
of ibm< one OF rpor^ l^xmi^m i^f one JDinKnfion m ratioMl Termg^ Of which 
kind aw the J^^^^^i pi tbe ft s following Problema. 

682. To find two Numbers^ a the greater, and e the leflcr, or a^e^ whole 
Sum is equal to the Square, Cube, ffiquadrate, ^r. of the leffer : 1. c aJ^c 
r=^, or a»^-=tee9 or aJ^i=eeee^ (^c. » ' 



Effiifiot. - ]-■ 

For e affume z= any Njimber taken at Pteafurcj lb that eerrzz^ or Mss 
«2:, ofeeee=zxzzj £^. Or iwrivcrlally fi=i7f; (f^. ' ' 

2 — ^2| spssf-^ the greater Nupibcr requtijed, 



Example x. Letir=2, or ^^4-^=2:*, whence tfi=ix*— jBrjThen, Ifeorzess^ 

a=6: Proof tf4-^=^^=9* Irz=?4»^~I8? PrOQf^-f^^<^3p=i6. If 2=5, 
tf=2o : Proof ^4.^=^^=25.-^}?^. , j 

Example 2. Let 11=3, or tf-fz=:z', whence i^sz^-^: Then, If ^or 

. Ex^mpie j, LiCt «— 4, wa^^:^^^ wbwcie 4i:;s:i;*--^; Then^ if ^ or 

«B52,^=?:i4: Proof «-4r^WW^«?PI^ If^a?2j|4:??79^GfV. 

Problem XXllI. 

683. To find two Numbers a;^e, whofe Difference is e(^ual to the n Power 
of the lefler, /. e. a — ez=^. 



Affume 



le^ 2 



Theni 

4-1^ 



ISffeSm. 
i|^=z any Number at pleafure. 

a— z=z-r *^y *^ Qucftion. 



3 
4 



Exampk I. Let ir=s:2, or aisss^^: Then, tf # or sasa^ 4«r6«^ If ^=3, 
a will =ri2, Jf ^=4, «=20. fcf^. 

Eicampie 



Example 2. Let «=3, or 
^=30. If^=4, ^=68, 6?^. 



'-ffcz; Then, If ^or «=:2, a=io. If"*=3t 



Problem XXIV. 

• 

684- To divide a given Number s into two Numbers i»>^, whofc Diffe- 
rence ^ is a Number of the Power of n^ or an n Power, i. e, is a Square, Cube, 
Biquadrate, &f r. as you pleafe. 

EffeBion. 




a+e:=:s by the Queftion. 



^=r- 



s^dr ^^' ^*^' 



Example i. Let»=2, or ^=-2--. and #ss ' : 

'^- 2 2 

ddz=.^t ^=22 and ^=13. Proof, ii— ^=^^=9. 
Example 2. Let «=3, or a= and 



If then J=r35, tod 



If then J=3^| and 
ddd^ijy tf=3ij and ^=4. Proof, a^'^rziddiirrfij^ a^^^is^zs. 

Problem XXV. 
686. To divide a given Number s into two Numbers 0>^9 whole Quo- 



ticnt — is an » Power. 



AlTume 



Theh 



I 

2 



EffeRion. 
a-f^=j by the Queftion. 

j"=:— atplcafure^ 



Example i. Let «=2. If then 4=35 and 7;==4, ot^iS, /j;:;. Proof. -^ 
=jj=4, and »+^=j=35. 
ExttmipU%% Let»=r3. Ifthen;=:35, ahd^^jfsS, tf=*|Se=:Y« 



a 
e 



H 



Pro- 



C«4] 



Problim XXVL 

^86. .Tp divide n given Number s into two Numbers <i>^, the Diflferencc 
of whofe Squares is an n Power« 

Effe£lton. 



AflFume 

Then 



a-^ezzzs by the Qucftion, 

* ss — ^** - 

In. 550.) 



kJ= — ' — 



2S 



2S 



Example i. Let »=:2. If then j=6 and at* =4, tf=:^,^ and ^=|. Proof, 
tf^ — ^tf=x*=:\^ or 4, and fl.^|-<=i=:6. v 

Example 2. Let wmg. If then j»6 and x'£=8, ^==V" *od ^=4. Proof. 
«*— tf*=x* =*/ or 8, and tf4^=j=6. 

Problem XX^IL 

687. To find cwo Numbers ar^e^ from their Difference =rf given, whofe 
Sum (hall be an » Power, 



Affunae 
Then 



I 

2 



£ffe5lkn. 
a-^e-r^d by the Qucftion. 

(In- 5450 



^ ' 2 



Example i: Let «=2. If then ^=3 and i*=25, ^=14, tesn. Proof, 
tf 4-^=^5' *nd a — ezzd:=z3. 

Example 2. Lecif=3. If then J=3 ^»i ^'=125, ^=64, r=6i, ^U..f=: 

5^=125, and a — ^=4^=3. ^^ 



Problem: XXVm. 

688. To find two Numbers tf>^ from their Quotient » given^ or from 
the Proportion of 4 to ^ given, which let be as * to c, and ^ Sum of the 
fai(^ Numbers flull be an n Power. 

Effeaion. 

\a V 

1 -=j or — by the Queftion. 

\e c 

2 J':si4^ at pleafure. 
Then 5^=-^ — or-- — e^ — r- or (ltk.tA!i\ 

Example 



Aflume 



Examplt I. Let »=2. If q=.i and J*as4, then Asg', «si. Proof. 
«f-f-tf=4, and-=3, 

Example 2. Let »s53. If ^=3 and s^zsZ^ then 4=:^, ^=2. Proof, ^-f-^ 
=8, and— =3. 

Problem XXIX. 



68p. To find two-Numbers a^e^ from the Difference of their Squares 
given, whofe Sum (hall be an /i Powen 



Aflume 



I 



EffeHion. 
by the Queftion. 

=— J-^=_j- (In. 550.) 



2;' 



Example i. Let )f=2. If then 0^=45 and J* =9$ 4=7s ^=2. Proof. ^^ 
=^9 and a^ — ^*=45» 

Example 2. Let ^=3. If then ;^=45 4«i i*=27^ a—^^^% ^=^5" Pfoof- 



fl-f ^=i^fi*=27, a*— ^*= 



2916 



=45- 



Problem XXX. 
690. To find two Numbers a'^e from their Difference =d given, whofe 

Quotient— fliall be an » Power. 



AlTume 



Then 



I 
2 



EffeSlion. 
a — t=id by the Queftion. 



^ e 



I 



^=r— ^— , /= (In. 554.) 



Example i. Let ii=?2. If then J=:i5 and 2^=4> ^mzo^ ^i=:5. Proof.^ 



=15. 
Example 2. Let»=:3. If then <2=i5 and;*=:8, ds^^^^^— xi. Proof. 



-=8, 4— fc='ti=i5. 



Pro- 



Problem XXXI. 
691. To find two Numbcrs^>^ from their Quotient — =jf given, or 
which are to one another as h to c^ whofe Difference {hall be an n Power. 



Affume 
Then 



1 
2 



— =:js:— by the OaSftion. 
e ^ c ^ 



i':=za — e at pleafure 



frf* 



J— 1 i— H"' y— I b — c ' ^54-; 



Example i. Let ii=:2. If then 9=23 and ^^14, lc:^6, ezzt. Proof. 



tf 



ExampU 2. Let »=3. If then ^=3 and J*=8, 4=129 ^=4. Proof. 



«— ^=8, -=3. 



Problem IStXXIL 



^2. To find two Numbers a>^ from their Difference =J given, the Dif- 
ference of whofe Squares fhail be an jy Power. 



Vflumc 
Thcr 



I 
2 



tfe^ion. 
a — ^=^/ by the Queftion. 



Example i. Let »=2. If then J=2 and x*:±9, <t=V* '=t* 
Example 2. Let 0=3. If thea.i=s2 and x^sazfy o=V» ^=V-' 



Proof. 
Proof. 



Probl^ XXXIII. 

693. To find two Numbers a'^e from the Difference of their Squares 
\96 given^ whofe Difference Audi be en » Po#er. 



/ 



Aflume 
Then 



1 

2 



I «7 J 

x-Ld*' X — d*' , 



Example i. Let »=2. If then ^=99 and i*=9, ii=io, ^=1. Proof. 
Example 2. Let »=3. If then ^=99 and d^ =8, tfrr-^xV-j ^=44- Proof. 



Problem XXXIV. 

c 

694. To' find two Numbers ^^^whofe Sum is an » Power, and Difference 
an m Power. 

EffeSlion. 

Then a^ — ^ — , e-r^ — ^^ (In. 545.) 



Example i . Let ii=«i=2. If then j» =25 and i* =9, 11= 1 7, ^=8. Proofl 

Example 2. Let »=:2,«i=3. If then j*=25^and J'=8, tf=V-> ^=V» 
Proof. ii4-^=5*» a^e—i^^ 

Proslbm XXXV. 

6g^t To find two Nuip^rt 0^e^ whofe Sup is an n Power, and Quo- 
tient an m Power. 

. • EffeOkn. 

Affume^ a C atpkoTure. ^ 



e 



^'*"''=r^''"=r4^ ^^"-^-^-^ 



Example i. Let »=»i=3. If then i»=8, and {'=27, ii=\V=V'> ^= 
Example 2. Let »=3, »i=2. If then j»=8 and j*=9, tf=4iJ==:AA^ ^ju. 

I Pro- 



C a« 3 



Problem XXXVI. 



6g6. To find two Numbers a>^, whole DifFcreiicc (hall be m n Power, 
and Quotient an m Power. 

EffeStm. 

rd'=a — ^^ at pleafurc. 
AlTume^ a 

Then « = ~^— , e=z — (In. 554.) 

Example i. Let «=«i=2. If then ^*=4 and ^*=9, a=^^ e^=i^. 
Example 2. Let »=j, #»=2. If then //'=8 and j*=9, ^=9^ aod ^=1. 

Problem XXXVU. 

657. To find two Numbers fl>^, whofc Diffemice it an « Power, and 
Difierence of their Squares an m Power. 

EffeSfion^ 

Then 4=-^, r=,_-- (In. 556.) 

Exofi^ 1. Let n=M=:2. If then </*=si andx*=4,<»s=^tf=:». 
ExampU 2. Let »=2, «=3. If then </* =4 and «» =27, «= V» #=r". 



Problbm XXXVIH. 

tfoS. To find two Numbers /o>f* whofe Sum is an » Power, and Sum 
w their Squares an m Power. 

EfflfSttu. 
Aflumei'i=*^*'Pln!i^- 

Then 4= -^ , *=-^p~ (In. 550. ; 

< 

Exao^k 1. Let Ji=j9i=2. If then j*=25 and ^=0. a — ^LtA— utx s^ 
Exam$k 2. Lei «=2, ^i^srj. In then /'=:i6 and ;r3=8, a=V^, ^rs-^-*-. 

Pro- 



C *9] 

Problem XXXIX. 

699. To find three Numbers tf, e^ y, whereof the Sum of the firft and 
fecond is an » Power, the Sum of the firft and third an m Power, and the 
Sum of the fecond and third an / Power. 

EffeSlion. 
Afliimec c''=ia+y<:l^+d' 

Then az^-^ > ^=—^ ^» 3'="^ ^^"' 5750 

Ex.gr. Let »=nw=i2, 1=^. Ifthcn^*=4, ^*=p, and ^^=8: awill=:i. 

Problem. XL. 

70G. To divide'a given Number s into three fuch Parts, a^e^y^ (o ihat 
the firft kfs the fecond (hall be an n Power, and the fecond lefa^the third ztt 
m Power; 

Effe^ion. 

Here, becaufe I have no Theorem to refolve this Queftion by, therefore 
I feek what three Numbers thofe are ^:>C>/» whereof ^a-j-^+y=j, a — €^t 

and r— yrsr ; And I find that d=— ^ i-, ^= -J , and y = ■ 

3 3 '3 

Therefore 

AfliimeN^^, 

Whence 11= ^ ~ , ^=-1- and y= LIZl. ^ £. £. 

3 3 3^ 

a to 

JEx.gr. Let )»=r3^ i»=:2. If then j=r28, i'=8, and^*=9.: #=V^,,te:*f,. 




Problbm XLL 

701. To divide a given Number x into four fuch Parts tf>^y>«, fo that 
the Difference between the firft and fecond (hall be an « Power^ between the 
&cond and third an m Power^ and between the third and fourth an / Power. 

Effe&u» 



Affuinc<{ 




a^tJ^-jJ^Mss by tbe QuefttOR* 

c'^^'X ^ 

d'—f—u<C ' • 

4 

Ex, gr. Let «=/=«, i»=3. If iz=.5Tt i*=9, f*=8, </*=4, then asAC, 
^=17, y=9, «=5. 

Scholium VIII. 

• 

702. ^Froin. thefe Exampks 1 Aippofe the Learner will readily difcover 
how CO make the like Ufe of any other Theorems whatever, where cjie ua- 
known Quancicies are exprefled in rational Terms. 

■ . 

Dbfi n ition n. 

• « 

-^o^.-By ^yi/7/^/iV4/£2fkfff0»rm4an;tliac which cakes the Squares, Cubes, 
'Brquftdrates, %Sc: thac al-e'mcncioncd in the Queftion, as unkfiown "Terms •, 
and as fuch proceeds by Reduction co feek the Value of cbeir Roots in known 
rational Terms. 

Partitlon IT. 

704. Analytical EffeUion is divided inioNaMral a«d 'AriificiaL 

n 

DSPII^I^ION III. 

705. Natural Analyjis is thac which, withouc any contrived Hypothefis, rc- 
' duees the'1'^atb(6ffs ^r Qmmfties fya^t to Laterals, or ((umbers of one Di- 

mcnfion, like the 4Ch, 5Ch and 6ch Problems of the firft Chapter of this Part, 
of which kind again are the chree following Problems. 

* . PftOB.L EM 1XLIL 

yol5. To find twd Nli mbcre 4, ei; whereof ehc latter added to the Square of 
the fbrmer ^ihall ' tn^ke- 1 Squatre Nutti^, whefe Root is -equa) €0 - che Sum 

of che Numbers foughc. 

EffeHion. 



C J«3 



J— 2d 

When 



I 

2 

3 



4*-{^iSut*-\'t0«^* by the Qaeftton, 

■•«-i24=« 



ri 

Therefore the Notnben (boKhc muft elwayt be left than Unicf . 



Ex.g^. If 



JPaOBLBM XLIV.' 

;r. To find two Numbers a^e, whofe Difference 
Squares uktoc, 

EffeSkH. 



i-r 






h) taammers:( t(a-M. 



+«i 



Whence «= 



C ' € C 

Ex. gr. If -r =9 ^^ f^^f^nrng. If -=9 and iist^^ a=6. If r--r 9 andl 
r ^ 6 

e=:2, ^=7, &C. 

Problbm XLYL 

708. To find two Numbers o^^, (be Sum of wh6f< Cubes is equal co 
the Sum of the Cube and Sauare of the greater mulQplM into the leflfer« 
Icis the Difference of the Cube and Square of the kfler multiplied into the 

g;reater* 

EffeRiM. 



Or 



3-r 

4 

Whence 



» — ••w by the C^eRioii. 



4 
5 
6I0 

7 



I 



Therefore mtoft belefi than Unit] 
If «a:i, «=4, If «=i, «ss^ <sff. 



Dsrt« 



•C 32 3 

Definition IV. 

709, An Artificial Anoiifn is that whereby the Numbers fought arc reduced 
to Laterals, by fomc contrived Hypothefis, or Reprefentation of the Tcrnu 
of the Queftion. 

Partition IK. 

710. And this again is twofold,, viz. firfl: by SuhiraJ^iop^ and fecondly by 
Divijion. •" 

Definition V, j 

74 r. ArHficidl Analjfis by SuhtraStion is that which proceeds by reprdcnt- 
ing the Root ef the required Power in fiich fort, ditt the higheft Dimen- 
iions of the unknowaTerm is made to vanifh from each Side of the Equation 
by Subtraction, as in the Effedion of the five next following Problems. 

Problem XLV. 

712. To find a Number a, which, if added to its Square, (hall make x 
Square- Number ^^ ^ •_ .. » 

EffeSiion. 

aa^z=iee by the Queftioir. ^ "" 

rss any Number at pleafure. 
fw^tfir^, or r-j-a=^, or tf-^ac^ 
rr — 2ri^^a^=:ce by the firft Hypothefis^ 



Aflumc 



\i 



Make 

If 4 

5— tftf 

Whence 



3 
4 

f 5 

6 






,7 



rr rK^-r 

2r-j-i ar^i 



Ex. gr. Krsri, 4=4. If r=l, a=J^ If r=3, a=J^^ GV. 



Afliime 
Make 

i> 4> 



Whence 



1 

2 



Problem XLVI. 

713. To find a Number ih which, if fubtnifted from its Square, will leave 
a Square Number ee. 

^a-^a^rsee by the Queftion. 

I 
3jri— tf=:f, 
4rr— 2r4+aa=tf/ 

rr rr'^-^ . ^ 
■* tf=t — therefore 



Pro* 



5 
6 



2r— 1^ 2r— I 
£x. gr. If r5=2, <»=4. If rs^3, <i=|. If r=4i tf=:Y, 6?^^ 



I -533 3 



Problbi^ XLVIL 

7 14. To find a Square Number aaj from which, if a given Number d be 
fubtraded, the Difference willhcLit Squ;ire Number ^^e. Or which is the 
fame : To find two Squiare Numbers aaz>ee^ whofe Difference is equal to i 
a Number given. ..... .^ 

Effe£lion. 

I aa^^-rzee by the Queftion. 
AlTume 
Makef 3 

i» 4> 1 5 

5— tf4 6 



Whence 



a\ 



r— a=tf. Vr^d^ or r+a if r be Icfler than d 

f.^2ra 

\zz — 5—, ^=- , therefore rf;>d • 

2r ^r 

£x*£r. If i=:24 and ^=30, then ^n^ and ^=1^,^. 

PROJPfLEM XLVIIL 

715. To find a Square Number aa^ to which, if a given Square Number 
M be added, the Sum will be a Square Number ee. 

. EffeSiuu. 

TyM-3flhr=ee by the Qoeftioo^ 
Aflumel 

Makd ?\i^f=z 



i» 4 



5 
6 



Whence 7 



I 



3©*^ 4 M-j.24r+rr=rrtfr 



hbi^2ar^rr 

H — rr hb4^rr , ^ 

, ^= — -^ — therefore r<^ 



tf=- 



2r 



ar. 



JEx.^n If M=9 and rr=s4, 0=4, assV* 



Problem. XLIX. 

746. To find a Square Number a^, firom which^ if a given Cube bbi be 
fubtradcd, the Remainder will be a Square ee. 



Affume 
Make 



I 

2 



EffeOwn. 
aih^bb:=:ee by the Queftion. 



. ■' i* 



3®-^ 



I 3* 1 



. 3®-* 
Whence 



4 
5 

7 






I 



^ ^ j » ^"g" 



4. 



-V#=- 



therefore r«:>>« 



2r '- V 
Ex. ^. J ^=8 and r=io, thai tfrr*/ and ^=V* 

7iy« Ic is apparent then^ that this Analyfis by Subtra^iMy can be onlf 
of ufe for difooveriiig the Rodts from Squares, fince all hig|her Powers formed 
from a ftinomtal, are alfo aflfefted whnevtnr inftrfor obe^ Neitber can ic 
bebf Ufe for that icfelf, where the Term of two Difiieqfions is either Ne- 
gative, or affeAed with a Coefficient ^htcbisnot aSqQS|re»~bccaaie in die 
former Cafc^ the T^^ which fliduld anf^rer it in the afumcd Square will 
always be pofitive, (In. 393.; aad in the Utoer, ic will jUways be a com- 
pleat Square. 

Dbfinition VL 




fion is that which proceeds by contrir 
of the rfq^HVl PMTcrw at Aatt make aV 



,, W»m» «ndi«o«fiH|Mtiil]](itiidcr^^ 

pable of Divifion by the unknown Term. After this manner is performed 
the Effcaions of the remaining PitoMmis^ of this Chapter ; except the f/tb, 
58th, 59#i, 60th and 6ift. 

Problem L. 
71P. To divide a given Square ^^ into^two Square^ ^^ aad //. 

Mb^zaa-^ by the QueAaon. 

2 hb^^aa-nei 

4 rtf~*=^ if f>J ; or Ih-^ra^e^ ifb^r 
Sr*a* — ^rab'^bb=ee • 

6 bb^aa^=T*a*^^2rak^b 



I — aa 

AflTume 

Make 

6— M 



I 

7-r^ 8 

Whence q 



4S^X' 



ir 



Ex. gr. If ^=5 and rs3, then 4=3 and ^=4. 



) therefore C>i 



COROt- 



CoHOJLLJlltV L ' 

720. Hence it iseafyto conceive how any given Square Number may be 
divided into any Number of Squares at plea fure. Ex.gr. If BB be divided 
into Jyi and ££, and EE again into rrand UU, then BBz^AJ^IT^UU 
thi r c Squares t and again, nAAht divided inco m and m^ then BB:r^aa-i^ 
ee+ TT^U four Squares, Gf r. 

Pll0B2.EM LI. 

721. To find a Square Nutn()er aa^ which inultiplied into a given Num- 
ber b^ and then added to a given Square dd^ will nuke a Square ee. 



Aflume 
Make 

1^4 






EffeUion. 

by the Queftion* 



6— tf 
Whence 



3 rih—d::ze 

4 rraa-^2rda-\^d±£i 

5 baa^dd'=:rraa — irda-^-dd 
5 — ^^ 6 haa^jToa-^irda 

7 ba=rra — 2ri ^ • 

8 tf= . . l ui ^ax m Jj- ' "^ , therefore rr>i 
rr— * rr— ^ 

JE;r. gr. If ^=7, i=:2, and r=:3, then 4=6 and ^=16. 

Pr<»bl£M LII. 
722. To divide two given Squares bb'^dd Mto two <ocher Squares AA 
and EE. vir a: 

Mb+JdzsiAA-i-EE by the Queftioa. 

2 r^<i and different from b 

3 ba—b^A 

'o^dtzE 
5\b*a*-^b*a4-b*=iA'- 
6y*a^^2rda4-d*szE*' 

+i* . +2W 



Aflume 
Makei 

3®*' 
4©.» 






8 



4:r»'*-4:2rW^\-M*=^+^*=**"H' Step. i. 



t: 



2bb-\-2rd 
bbJf-rr 







bb+rr 



bb-\-rr. 



Ex. 



1 36 1 



Ex. gr. If hxi^t dsZt and rsi6 % then «s44, confcquentljr A=s,^t and 
E=r' • 



Problem LIIL 

723. To divide three given Squares hb^codd into three other Squares 
^T, £*, r. 

EffeSion. 
i|*y-cr4^=if *+jE*4r* by the Queftion. 

3 ba^-zzA^ ca^^-zzE^ and ra^^d^T. 

(Step. !• 



Afliime 
Make 



4-*' 



Whence^ 



r \H>A<c^rd 

O a=2X » " 



_ _^ ^^ — — 

I \ bb-^^c-^^rr 

■ 

Ex. gr. Ifi=4» ^=2» ^=^ r=3, then 4=41 » and confcquently ^s=^« 



— TTJ ^— -*»••* — YT> ^— ra«— a— -j^. 

Problem LIV. 

724. To divide a given Number i into two Parts A^ E^ whofe Produf^ 
fhall be a Square Number yy. 

EffiSion. 



Put 



Thens 



4x4 
Make! 6 

7— jj 
8-r^ 9 



Whence 



I 

2 



7 
8 



10 



*-l^ \ In- 545- 



i#£=: fL-f^=jy by the Queftion* 

4 

r^ — s-^zy f 

rraa-^2rsa-\-ss =43fy =rji— iw Step, 5. 
rraa'^2rsa=>'''aa 
rra — 2rj=:— a ».. .. 

tf= — r-. Whence i^=--i—=jx — ^ — r*- 
rr-^i 2 2rr-|-2 

2rr4.2 



JE=ix 



J « 



iEx. 



i— tf 



137 3 

Ex. gr. If i=iOf and rsc^t dien ^snS i cbnfequently A^^^—Ts^sii mi £: 



2 



•ml. 



Problem LV. 

725. To find two Numbers a^ e^ whereof the Squareof the former, added 
to the latter, (hiU equal the Square Root of their Sum^ . 

EffeSion. 



Whence 

Make 
5©-* 



Whence 



I 

2 



3 tf^-|*2tftf-|-ix^=r4— tf* 



5 
6 

7 
8 



=^^-^*+i*-^*+* 



i» 



rrtftf— ftf4-i==^'"~^*+4 



rra^r-rz 



^1=' 



JE^r. ^. If r=2| 41=4 and ^=37' 



(Seep. 4.) 



PrOBL EM LVI. 

726. To find two Numbers .^l^£» whofe.Si 
a Square Number yj. 

EffeSioH. 

Put 



Aflume 
Theni 

3+4+5 
Make 

7«-* 

6, 8, 



Whence 



Aifisz the Sum of the two Numbers required. 

2i/= their Difference 
^a-yi—A^ - - 

Sa^'-^^^AE 
6 

7 

V 
ga 



• ■ 



II 



12 



tf *— ^•-4.2tf=yy by the Queftion. 
r— tftrjf, r<id (In. 711.) 
Vr — 2ra^az=.yy. 

lol — irf+2a=:rr— 2ra 

~ 2r^t 
A^ ^^bfcl^+^"^^^ i7_ ^— ^^^+^ — ^^ 



Or 




C 3? .3 

Or otherwifc ^ = V, j^ , £=-5^-^— . 
£;^. «". If <i=io. and r=2, then ^=** and £=*,*• 

727. To find twd'NHi^teh ;¥j;^^i ^^htife' Pi*Ate iA 
their Squares is a Square Number yy.. • 



Aflumc 
Pud 



Then 



{ 



•3>«4 

3®-* 
4®-» 

Make 
Then 

"Whence 
Therefore 



I 



I 
2 

3 
4 

5 
6 

7 
8 

9 
i& 

II 

12 



h=/i-{-E at pleiifom 
2e=J^-E . 



1— _ 



bb—ee=AE ' / 

!»*^^^=jf7 by d»-^idlioiK 

ibb'^e=.rrM2re-^e . - ^ 

_ ^b^rr ' '" ^ ^ ' 

ir • ' - 



t '< 



._ ibb'\^br^rr rrJ^ihtm^^hb 

\ ~ .' r ir: • ,:' "7] 2r. 



£^. g^. :If &fe=4, rtr:6, tteh -^=2:5, «ril..att^i 



Pro*xiiM-LVI1L 

728. To divide a gcven K^myber <i ioto two Part^^ ^ die Sum of whole 
Squares (hall be a Square yy. J : 'v I . . 

1 tf-|-^=i by the Queftidn. 

3 ti^= the Sq^uate of one Part ' \ 
4JJ — 2j^^-^^= the SQiiarfe oftheotht^r 

34-4 5 i^tf-— 2jtf-|.«==jfy by tht Xjucftion. 
Make 6 ra'^S'=Ly . ^_ 

6®** 7 ''^^'^ — 2rM-^j>:^yy 

5, 7. 8 laor^isa^ss'n^rraa^^Tir^a^^ 

8«-^ji Q zaa^^2sa:=:fraamm^2rsa 



\ 



9-r* 



1 



C 39 3 



f»Tu J zr>— 2/ 2r- 

I I rr-^t rr — % 



2 ^ 



Ex.gr. If j=:i2» and rss'j, than «=**, and ^=-*^, 

Problem LIX. 

729. To find two Numbers from their Diffierence zzd given, the Sum of 
whofe Squares Ihall be a Square Number yy. 



Put 
Then 



EffeEtion. 
J ass the one Number required. 



I©- 

3+4 
Make 

8— irf^ 9 
S^a 10 



Whence 



2 <74^=^ the other by the Queftion. 

3 M= the Square of the one. 

4 aa^tad-i^-^ the Square of the other. 

2aa-f'^^^M^=7y ^7 ^'^^ C2ueftion. 
ra — d-^y, r*>2 

rra ' •— 2ria— ^J=yy 

2ai}4-^^=^^^' — ^^^• 
2 tf -{- 2^=s:rr J— 2r J. 



5 
6 

7 
8 



f I 



2-i-2f f«4"2 

— >^^ ~ . tf4"^=^^~^~ ^^^ ^^^^ Number. 



rr— -2 
JEx.^. If J=2, r=s3. a='*^,^. ^=V- 

Problem. LX. 

730. To divide a given Number s (of which 35 equals a Square Number 
qq) into two fuch Parts a, e^ that the Sum of the Cube« of thofe Pares (hall 
be a Square Number yy=w. (In. 55 1 .) 

EffeSlion. 



AfTume 
Whence 



•• 



2y=:tfx ' — (In. 711.) 

^ ^ 24r 

ss^i2rr i1 

'^ ,.n In. 551. 



41.=-- 



2J^r 



Ex.gr. If x=: 1 2, and r=2, then «=8aod;=4. 

M 



Pr«> 



C4o3 



P|L0».l,BM hXl. 

yai. To fiflduro Numbers rf, #, fipm their Different ghren i. To that si 
may be a Square Nufnber (j, the Difference of whoTe Cubes fluU be a 
Square Number jy. 

BftBioM. 



Afliime 



Whence 



.< 



2— r=i?-^ or^— - In. 558.) 

q qq 12 3<i 12 

4= ■ ■ • ! 



^*» M . 



4^= 



i4r 



*^ In. 558- 



24r 2 

Ex. gr. If J=ix and r=49 ^^ 4 u^ *^ * ; 

Probi^em LXII. 

732. To find two Nutnbtn a^b^ whereof the 
Cube of the latter, will make a Square Number* 

Effeaion. 

ihbbb is a S<|uar^Number by the Qoeftioo* 
i^Ml 2|«( is « Square. 

w 

Make 

4-r* 
Ex.gr. If *=3 




4 rrbb:szah 
sVrb=a 
and r=:29 thcn4iai2. 



^ft 



Problim LXIIL 

33. To divide a given Numbers, into twa fiich Parts 4, ^ that dieir Pro- 
ftaH be equal to a Cube Number yyy, wanting .its Root jf. 

Effe&ion. 

1 1^=^—^ by the Qaeftion. 
Then 2 ^if—iMsiyjfjf-fjp by the Qucftion. 
Make 3 0^— i =y 

)^-^3 



& 



I 4« ] 



4—3 
Aflutne 



7— i — 2e 9 

10 



II 



10—^^ 



5 
6 

7 
8 






t=:2^ and fo the Qucftion l^epomfiS 4^f OU^ate* 



a=r 



^' SSS 

Ex. gr. If j^ss6, then a=:^, and *=i*-f^x;; V^. 

Probleh LXIV. 

734. To find two rational Cabe Nmnfaefs e^'^f of the lame Difference 
with two given Cubes Numbers b^^d^. Vfhmot^^'^b^ . 

Effeakn. 
hb 



Make 
And 

3—41 



5— jTzgi 



6x- 



7-r* 







©•■-iJ 






I 

2 

8 

4 
5 



a 



-r^^ 






8 



10 



(lijr dtt Qtidtion. 



3? 



»•«— 



xa=5J*4i»— 3W< 



^ A*— i ■ •=7r-r7r bf <J»»^djpg by b'^d^ 



b=i 



bh 



%bd*^b* 



, 2S^"^d* 

• d ■ ' "" 



£r. ^, !£ J=5 and dzsj^ then jfcs^ ao4 *= W- 

Scholium IX. 

735' Notej the Cubes found by the. foregoing Method, are always lels than 
the given Cubes, r. e. h is^^, and d2>'3 : Which may be thus demonftrated. 



lui; 
Then 

4-r2 



I 

2 

3 
4 

5 
6 



C40 

2i^* is >J' by the Queftion. 
i^d^b (In. 146,) 
id^i^d (In 2».) 



® 



0^4 
tf=3i^ .f (Step. 8th in the laft.) 

*'.>^' by the Qucftion. 



Confequently 9 3*— i4i=i4i>tf 

bzzzb 

h 
9 — ^i 10 —^a^b=y Step 9. in the laft. 

72^tf/ ii, The lefler Root given is always greater than the lefler Root fongbt^ 
And confequently, fince their Difference is the fame, therefore the greater 
Root given is alio greater than the Root fought. ^ £. D. 

. Probi.£m LXV. 

736. To find two rational Cubes, e^'^f^ whofe Sum is «quai to the Dif- 
ference between two *gtven Cubes b^ >d^ , whereof 2d} is <:^' . 

EffeaiM. 

b^^^a^zy 

— «' -|-3*a*— 3** j-j-JJ -^yyj 



Make 



3+4 



5— iHI^f? 



iS 



I 

2 



4 
5 









{by the Quefiion. 



71*'— <f'x«=3*M» —3 W* 



7-r^' 



8 
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a= — J7— jf6- 



bb , idb^—d* 






^— 8 

8x— ,: — rf 
£;tf.^. If b^ =8 and J* =i, *'— J' =7, then ^=4., and y=4. 

Co ROLL ART IL 

737. Hence is learned theEfieftion of this Problem, vis. ^To divide anj 
given rational Cube Number b^ into three rational Cubes : Thus, 

1, Aflume any Cube ^S whereof 2^' <;*^ 

2. Find two Cubes/* and g^ , whofe Sum is ecjual to b^ — d^ by theJaft. 
Then are rfS/^ and^S the three Cubes required, 1. e. d^-y^^g^^bK 

Ex.gr. If *»=8 and d^=iy then/^irr^ andg'=W. Proof. i-j^^^J^^ 
V^=8: Or, multiplying by 27, 27+644-125=^16. u c. 3'-f:4'--h5* 
=6'. ' 

Corollary III. 

738: And henoc it will be eafy to conceive how any given Cube b^ may be 
divided into any odd Number of Cubes. For if** be divided into rf' 4-/^ 4|* ' 
(In. 737.) andg* into b^^^V^^ by. the (itme Means 5' then i»=^»4/'+*' 
jLk^ 4-^' ^ five Cubes : And again» by dividing any one of thefe Ex. gr. p 
into »i»"-Hi'+;>S we (hall have b^ tzi^ Xh^^'^ \^^^ feven 

Cubes: And fo we may proceed^ at plealure» toilividei' into nine, eleven, 
liiifteen, (ffr. Cubes. 

SCBOLIUM X. 

739. UoUf to divide a given Rational Cube into two Rational Cubes is' 
impoffible ^ as is demonftrated by the fags^cious Dr. WaUis. "' 

Broble^m Lxvr; 



740. To find two Cube Numbers ^^:>y S whofe Difference (hall be equal 
to the Sum of two given Cubes b^^>d^n 



Make 
And 



EffeB'm. 



I a 
bb 

dd 




^ jj^^^y 



N 



lOt;, 



3— 4J 



5—33^^ 



8-r.* 




6xi 



• 

^* I 



3 

4 

5 
6 



C 44 !! 

f by the Queftjon. 






8 
9 

10 

II 



3W« +3**i» 



i&tf 






dd b*^d^ ' 



£*. gr. If 3' =8 and i? =i, fo that *'»-f3» -9, then wHl ^=V ^d y-V- 



with two 



(In. ai.J 



C0R01.1.ARV IV. 

• 741. Hence is learned to find two Cubes of the fame 
given Cubes *»>J», whereof 2i» is <*». 

Effe^nu 

** S^ S'^M^**^?^ twoOibes/» andtJ, fo that/'J-jr.— i,«^ 
a. By the laft. find two Cubes i« and /fc*, lb that i'-JL^MJ^ 
Conguendy *»-*» will fatisfy the Queftion, i. f.*»-4»=i*43.'( 

Corollary V. 

742. Hence again is learned to divide two gii^en Cubes ^ 
other Cubes : Thus 

1. Find/>—i»=i»+^. Prob. 66. 

2. Find i*+|»=^i--^f (la. 741.; 
Then is i»-j-*»=i'-j.^ (In. 21.) 9^E.E. 
£x. gr. If i»=27, <i»=i, then wilT/sii, •^14, i 



into two 



TTTTtTTT » 



COROL- 



C 45 ] 

Cqrollarv VI. 

743. Hence lallly we learn to divide the Double of any given Cube l^, 
into four Cubes : Thus 

1. Aflume i?<:J> 

2. Find/*4.^'r=i*-f<f* (In, 742.) 

3. Find ir>-^Jt» =*»—£/» (In. 736.) 
44 Then adding thefe two Equations wth^yep-i^g^J^b^^k^mib^. ^E.E. 

VT* YC 1 ^ ^ 1 J« _ ^1 fit /V 9.m*A.m9.mm.m^'m» ^««.MaA>tn«.A4.a> 



& 



Ex. ff-' If b' =27 and '^^ =»» Aen wiliy^=' |^ , ^i;iinp,};;?*g| 

.^^»« 76 X6 6 tf 96 3 73 f 440 S s S83 I 111— -4»«87l ^3^>4<877 



o %6 a ; 
TTTT » 



SCHOK^IUM XI* 

744« The Effeftions of the three laft Problems, with their Corollaries, were 
taken chiefly irom a Manufcripc now by me, the Work of one Mrt Sfibirt 
Dalrympley a Scotcbmatij Teacher of the Mathematics fome Years ago in 
fFbittbaven. 

Scholium XII. 

* 745. Becattfe it lometimes happens that one of the reouired Sqpares or 
Cubo in this kind of Problems are to be limited, it therefore remains that 
the Learner be inftrufted how this t$ to be performed. Ex. fr. Suppofe, 
in Problem the 47th, it were required that (he fide of the kfler Square 

e-^z were required to be ;>;, a Number ^yen. 



Then 
ix2r 



X 

2 



rr- 



2r 



?s 



4 



I ........ 

Therefore to make e or -^ — :>;, for r ixiuft be aflbmed fome Numbef 



2r 



greater than ^4^?^-4*Jf* 



fr-*i 



Again> in Pcoh« 50. if /s^x^^-r— be required to b« » Asd <.q \ T^en 



WteQpe 



hrv'^b 



rrJ^t 






b^p^ 



b-^p 



I 

2 



irf"^^ 



mmtt^m^^ 






b^mmq 



Therefore 



C 46 ] 

Therefore to make] e or greater than ^, and leflcr than f^ for r muft 



be aflumed a Number greater than 



ft— ^ 



and leiler than 



*+f* 



And after the fame manner you may proceed to limit any other required 
Sjquare or Cube. 



■ I »i 



CHAP. IV. 

Of Doubk and Triple Quadratic and Cubic Equalitiesi. 

* Pro BUM LXVH. 

746. 'npO find, a Number a, which if added to. i^. and to. c will make cw» 
, X Squares un and j^. V^c. 

EffeSlon. 



Make 

Make 
7«-' 



I 

2 



4:Jz^} by the Queftion, 



3 tf4-f* =r«55:ft— ^ 

5 a=ftft— 2ft^+^^— ft 

^ a-{^:=y]f=ftft— -2ft^4-^^^^~^-f^ 
7^--<ay 

« f •— 2^4<^3f=3ftft— 2ft/4^^4^ (Step 5.) 

-„, J ftft ■ ft i mC CA< ft >. [ g b— I 

Whence 9^ = . -t- — -S— — 



2b*^u, 2 

io|fc:ftft-2ft«u^^«^-te: Sll^ffiti 

£ir.^. tfftsi land r=2» Chen asi4^ Broof. i4-|«2 125^9 14-4^294*. 

Problem. LXVm. 

747. To find a Number a^ which i£ taken fi:om ^ and fromry will leafe 
two Squares MTyjijfi 



Mfiffim 



tm^ . « 



C47l 



1—2 

3+y) 

Aflume 

Make 

60-* 



Whence 



2Q-* 



Whence 



i 

2 

3 
4 

5 
6 

7 
8 



EffefftPH. 
^"X by the QueftioD,' 

**-f-2^*H'yy=s««:^+yy (Step 4.) 

)=.2__. % j>x^ or ;r<:j 



10 



2A^ 



*-^ =r-a (Step. 2.) 



I 2X 



Ex. ff". If i=35» ^=26, and confequently jpspi then if x 
Proof. 35 — iQ=5*. 26 — 10=4*. 



= 1, tfwill=ia» 



Problem LXIX. 

748. To find a Number tf, from v^hich, if i^ and r be taken, there will 
remain two Squares^^ and jfy. '^c. 

Effeaion. 
I tf— J=^/ 



2—1 

3-k^ 
Make 

Whence 



7®^* 



8+* 



2 
3 

5 
6 

7 
8 



^*='^} ^y ^^^ Qtiettion; 

x^e=.y 

x»4.2x^4^^c=j4^^=yy (Step. 4j 



y — XX 

e-^zr 

^x 



: x<Jl 



ee^r^ — ^ crtf—- i (Step, i.) 

I 2X» 



9 



b+ 



£— ** 



2X 



£y.;^. If ^=i4> and (=5, whence ;s9, then if xsij 4=39. 

O Pao* 



iK^siG 



1 

I — 2 

Malcc 
5®- 



"Whence 



7®.« 



84*e 



/( 



tf+Jr=tf^ 



'I i 



749^ To find a Numbe.r ni whhh (if ft*t)k aAMh to ;jt»j 

it) will make Cwo Squares ^^, Jy*' ^ 

EffeVum; ,. ,' - ' ' 

'=''1 by the Queftioni 
=W1 ._ 

4wy=^« ■ , j 

«f*-f-2*H->3'=''=J+W (Step. 4}) i 
?y=- 



8 



2i( 



fi- 



^» 



UH ,9ia^c <Sec^ 2.; 



1 



f+' 






s 



2A; 



d. 



£x. |;r. If J=i2, r=8, f=s:i-fr=2o, x=2» then ^=24. 

P.aoBtsM LXXIr 
750. To find a Number a^ which, if added toi ind taken froihri wiii mafce 
two Squares ee^ ^y. h-^ being a Square. 



I-{-2 

Make 
Whence 

Whence 



<« 

3 



-l-«=*'l. by the Qiwftion. 



8 






•4 (Step, a.) 



<i=f« 



2^^; 



Af*-[-i 



jg*. ^, If *=tf, f ==3, qq^z=.h-\-c-^9y xc£5, then «=;:TTf' 



Pk*> 



C^^! 






PiibiH.Bk UCXli 

751. To find a Number a, which, if multiplied ^(Ib jtp and into t, will 
produce two Squares m, ]iy. 

r- -Effe&ioih 
^ ''^f^J'bytheQjieftion. 



Make 
4>5: 



7©-* 
8^f 



2 

3 

4i 

5 



71 

8 



ac: 

h te , ^ h a » 

— sb-^, thererorc— muft be a Square. 

c n e 

•nh 
c 



ex 

CC9CX 

yysi-^zzac (-Step, i.) 



^^ 



C»I. 



N. 



Eic, ir. If fc=8, f=2, *=:3, then 0=77. WKftncc «J=*6V «>d 0^=544. 



PiioiiiM LXXIII. 

752. To find a Number a, which, if divided by h and by c^ will inake 
two Squares m, yy. 

EffeSioH. 



1*2 

3-i-f 
Make 

4>5> 



2 

3 

4 
5 



by the Queftion< 



-^^=yy, therefore *- miift be a Scjaarci 



6Q.* 



6Q-* 



yxb 8 



7 



C503 



«. 



lb 
ecxx 






b 



=tf 



Ek. gr. If >=8, c=2 and Af=3, then if=«^=f. 

PROBLEM LXXIV., 

753. To find a Number tf, which, if multipMcd into h, and divided hv c^ 
viU make two- Squares ecj yy. 

EffeHion. - < 



1,2, 

Make 
"Whence 



6nc 7 



I 

2 



4 
5 



2^_ > by th^Qi^eftion^ 

ee 
a=j=cyy 

eez=ibcyy \ be muflt be a Square.. 
xy=icyy 



£^. gr. If 4=8, f =2, ir=j2 j a=t^,\* or V-or f . Proof,. <iJ=»^3e^ 



Fr O B I. £ M; LXXV.. 

754, To find a Number ^ which, if h be added to it, and fubtraOedi 
from it» the Sum and Difference will be two Squares ee^ y% 



1—2 

Make 
4>5 



1 

2 

3 
4 

5 
6 



"ijz^j; by the Qi?«ftion. 
j^-j-yss'^ (Af<C2p*^ Step. ; 



Whence 



Whence 



7-f^ 




^yy^a-^b (Step, t.) 



+h=a. 



Ex.er. If J=8, and Af=2, then ^=17. Proof. fl-f*s=25, «— *=:9. 



Problem LXXVI. 

755. To find a Number a, which, tf added to and fubtrafted from its 
Square, will make two Squares «, yy. 

EfffSHon. 

« I 

2 



3 
4 



aaJirO^ee V 4^ ^j^ Queftioa. 
uu 



2U' 



aa:^ 



4«*— 4«+^ 



M-{-a=: I/' -|-2cr—- 1 X 



uU'\'2ih—x is a Square (In. 156.^ 



=^^ (Step. I.) Therefore 



Makt 
Whence 

4©-* 
,5+4 

Make 

^Wbdnte 

Ex.gr. If 2=4 then ^=if:. 

Problem. LXXVIL 

756. To find two Numbers, the jgreater of which is^tojthe leffer as i to c ; 
and if each be added to the Square of th«ir ^uofa tlie »Supu Af^ili make two 

Squares ef^ yy. 

EffeSiion. 

'.Put *a>^4 Uft the twto'Ntimberrrcqti] ' 






.***i 



Z 2Z 



I • f 



. 1 



Puc 



» I 



4». 



Put 
Whence 

And 



C si] 



uu 



5+4 

Make 
Whence 

4> 8> 



=i# 



J*4»=; 






7 
8 



I — 2J« 



;*iJ*4^tf==i^«*— 2i^«+*rx^-~^ =yy (Step. 2.;. 

Therefore yiiw — ^25r«4-*^ muft be a Square (In. 156.) 
uzz , i ■ *• aK5>ir and z^c 



4a£ 



b — tsu 



Ex. gr. If fc=:3, ^=i» 5=4> 2:=2, then uzn^^ <«=tIt 5^- confcqucndy, 
ta^T^j •<i2==TiT> whoft Sum w=Tfr or ^. 

Problem LXV. 

757. To find two Numbers, the greater of which is to the iefler as ^ to ^;. 
and if the Square of each be added to tbeilr Sum, the Sums wiJl be two! 
Square ee^ yy. 

EffeSion. 

Put kaz^ca for the two Numbers required^ and make ^4^=; or la^^ 



Put 

Whence 

And 
5+4 



2 c^a^^$a\ 



^l**^*+^^=<}bytheQueftion. 

3|^*tf*+jtf=:JS+i or4*i»*+2j^f^=5tf 
14= 



$mm7iu 



5ccaa:=i, 



ecu 



S — 2to* 



!•. ^•«*^«i^:+:^^ muft be a Square (In. i56.) 



Make 



Make 
"Whence 

4.8, 



8»= 



C S3 D 




>z</. 



9te 



ss — zz 



s-^2hu 



j^s%Kbb-\<C'^cxss-\-^cz 



Ex. gr. If .J— 5, r=i, s-mS and zrri, then az=:^ or |4> confcquently. 
ba:=:^ and ^tf=|, whofc Sum sa=^ or V/^- 

ScfTOLIUM XIU^ 

759, The three next Problems are TripU Equalities^ but are reduced to 
Double ones, hj the Reprefenxacion of the Terms^ And for their more eafy 
£iFe£tioo>. the following, . Lemma is neceflary tobepreroifed* 

L£MMA. 

759. If i be put to reprefent the Difference between any two Squares* 
4ia^ee^ and r be put for aoy other Number at pleafure, whole Square rr is 

greater than i^ihen — ^ willi^ the Side.of the greater Square fought or a ; 

2r 



\ 



^ and"^ the fide of the lefler or e (In. 714.) therefore if rezzd^ then 



or =a^ and or 

2 2r 2 



2r 



Whence . 
2 

If rr reprefents .die DiflFeraice between any two Squares, I fay Half th&^um 
of thofe Paffars, viz^ --2- will be the fide of the greater Square •, and half 



dieir IMerence, viz. ^ — the Side of the lefliin 

2 

Pkoblxm'-LXXIX. 

760. To fihd three fuch Numbers, that if the ProduA of every two of 
them be added to the third, the three Sums will be fo many Squares, au^ 

Effempn. 

Put o^^ for the firft Number f6ught, a-^h for the fccond, and abb for 
the third) by which Means the Sum of the Produft of the firft and fecond, . 
added to tlie third, jseqoal ta the Square of a^^ or aa by Hypotbcfis. 



Alfo 



C Si 3 

^^.-^J *— «— K -r — 2^ J =4^x r— ^^ rt^x^ — obb-^Tc by 



€het;emfl». But tlie AiiL'^f 'tlicf(t iP^frs of Fadors 

-2tf^^beGaufe of«^, 
(In. 711.) . 



' ' ■ '^-'bbb ,2 
muft be taken* vm. — *- and -r 

- 2 * 



■r+c 



A- 2<afci:rr.aild ^^afir 

bbb 



J 



by the 
'Lemma. 



I, 6. 



Whence 



f— ^+7-=^ I filth* of wliifch' may '«fc invdlwi^*! 
I bbb \ feqtiated totes prdpferS 



8 



'=) I ift or 2d Step, 



Sljuaife ^n t4ie 



*6 



9ai,JJ-JjJ* jLtfir^JL- -^jijiLi^i .^ — 'iJL**** 
i. . \ .3^ » 2; ' ■•'» " ' 

►g ^^ lii 111 * ■ 

. - 48— 8i* 



> 6>J* or rather i>* 



10* 



48! — 8i* 



1 1 abh=- • S^ - oi* thfrtfeirfl» . 
Ex. gr. If *=T, then d=?|4l»- '*»-^*±='44t4?- *»a=-?^- 

'Problem LXXX. .. 

761. To find three fuch Numbers^ -that if the -ftftdu^: of evecf4wo .of 
them be leffened by the third, 'the three ■Remainders m\X l5e to 'fiiaHySSqUarts 

. EfieBkn. . 

Put a for the fivft Niimber ibnght,. ttJ^ fbr 'this liDootid, ^mdv^^ -for the 
third. . 

I i\aa-Uabb—'abb=zaa 
o\iiabb-^a'-^b=fe Ti by the Queftion. 



3— i 



aabb-^bbblh;r^z3(yy 



h 




» ■ M 



/^i*4%=L39^»i/3r-^Ka 



«i * 



C 5S :] 



And 



3. 5 
"Whence 



5 
6 

7 
8 



.1 

► In. 



J 



760- 



, , I , i^ T-U ^ 

■14- 



tf=: 



^^,^8^*+^ 



2 



I 



8^*— 48 
Ex. gr. If *=2, then a=i* <»-Hfc=V» aib=^»: 

■ Frobl«m LXXXI. 

* . ■ • • • 

762. To firtd three fuch Numbers, that if to the Square of every one of 
them the Sum of the other two be added, the three Sums will be fo many 
Squares. 
^ . . Eff€£Hon. 

For the three Numbers fought put a^ la, i . 



Make 



3^- 




2, 6 



i^««*^p 



I 
.2 

3 

44aa — 2^=^^'— yy=:2Xt^i»*— i or 
5 f :::r4tf i*-2 and c^d (In. 7i8r) 
r-Li 1 

^ > In. 760. 

8 4^tf-{-<^-|-l2r•V•.^tf''♦-5J4- 1 



the Queftion. 



=r^=J 



Z' 



The three Numbers then are i, 4 and ^. 

m 

Problem LXXXII. 

763. To find three *Numl?crs, which, by the Addition of each to the 
Square of their Sum will make as many Squares, 

EffeHion. 

Pur a for the Sum of the three Numbers required , and afllime bz>c'';:>d^ 
any three Numbers, whofc Sum is <t ' Then make 2ab-^b= the firft 
Number j 2ac-\-ccz=z the fecond j and 2aJJ^ddz=:' tht third. 

(^ Then 



C s6 3 



Thcn^ 



I 



Whence 



2 aa-^-iae-^-cc^ss^ch^^ 



3 
4 



, by Hypothcfis, 



2ab'\-2ac^2ad-\'bb^c-\'dd=a by the Queftion. 



^=1" 



^H-«4^f % ,>2ij::FP 



J?;f. ^r. If h—i^ r=r|., rf=^ then tf=?4 ; whence 2ah-\J?h:=:?s\. lac-^-cc 
=T^- tadJ^dz^^^. Proof, ; 1 1 iV, +^==4^=^- . 

Problem. LXXXIU. 

764. To find three Numbers, which will leave as oiany Squares^ after 
the Subtraction of each from the Square of their Sum. 

EffeSlion. 

Put a for the Sum of the three Numbers required, and afiume h::>t^d^ 
fo that b^-^d be >4. and.<;i : Next makCs zab-^btn the firft Number i 
2iar— Tf = the fecond 5 lad'—dd^: the Third. Then 



Whence 



1 
2 



iaxb^^'J^-d^bb-^cc^^d^=::a by the Queftion. 
bb^c-^-dd 



£;r. ^r. If i=J, ^=i J=i^ then ^=1^=44. 2ab-^b=^ 
2ad'^ddz=^. 

Problem LXXXIV. 

765, To find a iVS^ir ^adraie (u e. a not Square) Number £, which being 
added CO three Non ^adraUs A^ By C, will make as many Squares. 

EffeStion. 

Put! v2ae-^aa=E the firft Number fought 
find tee — 4ae::zA alio fought 



An( 

Them 

Mak^ 

Whenct 
Make 



2ee — 2ae 1 Mrre ■ a =-^-J- 

^BM2ae4-aa=^yy=B^E 

s\CJ{^2ae+aar=:uu=^C'^E 

&B—a=y 

7 BB—iBa+aa^B^^iae-X^ 




the Qoeftion. 



Whence 



C 57 3 



Whena 
8, 10 



10 



II 



azz 



CC-^C 



BB—B CC—C 



.12 



BCx£-\-C—2 



*= 



BB^C-^C—B 

Bt, or. If B=3 a°<l ^=2. then f==|., and a=4i confcqucntly J=zfi 
'«-A<i/==^**. £=2 w4-<»«=T54- And if we multiply all by lOo, we will 
have ^='1305, Bs=300, C=ioo, and £=376 in Integpw. Proof, J-\r^ 

=i68i=Ti'. B+E=6y6=^\ C+£=576=^*. 

Problem LXXXV. 

'766 To find a Number J, to which, if one given Cube A* be added, and 
another leffer given Cube d^ fubirafted from it, that Sum and Difference 
will be two Cubes *»,>'• 

Efe^ion. 

3b' d 



Put) 



Then 



Whence 



I 

2 



o=s< 



i' 



Ex ir If J' =8 and <i=i, then «=*,*> confequently .*=V/,*. And, 
if we multiply all by 343. we will have i>=2744=i4»» ^'=343=7'* 

and ^=5256. Proof -4-|-i' =8000=20* and ^—<i> =4913=17*. 

Problem LXXXVL 

767. To find three Numbers, which will leave as many Cubes after the 
SubtiaAion of each from the Cube of their Sum. 

Effe^ion. 
For the three Numbers put «, ^ c, whofc Sum is </, and for the thre« 
Cubes remaining put *»,/', ^♦. 



C 58 3 



5=^ 



•2 

■3 



9 
o 

I 

2 



5(*) 

l2©-5 

17®. 
18—14 
18—15 
II— 16 

* 

22-7-«j23 

23, 24 

Whence 
11, 

12, 

»3. 

8, 

9. 



by the Queillon. 



f I a4-^+r=ri 

"2<i' — «=;» 

3i'— *=/» 

5(*) 

(*) 

7(*) 
8a=i*— <.» 

Let*i=p— » 

Let/=4»— ^ 
Letg=i2» 

5 f* =— p»4,ii/>'»--4g^'' -t.<J4«J 
^»=t8»* 
Let J=4« 
^'=64»' 

d^~p= 4Spn* — i2p»«4-p».=^ 



7 
8 

9k 

20 

ri 

X2 



d> 



a4 
26 



10, 

31+32+33 
34-ra 

"Whence 
3«. 

33 



=56* 



=rf 



i2i>i»=f45p«*— 9P»«=£a-fi-j.f— ri(f=s4» (Step. 8, 9, 10.) 
i2i«*+45/»« — 9P'=4 

Let 1 i«-J-/>= i2i«*-j-45p«— Qpj»*'=2 

I2l«*-^45p« — 9]p'=:12l«*4^2/Wr-{-^ri^. 






28W=4«=4I» 
29f=4j» 

3og 



=:4i»— /s=44» y:.</»=^'4»» 



a—d\—e^z=.''4^'-^n^ 



3 .— 6 I a o 3 

/i+^-ff = '-^'I'fl' =t '-^l^ H » =^=4» (Seep. 1 7.) 

I 7 <S 8 9M4f-«-»^ 



'««:=r4 



31 
32 

33 
34 

35 
36 

37 
38 

OqIA 590 8 7wj 

40 

41 



VV«=2 

^ 6 I 8 03 






3 471696 

__ 5600 0^3 



^— VcrbV^ — 



J 8 O 



TTT> 



448000 
a 6 f 3 4 



IT» ^^ 



40 ^ 46 



■TTT> 



P= 



TTT' 



For 



C S9 ] 

For the Exclufion of Negatives the Doflor proceeds thus : Inftead of the 
Equation at the 24th Step, he takes i i«-j-y/>=-4-2 or — 2 : And then en- 
quires what Numbers may be the Values of j, fo as to make both « and/ 
pofitive. . 

To this purpofe having borrowed the nth, 12th, and 23d Equations, he 
goes on. 



42©-* 

*3— 43 

44T-/ 

Whence 

Firft Scop. 

47»48 
494.22J— 9 



12 

23 

42 

43 

44 

45 
46 

47 
48 

49 
50 



Whence 51 ?=—ii+i57'=+ 1.5299^4, or— ir 



Second Scope 

46, 

Whence 



Coofequently 



/■=4»— /> 
2i»*-j-45»/— 9/ 



52 
5i 
54 
55 
56 

57 



I i»-f 2P=4-2 or —2 

I2I«-j-22£p«4.J*^»=4 

45tp^9PP — 2 2qpn--q *j> * s=a 
45» — 9P— 2 2qfh—q^:sO 
45/1—2 2qn =qqp-(-9p 
H:p=qq^g: 45— i2q 
e=:p — »=;0, ory=» 

W+9=45— 22? 
M+2 2^=36 



157* = — 

• I t (^3-5^99^4 

.q taken between -f-i-,^ and —23^^ makes c>o. 

r=4» — •/=o, or 4»=a 



45»7-22MF=4jj«4-36», or 45— 22tf=4afluL.a6 

f=4-o.3g249r tftf. or —5.882491 6fr. 

.. J between 4^ and —5^^ makes /<o, other- 
wife greater than nothing 

Both tf and / will be >o, when you take q between 
-I-1.529964, fc?f and 4.0.382491 fcfr. or between 
—5.882491 &?f. and —23.529964 Off. 

Thus fer Dr. Petty who alfo proceeds by making j=|., for one Example, 
and —6 for another : And then goes to Tables, by the help whereof, greac 
Varieties-of fuch Anfwers may be readily had. 



^tbeEndoftbe Sixth and Jafi PART. 

TRIUNI DEO GLORIA* 



\4n 



• ', 



•»*• 



^n jllphahttcd IN D £ X of 'what is '0ontajm4 h ij>e 



■«■»»■ 



Notq, Tic Nu,mber$ refer t& the Inttitutipns'/ii tH.M(argin^ 



• A. ^ '. ' 

ABfoluti NuTfiber of an Eqjjftttion 444. 
Addition^ what 59,^ {#. 'Its Sign 6i. 
Of Integers 3 1 r, j 13. Ctf foa^- 

tions III. GJ species 380^.^8 r» {Vl 
Surds 419. " '^ 

JffeSfion of Qmntxty 371. 
Mprmative ^antsty. See Pofitive. 
Algebra^ what 399. By whom invented 32. . 
Algorifm or Algorithm Numcrai 250, 6^^. 

Literal 370, ^f. 
Aliquant fart 37. *^ • ^ •■/ 

Aliquot Part 37, 
Alligation Medial 587, Alternate 664. 

Partial 665. Total 6^6. 
Annuities. See Pmfions. 
Antecedent y what 44. 
Arithmetic^ What 9. 

ArithnetK. of InfiiiTtt9, tsy whom invented 

B 
Balance of Quantities 37^. 
Binomial J what 395, 39^. .How laifed to 

any Power 404. 
Biquadrate^ what 127. How extrad^, 

' 35»> 3S4. ; '^ ^- • ' -^ 

Biquadratic Equations.* See Equations Com- 

JS^ito. SeeMotiMi. 

. C 

Circle^ its Divifion. 298. 
Cd-^ffeffkl Q^HMities 575. 

Oo^tcHni 74^ 43$. . • 

C«« Englijh 292. Foreign 342. 

Combinations of- Quantities 233, isT^. How 
determined 634, 6^5. 

Commenfurate Numb(fn 4^. ' 

Commenfurate in Power^ what meant by it 
135. t 

Common Meafure 47. Tlie greateft be- 
tween two Numbers 119. How found 

|20> i35> 33*- t 

Complement to a JVhole 6« 



Compojite NumV&s 5S. ' 

Compound Rjule of Three 1 9^1 1 {^'9, 541. 

C?^3^jK/f what 44. 
\ Contra-affeSfed Qbantitlll 3^5, '^; 

.^S^ilffa'^aj^nicalPtivgottipn 203. Its Aim* 
lylis c8f. y;.. 

C«*^, what 1 27. How extraded 351^354. 
. Cuhie£qnaiitiesS'in^itjo9y';^Oy(fc, Dou- 
ble 766. Triple 767. 

Ci^ic Equations* See Equations Compound. 

i^it^f the Moon 308. Of the Sun 309* 

Cypi^j'yU^ptf: r 

XJm 

Decimal FraSfionsy their Notation 260. Ex- 
a<5^ and AppiDximant 262, Wben firft 
invented- 263. 

Decimal Tables 34 j. 

Defective Quantity 374. 

Denominator of a Ffa^on 89. Of a Po- 
lygon 228. 

Differencty what 62, Its Sign 66. 

Dimenfiffs of a Produ^ 7§i ^ Of 2X1 Equa- 
tion 440. *. '*' ' 

.Qgy^ RedrofTht'ee^ how performed 1 97. 

iJwidendy w^t76. 

Divlfiouy what 76. Its Sign 7^, 79. How 
performed in Integers 323. Fradions 
114. Species 401 Sards 421, £5fr. 

Divifity what 76. their Invention 424. ^ 

E 

Earthy its Circumferenoe 299* 

EffcSfion Synthetical 681, ^c* Analytical 
703, £Ar. 

Efficients. See FaSfors, 

Equalities, Sec Indeterminate Problems. 

Equalifyy what 1 3, 14. Its Sign 3 1. 

Equation Algebraicaly what 425. How re- 
gftcred 426. How. reduced 427, 461. 
To prepare it 45 1 . To find the Num- 
ber of its Roots 459, ^c. To find the 
Afiedions of its Roots 465, /]H> know 

how 



" *'P 



IN D EX. 



hovMnimy of its Roots are poffiblo or im- 
poiBbl^ 47^,^ {^r. To augment or dimi- 
niih its Roots 481. To multij)!/ or dl* 
vide any of its Roots 486, * To free an 
Equation out of FradioAa4,87; To free 
ic out of Surds 488. Ti» tribute it into 
Periods 4S9. To titke away its 6xxxA 
Term 490. To take away its third 
Term 493. To find its Limits 496, l^c. 




Inequality^ what 13, 

Infinite SeriiSy how fumm'd up 650, (5j 1 1 
InfimtMmal^ what 646, 
Infinittnomialf what 402. Howraifed toany 
affignable. Power 413. How cxtraacd 

5 '4. 
Inkeger^ what 34. How found on certain 
CoQ^ions given 667, 

Inter€jiS\tck\Aj^S9S* Compound 596. . 
r Ruif^ three^ how performed 197, 



Equations Cmtpound iMdfeSed 446. Ad- 
ftSed 506. Explicable 459, Inexplica*- 
^' ble 468. 

Equation cfFaymemts 586. 
fsven Number J what 53. 
Evolution^ its Sign 143. Sec Ektrq^i^u. 
Excefs. See Diferjuj^e. % > •* 
Exponent J what 140/ ' ' 
E^onential ^antities 144. 
Extermination of unknown Quantities 525, 

Extraction of Roots in Numbers 35i> 354. 
InSpecies 416, 417. 

Extreams^ what 169, 

Extream and ^if<7ff Proportional 173) 594. 

F. 

FaClort^ what 70. 

Fellowjhip Simple and^Co^pound 585. 

f ewer y 16. Its Sign ji. 

//ntf/ Equations ^37. ' 

FraSiions^ <vhat 35, 88. Proper ajid Im- 
per 91. Pure and Mixed 93. Simple and 
Compound 96. Homogeneous and He- 
terogenous 98. Vulgar and Decimal 260. 

Freeholder RealEJiat£^ how to value it 6 1 c. 

G. 

Geometry^ what 9. 

Golden Rule 196, 197, 341. 

Greater 17. Its Sign 31. 

H. 

Harmonic al Proportion 202. 
582,583* 

Heptagonj what 226, 629, fcfr. 

Hexagon what 2263 629, iic* 

Inemnpofite Number, what 55. 
Indetarmnetn Pnbletm^ faow ^flingutifaed 
540, ^c. -How limited 745* 



Its Analyfis 



involutioni^'Mait fMj. Its Sign 143, 
Irrationals 138. How denoted 141. SecSurd^m 

L. 
Lateral Numbers^ how (\imm*d up. 213. 
Lateral Equalities Single 653, ^c. Double 

6/j, f^r. TrJ{Je 678, 679, 
%e^ I >> Its Sign 3 1 . 
Ltmits of an Equation 495. See Equations. 
Logarithms, what 253. their Striidure and 

Algorifm 356,&rr. Their Inventor 369. 

M. 
Magnitude y what 12, 

Mathematics^vfhzt i . Abftra£l andCpncrete7. 
Moony what 169. 

Mean Proportional, how found 178, 200. 
Meajures Englijb 297, Vc. Of Foreign 34a* 
Metonic Cycle. See Q^ri^of the Moon. 
Minuend, what 62. 
Mixed Equations 524, , 
Mixtures, how compounded 588. Howva- 

Iued"5^. - -HoW:^ . mij^ed 590. 
A Monome, what 26^, 
More it. Its Sign 31. 
Motions, how determined 592, 595. 
Mvhipte and Submuliiple Ratios, with their 

Species 182, 
Multiplicand, what 69. 
Multipticate and Sutmuliiplrcate Proportion 

with their Species 201, 
Multiplication, what 69. Its Sign 72, Of 

Integers 317, 6fr. Of Fraftious 113. 

Of Species 400. Of Surds 421,422. 
Multiplier, what 69. 
Multitude, what i:r. 
Muficai, See Harmonical Proportion* 

N. . 

Negative Quantities. See Defcifive. 
Newton Sfr j^^r, his Thcoicm inveiligated 

41 1, 462. Nomina* 



INDEX. 



\ 



Kminat9r oP a Ratio, what 1 8 r . 
Nataiim df Species 30. Of Numbers 25 4, 
Ifumber^ what 27. Its Species, 34, 35, i38« 
How one is fatd to meafure another 46, 
Numerator of a Fraction, what 89, 

O. 
OddNumhery what 54. 

P. 
Party what 6. 
Penjionsy computed at Simple Intcrcft 602. 

at Compound Intereft 605^ 606. 
Pmtagot^. See Polygons. 
Pirfen Numbers, what 57. How found 6^^. 
Periods of Numbers 258. Of Powers 287. 
• oT Equations 489. 
Permutation of Quantities 240, &c, how 

determined 607. # 

Polygons or Polygonal Numbers, how formed 
226. How denoted 229. How fummed 
up 629, tsff. 
Polynomes 267, 395, (^c. How raifed to 

any Power 412. 
Pofttive Quantity , what 373. 
Powersy their Species 127. How diftinguiih- 
ed 130, 132, 136. How denoted 140. 
See JkxtraGhn. 
PraSiice in Merchants Accounts 347> 348. 
Prime Numbers. See Co?npoJit. 
Problems. Sec ^eftions. 
Produ&y what t^. 

Progrejfim Arithmeticaly what 204. Its Sign. 
205. How indefinitely denoted ao^-. to 
Analyfis 599, 600, 6f i, &c. 
Prtgr^jim Geometricaly what 215. Its Sign 
217. How indefinitely denoted 218. Its 
" Analyfis 603, 604, 608, 609, 615, ^c. 
Proportion Arithmeticaly what 1 67. How in- 
definitely denoted 168. Difcontinued and 
Continued 17c. Its Analyfis 577, i^c. 
Proportion Geometricaly what 1 86. Difconti- 
nued and Continued 187. How indefinite- 
ly denoted 1 88. Its Analyfis 5 80,5 8 1 ,622. 
Pyrarmdal Numbers, how formed 232. 
How fiimmed up 632, 636. 

Qt 

J^adratic Equalitiesy bingle 689, 698, 712, 

fcTf. Double 746, faff. Triple 762, fsTf. 
^adratie Equations* Sec Equations Com-^ 
pound* 
^anfltyy what 4. 



^eftionsy their different Species $32, (^<r* 

How brought to £quations«5 38, &r. 
^oticnty what 76. 

R 

Radicals. See Surds. 

Ratioy what 43, 44. 

Ratio Arithmeticaly whzt 165. Its Sign x6d. 

Ratio Geometrical^ what 180. Its Sign 184. 

Redu^ion of Integers 333, Vc. Of Vulgar 
Fractions 107, ftfr. Of Decimal Frac* 
^ns 343) ^^* Of Surds 418, 420; Of 

Equations 427, isTr. 

Remainder. See Difference. 

RootSy their Species 127. How diftiitt;uifhe(l 
13^9 1559 136* Howdenoted 141. 

Roots Impojpble 394, 470, ^c. 

S. 

Scale of PotversyV^hsLt 129. How fummed 
up 643. 

Side of a Polygon 226. 

Simple Equations 441. How relblved 427. 

Speciesy what 26, 28, 30. 

Specific Gravity 590, 591. 

Subftitutiony what 397. 

Subtra^ionyWh^t^z. Its Sign 6$. Oflnte- 
ger3 3i2, 314. OfFraaions 112. Of 
ourds 419, 423. 

Subtrahindy what 6%* 

Sumy what ^9. , 

Superpartictilar and Subjiiperparticular Ra- 
tio's, with their Species 183. 

Surds y their Arithmetic 418^ &c 

Surd Dtvifors 5 id, Vc. 

Surds Univerfal 422. How to extrad the 
Roots from fuch 512. 

Surfolid 127, 145. 

Tariffay what 321. 
Tetragon. Sec Polygotu^ 
Traf^mutation of Equations 479, && 
Triangular Number, or Trigon. See Potygoru 

U. 
Vntia of Powers, what 408. How formed 

tf33- 
Vmtyy what 4^ $• 

Vulgar Fra^ions. See FraSHons. 

Weight Euglifif 29}, &c Foitigll 342* 
/i^«/^, what 6t 
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